SPH UPD RSD SERS 4s 94 y) Hote AM 
® Wee aw 
Siverenlacatncan Shela he : Mt henet 
Shir aye ne reat er eee tr OF) 4 oe 
Tomcteseierhak Arey nae anes paeee hiner geetoa te ‘ we — Paliohemente 
sa Reena nie MCAD ogee naa i ; - 
Pah Wiest Wh eno rhc eye : ; 
: cy Sifter peared tt 


mee taras te 
mete Shoei tert 
24 co nh 7 


see 


BOS 4 . “ a 
anna ReaTy ty Fie ss ney iy pad . oe SAY 
pn Cuda. Seretes Pa tay Fay ere N NINN Na " se 
nap soni state Aawrea Lada pegomaarence wapretor 
penne 


Hagesttainte eye y 
ayy heradan, A narte he tania 
Mie Saacwytierse bee ah maar hotly sede br 
mo etary . Bs raat to 
bias dine Aedhbs cabotin <a rb es ptlte 5 Re 
«Von ty pritae eres yee AM te 
on wher hg rahe te ie = ty ROB age Lelyeee Lae 
eve to Neo N TUNE wan and 
Tle etre 
“LDisubod sitenais 


te re a ee 8 


“ Las te gas een, 
cuentas Puirrey eon nian Ap haney fierce an 
son tps tratahtate ren be h bites beset ks pongo 


3 + 
Hit bere Ayan he 
PS ee 


~ Paine ks a 
Ay a reat epee rey, 
nu aaenranae . Oieapeis °. 
sar ee 
Swan prope mh hier tagtonaeed ate ay oat 
Sho -xmatak- wo bagmes 


eee hy ote NEES oe NE . 
Rare we Ney ay any eh |S cnater 
Frome mes bib aren te 
Pn oe A See 


=~ 
Poph rennet 
aap Mrpiesnn Boyde t AES 
Vide ete iy Sy 
np kego om peat ays Monae agna he 
ip iwten- 


Se 
wa 
sen aiey 


~~ 
hots ean a oh 
Shona apeiron sy od 
Sie indie 


pre SR n cae pment Nl” 
arty (baat row 
STOR eae : 


a ha tag me 
mae a4 pe oe ey See 
Ee rt peer 


Se a ulediiee aoe 


ee ee 


wr meegiecion natant t 
Pfrenl agian if Pear 1-0 
rt op een 
hn 
fa 
7 


ieee he See 
ae ae tre a ea ie cre 
oat ae 


Santangelo 


epnanee eine 


pi apetne ea de jo fae FO ‘= 


rote 
cate ghee ebb os itt rm (apt ars 
Nparban cen werent eer) 
Dae eee beats “F 

rie 


shes poche aeetiee 
p 


livia 


leet 
erclatel 
tte 
dis 
pet Cir aaa techie 


opteeeton 


4 
a 
e 
" 


| mae 
< 
” 
Oo 
— 
i 
Ll he 
a ee 
oO 
am 
25 
oe) 
on 
Lud 
= 
= 
=a 


801 SO. MORGAN 
CHICAGO, IL 60607 


QC 
P88S . 


SAA as 


SAN. ~JUE. 
i9sm - 
ScieAce 


Fesk 


$ 


PROGRESS OF 
THEORETICAL PHYSICS 


Founded by H. Vukawa in 1946 


EDITORS 


K. HUSIMI, Osaka M. KOBAYASI, Kyoto 

M: KOTANI, Zofyo T. MUTO, Tokyo 

S. SAKATA, Wagaya S. TOMONAGA, Tokyo 
H. YUKAWA, Columbia University 


Volume 9 


JANUARY—JUNE 


198553 


Published for 
The Yukawa Hall 


The Physical Society of Japan 


Me ae Grek ss 


. 


ise, re 


me oe Ee, 
5 A a 
of = 


Ape oe ‘ 
EN esate HE tn 


Bs ass 


CONTENTS 


No. 1 JANUARY 
On the Origin of Primary Cosmic Radiation 
Tokuji Matsumoto and Masao Sugawara 
On ae Spin Wave Theory of Bloch Wall . . . . . . . Takehiko Oguchi 


The General Theory of the Interaction Representation, I . 


The Local Field-——— . +» Yasushi Takahashi and Hiroomi Umezawa 


An Algebraic Treatment of the Many Electron Problem . . Huzio Nakano 


On the Equivalency for Observers in the Special Theory of Relativity . 
Yoshio Ueno 


Transition Factor in Superexchange Interaction Matrix ..--- +--+ ++ sees T. Ohta 
Prem Fear pCa or Field, M0). San eter sie! pe eels oe unt gw Hieaie ssh Y. Takano 
The Critical Velocity and Frictions in the Flow of Liquid Helium HI... .--- T. Kasuya 
_ Damped Oscillation in the Surface Film of Liquid Helium I]. ....---+--+- T. Kasuya 
Gorter’s Friction and Saturation of Surface Flow Rate ..- +--+ +--+ ss T. Kasuya 
ee emetic Scattering a. yh. 1c Mists rf a fo foe Fe Pe Ole os ee ota S. Goto 
Photo Positive Pion Production. .....- - M. Takasu, S. Goto, J. Fujimura and R. Kawabe 
Charge Independence of Nuclear Interaction and High Energy Nucleon-nucleon Scattering 
ABs SE ee eRe re Mien en LM Geant fe J. Iwadare 


The Effect of the Excited States of Nucleons in High Energy Nucleon-nucleon Scattering 
J. Iwadare 


Erratum . 


No. 2 FEBRUARY 


Realization of Special Contact Transformations with Static Electromagnetic 


arte it netlos Ue x. eye Gey en 1 PE toe ee . Giiti Iwata 


The Scattering of Gamma-ray by Nucleon and Nucleon Isobars . 


. Shigeo Minami 


° . ° . . 


‘Variational Principle in Hydrodynamics ..- +--+ +--+: ° . Hirosi Ito 


Some Remarks on the Photodisintegration of Deuteron, II . Jun Fujimura 
On Yukawa’s Theory of Non-local Fields, ——The Interaction of Non- 
Dial -Bicldgerrins sn ee _ Osamu Hara and Haruo Shimazu 


. 


14 


33 


74 


85 
86 
87 
89 
90 
91 
92 


93 


94 


96 


97 


108 
117 


132 


137 


il 


On the Group of Transformations in Six-dimensional Space 

hd Gen ete eis Re ee ea ahr Too ae Yasuhisa Murai 
On the Natural Decay of the Free Neutron . . Sho Tanaka and Moto Ito 
Letters to the Editor : 


Difficulty of Divergence of the Perturbation Method in the Quantum Theory of Field 
R. Utiyama and T. Imamura 


A Note on Many Particle Problems... - -- 5+ 22+ + e+ t+ ee tee T. Sasakawa 
On the Relativistic Two-body Problem . .. 1%: - + 2+ 2 2 + + 2 ew te ee S. Hori 
On Gauge Invariance in Electrodynamics and the Self-energy Problem of the Photon .... . 

Bh ta pt ay Seat Ae A spe ea EC chek IY SS, O. Hara and H. Okonogi 


No. 3 MARCH 


Remarks on the Formulation of Quantum Mechanics with Classical 
Pictures and on Relations between Linear Scalar Fields and 
Hydrodynamical Fields. . . .. ... . . . . ~ Takehiko Takabayasi 

New Formulation of One-body Problem in Quantum Electrodynamics 

. Mikio Namiki and Yoshio Suzuki 

Miscellanea in Elementary Quantum Mechanics, I. . . . . Kodi Husimi 


A Classical Approach to 


A Quantum Theory of Boson Assemblies, II 


Many-Boson Problems . Toshiyuki Nishiyama 
On the Relations between Beta-decay Nuclear Matrix Elements 
Masami Yamada 


Comments on an Article of Takabayasi concerning the Formulation of 


Quantum Mechanics with Classical Pictures. . . . . . David Bohm 
On the Lattice Vibration and the Effective Mass of Conduction 
Electrons. . . . . Hideo Kanazawa, Shoichiro Koide and Tamazi Noguchi 


On the Gauge Invariance of the Neutral Vector Meson Theory 


. R. J. Glauber 
On the Transition Amplitude in Quantum Electrodynamics . . Shoichi Hori 


On the Reaction of the Mesonic Proper Field 


. Shigeo Goto, Rokuo Kawabe and Masashi Takasu 
Letters to the Editor : 


On the “ Optical Method” for the Scattering of High Energy Particles by Complex Nuclei . . 


wget, or Sah fa tisk Se Watt ein at Mic. Octane er #1 c/Gt as 5 etic, koe ee Marion 
Electromagnetic Shifts of Energy Levels and C-meson Eiypothesis"( Pan 5." eg eee O. Hara 


Onvitheszameson 17s eee ona anh oe K. Inoue 


Symmetric Fission 


147 
169 


181 
182 
184 


184 


187 


223 
238 


245 


268 


273 


288 


295 
299 


312 


321 
322 


323? 3 


sis Mahe MARE DERG LT Se ela oe, Ae nt a eae T. Sasakawa and T. Sawada 324 


No. 4 — APRIL 


‘On Some Properties of the Interactions between Elementary Particles 


Sadao Oneda 

On the Electron-neutrino Angular Correlation . . . . . . Masato Morita 
A Theory of Antiferromagnetism . . . Takehiko Oguchi and Yukio Obata 
On a Correlation between the Electron Assembly and the Lattice Waves 
mathe Crystal ot. Sie ek Yoshiharu Kitano and Huzio Nakano 
Miscellanea in Elementary Quantum Mechanics, II . . . . Kodi Husimi 


The Heisenberg Theory of Ferromagnetism of the Crystal constituted 


by the Atoms with Spin One... ..... . ... . Huzio Nakano 
Models of V-particles . . .......... ... . Kazuhiko Nishijima 


Difficulty of Divergence of the Perturbation Method in the Quantum 


Field Theory ....... . . . Ryoya Utiyama and Tsutomu Imamura 


On the Scattering Problem in Pseudo-scalar Meson in Pseudo-vector 


MPT as Ne pete ee oy. oo Ratbileo (Sawada 


Letters to the Editor: 


Ors the Proton-nettron Intefaction. ... . 6.25 8 oe es T. Komoda and M. Sasaki 
@ntherPion-nucleon: Scattering (f= se fy cf (os eee wet wl Spreytion i Panyel ays Y. Miyachi 
The Statistical Mechanics of Time-dependent Phenomena. .... .- +--+ +++: H. Mori 


No. 5 MAY 


The Quantum-statistical Theory of Transport Phenomena, I 


On the Theory of Metallic Conductivity . Hazime Mori 


-Meson-deuteron Reaction and Nucleon JIsobars 


. Sadahiko Matsuyama and Hironari Miyazawa 


The General Theory of the Interaction Representation, il 


General Fields and Interactions SEs rea SOMA RM A rg or: 
- Hiroomi Umezawa and Yasushi Takahashi 


. 


The Theory of V-particles ..--- +--+ +--+ sc . Ken-ichi Ono 


iil 


B2y/, 
345 


359 


370 


381 


403 


414 
431 


455 
468 


469 
470 


473 


492 


501 


524 


iv 


On the Structure of the Interaction of the Elementary Particles, IV 
— On the Interaction of the Second Kind —— . 


Susumu Kamefuchi and Hiroomi Umezawa 
The Field Theory of Superconductivity. . . . . . . . . - Abdus Salam 


Letters to the Editor: 


Remarks on Lévy’s Fourth Order Potential. . . ......-. - T. Hamada and M. Sugawara 
A Non-local Wave Equation and its Connection with the Dirac Partie... . . T. Takabayasi 
The Theory of the Structure of Elementary Particles. . .... . O: Hara and T. Marumori 
The Theory of the Interaction with Higher Derivatives... ......... Y. Katayama 


No. 6 JUNE 


On the Interaction of Additive Electrons with the Polarization in Ilenic 


Crystals, I. . . . . . . Yutaka Toyozawa, Teturo Inui and Yasutada Uemura 


On the Inelastic Coilision between Molecules, HI 


Rotational Transitions in Fl-gas otae Saye tak male ape Soe 
. Kazuo Takayanagi and Tadashi Kishimoto 
On the Convergeance of the Perturbation Method in the Quantum 


Rield (Vheory) os <2. yds. sony sR PLhe genie seen meat OY OV ey aye 


Scatiering Problem in the Intermediate-coupling Theory, I 


Ziro Maki, Masatomo Sato and Sin-itiro Tomonaga 
On the Quantum Theory of Fields . . -...... . Dominique Rivier 


On the Origin of the Anisotropy Energy of CuCl,-2H,O 
. Toru Moriya and Kei Yosida 


Letters to the Editor: 


On the Evaluation of the Operator Function log (ee?) .. 2... 1... I. Fujiwara 
On ‘the -Blectrom State’ «:-\i G._ ap a cea sc hee resets Maen emt aoe tan a Y. Toyozawa 
A Note on the Elastic Frequency Distribution Function of Crystal... .... . S. Huzinaga 


Numerical Work on the Fluctuation Problem of Electron Cascades 


On the Separability of Dirac Equation hee a RES oe ys Gren me T. Takabayasi 


On the’ D’ State Probability of Deuteron’. .-. ~ caus») ee ee S. Machida 


On ‘the Families of Spinor Fieldsa:> i: 1... >, 2 eee S. Oneda and H. Umezawa 


329 


550 


555 
557 
559 
561 


563 


578 


395, 


607 


633 


663 


676 
677 
678 


679 
681 
683 
685 


Progress of Theoretical Physics, Vol. 9, No. 1. January 1953 


On the Origin of Primary Cosmic Radiation 


Tokuji MATSUMOTO and Masao SUGAWARA 
Department of Physics, Hokkaido U. ntver sity 


(Received December 4, 1952) 


At first it is illustrated that two important empirical facts concerning primary cosmic radiation, 
ie, (i) the similarity of energy spectra expressed with respect to kinetic energy per nucleon of various 
nuclei independent of their charge numbers and (ii) fairly abundant existences of heavier nuclei, will 
not be able to be explained by any acceleration mechanisms. And it is shown that (i) and (ii) can 
be understood only if one assumes a new type of element formation, according to which, from the 
‘nucleon gas of extremely high temperature (~10!°°A") and pressure, various atomic nuclei are created 
with energy spectra V(€)=C exp{—(1+e)/27} (€: kinetic energy per nucleon) and with ratio 
Cp: Ce: Coyo:€z s 9=10: 1: 1/20: 1/60. Physical inevitability with which this assumption is introduced 
and its physical significance are discussed. The theory itself of element formation of such a type,’ 
however, is not touched but only it is pointed out that the introduction of such an assumption is 
strongly required from present knowledges concerning primary cosmic ray particles. 


§ 1. Introductory discussions 


The theory on the origin of primary cosmic radiation should explain the following 
two important results of observation: (i) The energy spectra of primary cosmic radiation, 
which are expressed with respect to the kinetic energy per nucleon, have the same form 
for all nuclei. (ii). As to the chemical composition, the cosmic abundance is the same 
with that in primary cosmic radiation for the nuclei with rather small 7 (7< 6), but 
for heavier nuclei the abundance in primary cosmic radiation exceeds that in the universe 
and indeed the nuclei of 7 = 10 are about ten times more abundant in primary cosmic 
radiation than in the universe. Moreover, in order to understand the isotropy of primary 
radiation, it seems to be necessary to consider that the primary particles incident upon 
the earth have travelled through the universe for a long time after their origination. At 

the present time, these observational facts have been obtained fairly in detail in the kinetic 
energy region between 0:3 and 10 Bev per nucleon”. 

Owing to the empirical fact (ii), especially because of the fact that there exist few, 
oe elsenone of, nuclei of Li*’, Be’ and B® in primary cosmic radiation”, we must conclude 
as follows: primary particles reach to the earth without too much collisions with the 


intersteller hydrogen gas, and therefore their chemical composition changes scarcely from 


that at the time of origination. From this point of view, it seems to be inadequate to 


assume some acceleration process in order to explain the problem of primary cosmic radia: 
i ° i { heavier 
tion as was done, for instance, by Fermi”, because by any acceleration mechanism 


particles are not so easily accelerated as lighter ones and it would, therefore, be difficult 
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for the chemical composition in the source to be maintained, and thus it can not be 

understood at all that the heavier nuclei are much more abundant in cosmic radiation 

than in the universe. With respect to (1), on the other hand, the integral energy spectra 
a 


within the energy range (kinetic energy per nucleon in Bev) 0.3 —€ < 10 are. well 


established by the following empirical formulae” : 
N(e)=4000/(1+ €)*" for protons, (1) 
and NE)=KA ze) for other nuclei. (2) 


Now we must emphasize that (1+€) is the total energy per nucleon because the rest 
energy of a nucleon is 1 Bev. Therefore, the integral spectra (1) and (2) are the 
simple functions only of the total energy per nucleon. From this point also, Fermi’s theory, 
according to which the forms of the energy spectra depend on the species of nuclei, must 
be considered to be unsatisfactory”. If, furthermore, one refers again to the fact that 
primary cosmic radiation seems to reach the earth after few collisions and therefore to 
experience acceleration process not so much as its chemical composition changes appreciably, 
it can be concluded that the energy spectra given by (1) and (2) are those of primary 
cosmic radiation at the time of their origination. Thus the energy spectra and chemical 
composition of primary cosmic radiation observed on the earth must be the same as those 
at the time of their origination. Then one should assume that, at some time after the 
origination of our universe, and from somewhere in our universe, various bare nuclei had 
been created with energy spectra given by (1) and (2). Although only for energy range 
(kinetic energy per nucleon in Bev) 0.3 < € < 10 above mentioned results of observation 
(i) and (ii) are well established, there is some evidence that (i) and (ii) seem to hold 
at higher energies. At least it is certain that there are many primary particles of much 
higher energies than 10 Bev per nucleon. Now we refer to Cocconi’s interesting discussion’ 
about the origin (solar origin or galactic one) of cosmic primary radiation. According to 
Cocconi’s discussion, cosmic ray particles of moderate energy (1~10 Bev) are those which 
were created locally near the sun and: have been trapped in the closed orbits by the solar 
magnetic field, and reach the earth with relatively short lifetimes (~10' years), thus 
passing through the matter layer less than 1 gram. The lifetime of this order of magnitude 
is sufficient to account for the isotropy of cosmic ray and selective absorption of electronic 
components”. Thus these particles of moderate energies can be considered to be incident 
upon the earth with energy spectra and chemical composition at their times of origination. 
On the other hand, particles of higher energies have the orbits with curvatures that are 
comparable with the size of solar system and, therefore, these particles cannot be confined 
only within the solar system but are distributed in the whole galaxy. That is, higher 
energy particles are those that were created at some star and leaked out of its trapping 
field and have travelled through the whole galaxy, being accelerated repeatedly for many 
years. Owing to the fact that its life time may have order of magnitude about 10° years, 
the chemical composition and energy spectra for these components of cosmic primary 
radiation must be changed entirely from those at the time of their origination. 
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§ 2. Our hypothesis concerning element formation and related discussions 


As a result of the preceding considerations, we have enough evidence for the following 
important fact: That is, cosmic ray particles of energy less than 10 Bev, which can 
hardly be accounted for by any acceleration process, were created directly inside the solar 
system or else near it with the same chemical composition and energy spectra as observed 
on the earth concerning primary cosmic radiation. And, above in all, it should be noted 
that heavier nuclei must have been created much mote abundantly than is predicted by the 
presently accepted theory of element formation. 

According to G. Gamow”, our universe has the age of 10°~10" years and in the 
early times it was in a gaseous state that consisted of nucleons with extremely high 


temperature and pressure, and its temperature, averaged over whole universe, was given by 
the following expression : 


T=1.5x10"/V ¢ °K, : (3) 


where ¢ is the age of universe after its origination in second. It is believed also that the 
present universe with well known chemical composition was established through an element 
formation process that happened at the time when 7~10"°A or #71 Mev eee 
Boltzmann’s constant). It must be, however, denied owing to the above mentioned reasons, 
especially on accout of marked predominance of heavier nuclei, to consider that after above 
process of element formation various nuclei were accelerated to cosmic ray energies under 
the operation of some acceleration mechanism. On the other hand, even if one assumes 
that the various nuclei with a certain kinetic energy were created directly from nucleon 
gas of extremely high temperature and pressure through the above element formation 
process, the emission of nuclei of kinetic energy ~ 1 Bev could hardly be understood 
because £771 Mev corresponding to temperature 7~10'"A’ and the nuclear binding 
energies are of the same order. 

In this paper, therefore, we wish to point out that, according to the discussions we 
have given above, our present knowledges with primary cosmic radiation give a strong 
evidence that there must be some new mechanism of element formation which is of quite 
different type fiom those considered and accepted up to the present. This new mechanism 
of element formation should be such that allows marked predominance of heavier nuclei 
and energy distribution of emitted nuclei agreeable with (1) and (2) in kinetic energy 
range per nucleon 0.3 < € < 10 Bev. 

From these considerations we seek an expression that approximates (1) and (2) most 


closely in kinetic energy range 0.3~10 Bev. For instance it is the following one : 
N(€)=Cexp{—(1+€)/£7}, (4) 
where el a2 be evs or Te PAG KAO KK, (5) 


Above expressions are plotted in Figure by solid curves while dashed ones are empirical 
spectra (1) and (2). The agreements of these curves are fairly good in this energy 
range. It should be noted that the exponent of the energy distribution (4) is not 
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—A(1+¢€)/AT (A: mass number) but —(1+¢€)//7, the physical significance of which 
is discussed later and the former exponent cannot reproduce the empirical curves entirely. 


Also in order. to get the best agreement with empirical curves it is necessary to use the 


following ratio of abundance : 


CREO, OC pp rp eee 20 2k oe (6) 


which must be: compared with the known chemical abundance of the whole universe given 


at present as follows” : 
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Figure: Integral energy spectrum of primary cosmic radiation. ‘The dashed curves drawn for the heavy 


nuclei.are represented by V(e€)=A7/(1--€)!“5 and for the protons by V(€) =4000/(1-+e)1.07 


» where 


€ is kinetic energy in Bev per nucleon. The solid ones are obtained from the formulae assumed in 


this paper: V(e)=C exp{--(1+€)/£7}. The dots, crosses and vertical bars represent the results 
of observation, - : result 


ee re Se eee een 
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Cpe Ce eye Cas penis T L733 1/500; (7) 


nich show quantitatively how the heavier elements are much more abundant in primary 
spastoic tay particles than in the present universe. Now, as the final step of our considera- 
tion, we wish to set up the following assumption: That is, somewhere in our universe, 
presumably in such places as inside the star, there existed, or exists, place or places of 
extremely high temperature (7’~ 10"°A’) and there, as a matter of course, atomic nuclei 
were not yet formed and all the nucleons existed separately, forming .a gaseous state. of 
extremely high temperature and pressure, in which the Maxwell’s energy distribution of 
nucleons of type (4), (1+€) being the total energy per nucleon, was maintained. In 
addition to these, we assume that from above gas of nucleons of high temperature and 
Pressure various nuclei were created according to some new type of mechanism with the 
chemical composition given by (6) and since nuclear binding energy~1 Mev is negligible 
compared with thermal kinetic energy~1 Bev, atomic nuclei still have the same kinetic 
energy per nucleon as before they are formed. Hence we may say that the emitted nuclei 
have the same energy distribution with regard to kinetic energy per nucleon as (4). 
Without introducing such an assumption, it seems very difficult to understand the empirical 
fact that cosmic ray components of any Z have the same energy spectra with respect to 
kinetic energy per nucleon. It should be remarked that even if one assumes Maxwell’s 
distribution for the gas of extremely high temperature and pressure, if various atomic nuclei 
were formed already, the Maxwell’s distribution in this case would be ~exp {—A(1+€)/kT} 
(4: mass number of each nucleus), which quite disagree with the empirical fact mentioned 
just above. Therefore, the cosmic ray data requires evidences not merely for high 
temperature but also for a possible existence of a new type of element formation which 
takes place at extremely high temperature. Regarding this new type of element formation, 
of course, the possibility of it must be studied in detail but, since such a problem is out 
of lines of present authors, we will discontinue further discussions with this point. The 
authors wish merely to note that our present knowledges concerning primary cosmic radia- 
tion could be scarcely understood without introducing such an assumption and that our 
assumption is not necessarily unreasonable physically. 

It is clear from our discussions that above considerations do not exclude any accelera- 
tion mechanism at all. Indeed it is certainly necessary to introduce some acceleration 
process in order to explain the existences of particles of energy < 10 Bev. If, for instance, 
one adopts Fermi’s assumption” in addition to our one, the heavier nuclei will also be 
accelerated because according to our assumption there exist already various nuclei having 
kinetic energy of order of magnitude of 1 Bev which far exceeds Fermi’s minimum injec- 
tion energy. Hence it will not be the case that, as in Fermi’s theory, only protons can 
be accelerated on account of which one can not understand the abundant existence of 
heavier nuclei in primary tadiations. We-do not continue, however, to discuss the acclera- 
tion mechanism in detail theoretically, but only point out the possibility that the better 

agreement may be gained between solid curves and empirical dashed ones in Figure by 


f- considering some acceleration processes. 
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Finally, with respect to lattitude effect, there appears a knee at A™50° in the 
numbers of counts of primary particles versus lattitude curve, which has been considered 


as an evidence against the existence of particles of energy less than 2 Bev (~*~ magnetic 


cut-off momentum at 4 = 50’).” According to our assumption, however, £7’ —™ 2 Bev 


and therefore the appearance of knee in lattitude effect seems to be understood naturally. 

The authors wish to express their appreciation for the valuable and stimulating dis- 
cussions to Dr. Y. Ono and Dr. S. Hayakawa (Osaka City University) throughout the 
course of this work. They also wish to thank Professor S. Tomonaga for his kind and 


helpful advices. 
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$1. Introduction 


In a ferromagnetic crystal, generally there exists domain structure as a natural 
consequence of the various contributions to the energy. Between adjacent domains magne- 
tized in different direction, a transition layer is set up. It is denoted as Bloch wail. The 
theoretical researches on Bloch wall have been performed by Bloch” and Landau-Lifshitz?.- 
The theories are confirmed with a fair success by the experiments of magnetic powder 
pattern methods. Their theories, however, are constructed from the point of view of Ising 
model, in which a spin operator is regarded as a vector, so it seems worth while to re- 
consider this problem on the basis of quantum mechanical Heisenberg model. 

In order to discuss the Bloch wall based on Heisenberg model it is most convenient 
to use the spin wave theory. Recently, the spin wave theories of the antiferromagnetics 
are evolved by Anderson” based on Hellar and Kramers’? approximation and by Kubo”, 
Nakamura” and Ziman” based on Holstein and Primakoff’s® method. In these theories, 
it is assumed that the state of the antiferromagnet is not greatly different from the classical 
ground state in which the spins of one sublattice point in one direction, the spins of the 
other sublattice in the opposite direction, and in this state, the zero point energy characteristic 
to the quantum mechanics is calculated as a correction term. This process of approach 
suggests the possibility of the spin wave theory of Bloch wall. In addition, though the 
spin wave theories of ferro- and antiferromagnetics contain some difficulties that many 
thermodynamical quantities are divergent in the case of vanishing anisotropy, fortunately, 
in the Bloch wall, an anisotropy energy plays an important role, so these divergent difficul- 


ties are removed of itself. 


§ 2. Hamiltonian of the Bloch wali 


We consider about 180° wall which separates the adjacent domains oppositely magnetized. 
The treatments to the other kinds of walls are also easily done. Various types of 180° 
wall may be considered, but from the consideration of the magnetostatic energy, the magne- 
tization component normal to the Bloch wall must be continuous lest free magnetic pole 
should appear throughout the Bloch wall, so that only one type of 180° wall such as 
shown in Fig. 1 can exist. From the point of view of classical theory, spin directions 
change in a gradual way in the Bloch wall. The reason for the gradual nature of the 
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in directi exchange energy is 
change is the fact that for a given total change of spin direction, the g gy 


lower when the change is distributed over many spins than when the change occur abruptly. 


r 
feces eo ee a Bere Sea | Fig. 1. 
if 


domain wall domain 


We take up a linear array of spins perpendicular to the Bloch wall and show schematically 
in fig. 2. As mentioned above, the spin rotations are constrained in 4, 2 plane owing to 


the continuity of the normal component of the magnetization. From the quantum mechanical 


shits Peo hag al cay api Ba a a SA rN pelea 


Fig. 2. 


point of view, the rotation of spins may be regarded as the rotation of the axis of quantiza- 
tion of spins. The behavior of the rotation should be solved from the variational method 
of the total energy, but here we assume that the axes of quantization of neighboring two 
spins make the same small angle 7//V=@ with each other, where /V is the thickness of 
the Bloch wall measured in atomic separations. Suppose that, for the sake of simplicity, we 
still take only one-dimensional Bloch wall such as shown in fig. 2, although the real Bloch 
wall is three-dimensional one. Extension of our treatment to the three-dimensional Bloch 
wall is possible except that the last integral cannot be evaluated by the elementary functions. 

Let the spin operator of m-th spin be denoted by S,,, and the exchange integral by 


J. The Hamiltonian by the exchange energy of the Bloch wall and of the domains of 
both sides is 


= J SAS eS as ; (1) 


In the quantum statistical mechanics, the Hamiltonian (1) cannot be separated into 
two parts, the Bloch wall and the domains of both sides, because this is the many body 
problem. The Bloch wall, however, is the stable one having the constant thickness for any 
observation, so that the state that the Bloch wall has a constant thickness should exist with 
exceedingly large probability. For this reason, we are allowed to take up only this state 
and to separate the Hamiltonian of the Bloch wall from the total Hamiltonian. Thus we 
regard anew (1) as the exchange Hamiltonian of the Bloch wall and the summation is 
limited to the spins in the Bloch wall. 


We do not use the coordinate system (1%, ,/y, %,) fixed to the space, but adopt the 
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2, rotational coordinate systems (Line Din in): GST, 22 Soares NV), 
— which rotate’ about 7)-axis through an angle @ during the transla- 
tion by one lattice constant (see, fig. 3). The 2,,-axis of 
nd these coordinate system is regarded as the direction of the quan- 
de tization of #2-th spin. The spin operators of 7-th spin are 
> bm transformed in the following :. 
An 8, 
—sin mf, cos mi 
ce ae S= =cos m4 S*o—sin ml $2, 
cos m@, sin m0 
Fin 3: OF eH 
Si ee Siro, (2) 
25 0 


cos #20, sin mf 

s:=| Jos mo Sx°+ cos m0 87°. 
_ sin 720, —cos ml 

Next, we consider the anisotropy energy, which acts to limit the thickness of the Bloch 
wall. For the sake of simplicity, we take up the uniaxial crystal like a cobalt and regard 
the 2,-axis as direction of easy magnetization. Let the anisotropy constant per one spin 
be denoted by A, then the anisotropy energy of 7-th spin may be written approximately 
by AS, sin 77. (The phenomenological anisotropy energy of an uniaxial crystal is well 
represented by A sin” 0+ 4’ sin‘ 6. Our anisotropy energy, though may be rough ap- 
proximation, has the same tendency as above.) The total Hamiltonian of the Bloch wall 


ip 


is the sum of the exchange and anisotropy energy Hamiltonian : 


HT = Fl exer, + aniso=—J >} (Sin Sint) + KD SZ sin mO 


+ 
m me 


=—/ >) {cos IS” Si..+sin OS 8% ,,—sin 08%, S+,,4+8" 8! | (3) 


m+ 


+cos 08? S2,,}+K S18? sin m0. 


™m 


§ 3. Diagonalization of the Bloch wall’s Hamiltonian 


We shall solve in this section the eigenvalues of the Bloch wall’s Hamiltonian (3). 
We assume that the Bloch wall is approximately in the classical ground state, that means 
the spins are almost pointing in the direction of each quantization. Now, according to 


Anderson’s approximation, we put 


See Pee On a (4) 
Ss 
S2=8848"48%=S(S41), (9) 


and S is the spin quantum number. Substituting (4) to (3), and neglecting the terms 
mote than fourth power of SS” and §", (this is equivalent to neglecting the large spin 


| 

2 
four} 
| 

| 

| 

| 


- 
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deviation in Holstein and Primakoff’s method), we obtain, 


H=—JN cos 0S, +/ cos 0X) (SP +82) —/23( cos 6 S82,82,,+S82 82.34) 


m 


+ KS, cot ae SOS? 87) since. (6) 
iy BD 


Cc 


Now introduce a set of Fourier transform variable defined by 


e tAm thm . 
sz=,/ ~ pay e Oz sz=,/ = Dae ne eS 
ee a : 


a 


where the wave number /’s are 


A=20n/N, 1= — ; +1,--+--- Fy Uae : - 2 (8) 


then (6) is transformed into, 


Het N cond SAEs. cot 


+JS di{cos 9 (1—cos 4) Q,? + (cos. @—cos A) P,’}. (9) 
x 
The new set of operators Q, and P, proves to satisfy the commutation relations : 
[Q,, ee 1|=20,y1, 
[Q:, Qu }=0, (10) 
Lee ENG =ts 
* The first term of (9) is the exchange energy, the second term is the anisotropy 
energy and the third term is the zero-point energy. Using (10), the Hamiltonian (9) 
can be diagonalized and the eigenvalues are 


H=—N/JS2 cos 64 KS, cos 5 +283 (+=) {cos 9(1—cos 2) (cos 6—cosd) 12 
x 


2, I 25 Gap one . (11) 


In the ground state, the energy is 
2 > Y 
f1,= —N/S? cos. 6 + KS, cot is 4/5 Zitcos @ (1—cos 2) (cos 6—cos A) 2, (12) 


and the frequency of the spin wave is 


Nhe 


iS 
o= -{cos 4 (1—cos A) (cos @—cos 4) } (13) 


he zero-point energy is obtained replacing the sum x by integration over / and putting 


@ for the lower limit of the integration, namely, 
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72 2100s 4(1—cos 4) (cos I—cos z) Pan" cos G(1—cos A) (cos 9—cos A) 2a 
; 8 


=/SN (cos A)*(cos2)* (14) 


It is worth while to note that the frequency which satisfies |2| <0 becomes 
imaginary. In other words, the spin wave whose wave length is longer than the thickness 
of the Bloch wall, in our case, the spin wave of 7=O, cannot exist. It is the effect of 
the anisotropy energy which makes the Bloch wall finite thickness against the exchange 
energy, so a restraining force or a kind of the boundary condition, which makes the 
domains of both sides oppositely magnetize, eliminates these spin waves of | 4-| <0, and 
remove the divergent property resulting from the spin wave of 7=0. 

We examine the mean values of the spin components whether they converge or not. 
The mean value of the spin component in the direction of the quantization in the ground 


state is 


s Senseay S.-Y 
re PS . 
otis Tb ee (15) 


where 


1 { cos @—cos A") 4 
Ss O sas — x a ee 2 
= 2 Tae 


cos 4(1—cos Dt 


= 
Sar cos @—cos 4 


(16) 
2 


and, again, replacing the sum by the integration, we obtain 


S 1—sin 0/2-+e08 4 
4S, (cos 0) 2 


<St> =S,— 


, i 
=NV(S+——_). (17) 
‘ +75? 


This result is in agreement with that of the ferromagnet. In the same way, we can see 
that <S1Si> and <S}SY> converge. So the ground state obtained above is the stable 
BA 4 


_ state. 


§4. The thickness of the Bloch wall 


We can obtain the free energy of the Bloch wall from (9), considering that (9) and 
(10) ate the same forms as those of the Hamiltonian and the commutation relations of 


the harmonic oscillator, namely ; 
? 0 
F=—N/S? cos 04+ KS, cot ; 


+ 3° £T log [2 sinh { 7S. cos @ (1—cos A) (cos @—cos 4) /kT} | 
x ; - 
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J 
=—N/S, cos 14+ KS, cot a+ I {cos 0(1—cos 4) (cos 9—cos 4)} aA 
a Jo 
NPT eve {cos Gres (cole an ee 
die -{"t0 ripe eee ] @. (18) 


Since in the last term of (18), only the part of 2 nearly equal to @ gives the dominant 
contribution to the integral, we may roughly evaluate the integral. This approximation is 
guaranteed because only long waves of spin wave are excited at lower temperatures. Thus 


we obtain 


F=—N/S/ cos 6+ KS, cot- + /SN (cos 9) (cos ")* 


( (4T}? eee Ss. 
seats 4n/S(cos @)3 <( ) G9) 


On the other hand, if these layers of the same thickness are not the transition layers but 


the domain, the free energy of them is calculated in the same way as above, 


* kT)*)\4,( 3 
re ays v {A 2r(2.), 20 
da V/ f 4n/S ig ( >) ( ) 
We can regard //—/‘, as the increase of the free energy owing to the construction of the 
wall. The thickness of the Bloch wall is determined so as to be the minimum increase 


of /—/,, that is, by the root of 0(/—/,)/dV=0, as follows, 


rs ee ere aes o: ce slate 
KS, (21) 


For the order of magnitude, in cobalt, 


StS ee hla 


4 tKS.=1 SEO (22) 
EY LCD ROVE EB re 3 
se) sais) hg) a3 x10 T?, 


We can neglect the second and third terms in the numerator of (21) and reduce to 


Vales 


4kKS. (23) 


We have the result that the thickness of the Bloch wall is in proportion to the square 
root of the ratio of the exchange integral to the anisotropy energy. This result is in 
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agreement with the classical treatment of the Bloch wall. The cases in which the result 
of the spin wave treatment is in agreement with that of the classical treatment, are already 
known in the perpendicular magnetic susceptibility and the resonance absorption frequency 
in antiferromagnetics, and our problem of the Bloch wall is the third example of them. 
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The general relation between the covariant commutation relation and the Green function of the field 
equation is given. This relation can be easily applied to find the commutation relation of the free 
field. With help of this relation we develop the general quantization theory for the system involving 
the general fields. Moreover, it is proved that the normal dependent term has no effects on the S-matrix 


and on the expectation values of the physical quantities. We shall point out the several erroneous 
conclusions in the other developments of the quantization theory. 


$1. Introduction 


In the present quantum field theory, the quantization of the force free field, which 
may be interpreted as a system of the harmonic oscillators with infinitely many degrees of 
freedom, can be uniquely carried out by starting from the given Lagrangian. However, the 
general rule for the derivation of the covariant commutation relations has been still unknown”? 


and so they were derived in a suitable way so as to make them to be compatible with the 
field equations for each particular case” 


Moreover, it is necessary to find the general quantization theory for the system involving 
the general interaction, because in such case we can not always adopt the procedure of the 
canonical field quantization. In particular such general theory will be needed for the case 
of the non-local interaction, which seems to be required in connection with the recent analysis 
of the divergence difficulties in the renormalization theory”. The Feyaman’s theory” of the 
position, in which the Green functions of the field equations play the central role and which 
was extended to the cases of the scalar and the vector fields by Yang and Feldman”, seems 
to be adequate to search for such general quantization theory. Nevertheless it has not been 
generally proved that this formulation can be extended to thé general theory which is 
equivalent to the Tomonaga-Schwinger’s quantum theory in the usual cases, because we have 
not known on the intimate connection between the commutation relations and the Green 
functions. 


In Feynman’s treatment the. results are essentially obtained with no help of the terms 


* One important rule for the detivation of the commutation relation was shown by G. Wentzel in his 
famous text-book (Einfiihrung in die Quantentheorie der Wellenfelder 1943). However his tule is rather 


cumbersome, because we must use explicitly the independent canonical conjugate variables and treat the space- 
and time-coordinates in an unsymmetrical manner. 
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depending on the normal 7, of the spacelike surface. As shown by Koba’’, the fact that 
the normal-dependent terms have no effects on the S-matrix can be represented as the 
integrability condition of the Schrédinger equation. Koba’s treatment, which is based on 
the assumption®” that the interaction Hamiltonian can be determined by the integrability 
condition and on the use of the 4;°-function, leads often to some etroneous results (cf. § 5), 
because the normal independent term in 7—(—Z’) is not obtained by the integrability 
condition, where (7 and /’ mean the interaction Hamiltonian and the interaction Lagrangian, 
respectively, and the Green function cannot be given by the J;-function. On the other 
hand we can show that to introduce the unitary transformation, which combines the field 
equations in the Heisenberg representation with those in the interaction representation, 
makes it possible to determine uniquely the interaction Hamiltonian which is also compatible 
with the integrability condition (cf. § 4). 

The main object of this and following papers is to develop the general quantization 
method which corresponds to the generalized Feynman’s formulation for the cases of general 
types of fields and interactions. We shall establish in § 2 the general relation between the 
covariant commutation rule for the free field and the Green function of the field equation. 
The use of this relation leads to the very simple rule for determining the commutation relations 
of the free field operators, which is concretely exemplified in § 3. Using the relation between 
the covariant commutation rule and the Green function we shall discuss the general quanti- 
zation method in § 4, by which the interaction Hamiltonian is uniquely determined by 
means of the above-mentioned unitary transformation. Moreover, it is proved that the 
normal-dependent term has no effects not only on the S-matrix but also on the expectation 
values of the physical quantities. The energy-momentum four-vector which has not been 
defined in Feynman’s formulation can be easily constructed as the time- and space-translation 
operators for the field quantities in the Heisenberg representation. Thus we can generally 
recognize the equivalence between the Feynman theory and the Tomonaga-Schwinger theory. 
In this paper we treat the simple case in which the degree of the derivation operators in the 
interaction Lagrangian is at most 1. The possibility for the extension of our theory to 
the cases of the interactions containing higher derivatives, especially, non-local interactions 


and non-local actions, will be discussed in detail in the subsequent paper (Part II.) 


§ 2. On the relation between the covariant commutation relation 
of the free field and the Green function 


The free field quantities O, (x) satisfy the field equations 
Ag3(9) Q3(*) = 0, (2-1) 
which can be reduced to the equations of the harmonic oscillators 
(T1—#") Q. (4) =0 (2:2) 


and the several subsidiary conditions. In (2-1) A,,(0) is the derivation operator. 


Now we shall prove the relation 


Ags (0) K3;(9) =(O—*’) Ou; , : [1] 
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where ,,(0) is the derivation operator appearing in the commutation relation, i.e., 
EOC 4), Ont2') |= tRys(0)4(4—2’). (2: 3) 0#» 


[I,| shozws the intimate connection between the commutation relation and the Green 
function of the field equation. 
Substituting the solution of (2-2) into the Lagrangian, from which the equation (2-1) 


is given, we have 


4}, 
[Edi= = {4. (be) On — 2) Qa (B) {8 (2+) aaa (2-4) 
where Q,(/) is the Fourier amplitude of Q,(%), i.e 
: 13 . 
O.(e)=lO AEA IAS (2-5) 


The delta function 0(/?+4+.x°) ensures that the individual term of the expansion obeys the 
equation (2-2). 
Introducing the positive and negative frequency parts OF of Q, as follows: 


Ot) =OL Gy) TOT) 


47; 
=| BELEN IOM De + Or (bee) 2. (2-6) 
J kg>0 (27)? 
e(4)=Q(e), | 
| (£,> 0), (2-7) 
Os (k)=O0.(—2),. | 


one obtains from (2-2) 


[Qe (1), Os 2") Ja = 7h ag) (4 —2"), (2-8) 
where J‘ (1) is the positive frequency part “of PAC ee 


(2+8) is equivalent to the following commutation relation in momentum space : 
[Oz (2), Os (4) |], =2 (22)°KR,; (4) 0(k’—k), (2-952 


where A= Vk’ +x? and the bold letter means the three dimensional vector. 

Since we can easily show (by regarding the imaginary 7 due to the pseudo-property — 
of the Lorentz space as the real factor) that “= (Ra) is the Hermite matrix, there exists 
the unitary matrix which transforms R into the diagonal matrix R, ie., 


R=U"RU=(R(r 3 4) 8,5). (2-10) **© 


* Our notations are the usual ones: [,4]4—=al+4a and [a,/]=[a, 6]-=ab—éa. As is well known, 

[ ]4 and [ ]~ in (2-3) correspond to the cases of the integer- and the half-integer-spin, respectively. 
** The detivation operator in the commutation relation is able to have the arbitrary additive term which 
1s proportional to ([_]—x") (e.g., the second term in (2-17)). Since this term can be chosen as one wishes 
it is determined in [Ip] so that the intimate connection between the commutation relation and the Green fae 
tion may be clear. Therefore [I>| is the sufficient (but not necessary) condition for A(@)a3 in order that the 
quantized field may be equivalent to the system of the harmonic oscillators. 

*** Thus we have verified that the transformation U7 picks up the independent components af the field 
Qq: As the example of (2-12) and (2-13) we shall discuss the case of the vector field in Appendix I. 
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According to (2-3) we have 


E a Ons fOeeg= 1, eu, 
Rr 3 k)0( +2) (2-11) 
U==Oln for r=q+1. 
The rank g of the matrix ROM +x) is (2s+1) ot 2(254 1) for the real or complex 
fields with the integer spin s respectively and 2(2s+1) for the field with the half integer 
spin s because of the existence of the two states of the particle and the antiparticle (i.e., 
the both signs of the energy). z 
If we introduce g,(/) as follows : 


g( kh) ={R(r;h)}-"%Ok)U,, , r=1, 2, mies Ge (2-12) 
gk) 0(#+#) =0, r>9+1, (2-13) 


the commutator (2-9) can be written in the diagonal form : 
Lo? (2), 95 (4) Je=2(27)'K0,,0(k—k'), for r, s=1, 2, =, Gam ALeVaY 


The requirement that the quantized free field is equivalent to the system of the harmonic 
oscillators is satisfied, when (2-4) is transformed by (2-12) into the following form : 


9 ak 
Qn 


[Zdt=— 2 | 8+ 2) 0, (— Bg. (B) an (WE +2) (2-15)” 


By substituting (2-12) into (2-15) and comparing (2-15) with (2-4), we have 
| A, (8) R(t; 8) Ve Une = (O27) 8 (2-16) 


Thus, the proof for the relation [I,] was completed. 

Therefore, representing /,,(0) with the sum of the all possible derivation operators 
_with the degree <2s==(°**)”)®, the same transformation property as QO, XQ, and the 
: undeterminate constants and determining the latter constants according to the relation |I,], 
we can easily obtain the derivation operator (’,,(0) and the covariant commutation relation 


* The condition that (2-4) can be rewritten into (2-15) is equivalent to the requirement that the 
energy-momentum vector 7', has the following form: 


T,=-i = K,n,(K ) +c-number, 7,.(& ) =number operator. 
Tr 


** We shall " prove this relation for the case of the Bose-field, but the circumstances are similar to the 
_ Fermi-field. 2 
If we denote R,3(@) of the field of spin s and mass x40 by Rey ettgg? yt as will be obtained 
from 2, ...y,,_, by use of dyy and 0,0,. However the field with %, ..y,. 9), , wos 28 “as has the 
independent component of /,=4/,-, where /; is the number of the independent component of spin s-field, 
but this fact is incompatible with /,=2s+1 and f,-;=2(s—1) +1. Therefore 4’, ...,,_, must be obtained 
“by producing the linear combination of 6,, and 0,0,. Since 4*=0 for s=0, one obtains the identity ¢*—=2s 
by the mathematical induction. For the field with mass x0, we have 
3 0 for integer 5, =) 
e =| 1 for half-integer s, Z== 0) 


Beni the consideration that 0, has the dimension of [length]. 


LRN at 
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(2-3) for the case of the spin s. This method for the determination of R,,(0). is 
exemplified in § 3. 
It should be pointed out that, as will be shown by the example in § 3, Rus(9) 


generally contains the term which is proportional to (J—2) : 
Raz (0)=Ras (0) + (O—#’) Ras” (0). (2-17) 


The second term of the right hand side of (2-17) has no contribution to the com- 


mutation relation, i.e., 
| [Qu (+), On(2!)]u=iRey! (8) 4 (22). (2-18) 


Of Genres Ras'(A) does not satisfy the relation [I,]. On the other hand, in the treatment 
of the S-matrix we must calculate the following quantity : 


CEMED ESF Q;(2")) y= Ras (0) 4,(4—2’) + fas (%y) > (2: 19) oa 


=> Ral ( 9) 4, (2-2!) + fas! (%)s (2-20) 
where 
fos (ty) = — 1 [Rag(8), (22) 442") Ca 
and 
fos! (te) = — 4 [Ras! (8), £42") de 2) (2-20) 


are the terms depending on the normal 7, of the space-like surface. When we determine 
the interaction Hamiltonian by the requirement of the integrability condition only, we have 
two possibilities to eliminate the contributions of /,,(77,) ot fos’ (7,) respectively. How- 
ever it is clarified in § 4 that the interaction Hamiltonian obtained for the latter elimination 
is erroneous, because such an interaction Hamiltonian does not lead to the correct field 
equation in Heisenberg representation which is derived from the total Lagrangian contain- 
ing the interaction term (cf. §5). Determining the correct interaction Hamiltonian by 
means of the unitary transformation which connects the field equations in the Heisenberg 
representation with those in the interaction representation, we shall verify in §4 that the 
first term of the right hand side of (2-19) which is the Green function’ of (2-1) has 


* Symbol P means the Wick’s 7 in this paper, that is: 


/ 
POn()s On a!) = 229 F046), On (e144 eC”) Ou), On}, 


where 

1 for the Bose-field, 
e(x—.’) for the Fermi-field. 
x ot > ; 


sree Xap! . 


n(x, at) = 
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the main physical effects*”. It is easy to see that /,,(7,) can be uniquely determined by 
Ras(0) and has the following form : 


foes (Hp) =GJas (7p 3 0,)0(4—2’), (2-21) 


where J4;(%,30,) is a functional of the normal m, and the derivation operator. 


§ 3. Some examples of the quantization 


Now we shall determine the commutation relations for the Duffin-Kemmer field’ with 
the spin (1,0) and the Rarita-Schwinger field” with the spin 3/2 by use of the relation . 


[I,]. 
i) The quantization of the Duffin-Kemmer feld. 
According to (2-1) we have: 
ite (Aug) = — (Bd, +7). G-1)*® 


Taking into account the fact that the highest degree of derivation operators in R,,(0) 


is 2s=2, we can write it in the following form : 
Kee) =a+bB+cP,o, +d28,8,0,0,+ eL +/ F.7D. (3 *2) 


Substituting (3-1) and (3-2) into [I,], the factors (a, 6,c,d,e,f) are determined as 
follows : 


G=—k,70=0, G=1, d=—x", 'e=x", f=0. (3-3) 


Thus one finds the correct expression of 7: 


ie +e | t (L}—z’) fem, pee ak (Pu, + Bn) 3pdyt, 
x 23 (3-4) 


[b(+), f(a’) ]=iRd(4—2’). 
The commutation relation in the text-book™ consists of the second and the third 


terms in (3-4). 
One obtains from (3-4) 


(PUH(4), $(2)) o= ; RO) de(a—4') +f (My). (3-5) 
According to (2-19') we have: 


flr) = —<R, e(x—x')] 4(x—2') 


=— 2 + (Bum) 8(—2'). (3:6) 


* Koba’s rule) based on the 47*-function (({_]—x?) 47*=0) leads to the erroneous results for the case 
| W’,8/(0)40, because the main physical effects come from Ayg4jr*=Ryp/dy*ARas dy in his theory. 
** We must notice that the field equation obtained from the Lagrangian L=—¢(pd+x)y is not 
ef 


| (B0+%x)¢=0, but —(80-+x)¢=0, 
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The first term of the right hand side of (3-5) is the Green function of the free 


field equation” : 


ii) The quantization of the Rarita-Schwinger field with the spin 3/2. 
The Lagrangian is as follows : 


Pm be 13 st 
L=— $y, (7O+*) Pat ; Pu (pOv + 7vOp) Py — : PuFu(7O—*) Pv (357) 
The variation of ¢/, yields 
P 1 
Avy = a { (r+ x) Oa ‘ (7uOv+ Pw) 5 Vu (a—*)7,} f =0. (3-8) 


Taking into account the fact that the highest degree of derivation operators in 2, ,(9) 
is 2s=3, we can put &,, as follows: 


Ryy = AO, + OXY phy + C(O) Oy F+LFO) Tuy + pI ASTI 


* : 1 ay : 
+98 Ooyy+ ht. (79) Feit 2 se (79) 7 Ou +7 +; By hs 
Xx oe 


‘ 1 
nig ets Oy0,+ yes [1 (70) 0,, + 3 O78) Ti 
x x = 


1 


9 
x 


+n Pe (70)0,0,+0—Liy,0,+2 = Elys0s 
2 


and 


[v,.(), Py (x’)],=iR,,(0)4(1— 2’). (3-9) 


Determining the factors (a, 0, -+-,0,) according to [I,], we have 


‘ 1 Take 2 
Rw= mee (ya —x) {9n.— Saree re ¢ wdy—7,0un) = 32 3,31 
2 ‘ ; 
aaa (I —2") {790-7 :0n) + GO—*) 77k (3-10) 


1 1 az; ; 
Ry,’ = — (ya—*) {Pn felt ae (7p0v—-79y) - 23,8.) : 


$4. The quantum theory of fields with the general interaction 


In conformity with the identity [I,], we shall derive the method by which the system 
with the general interaction is treated in the relativistically covariant way. This is the 
formalism by which we seek the unitary transformation combining the free equation of 
motion with that obtained from the Lagrangian in Heisenberg representation. Let Z/ be 


the interaction Lagrangian,* so the equation of motion of the field quantity Q,(%) in 
Heisenberg representation is** 


* In this paper Z’ contains the derivation operators, the degree of which is 1 at most. More general 
case will be discussed in the following paper, in which the same notations as those here will be used. 

** In this paper, we denote the field quantity and its functional in Heisenberg representation by the 
under-line and a labels the different types of the field as well as the components of each field. 
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Ags (9) O;(+) male (4), (4-1) 


where 
OL’ al! 
Ts 6) eam ee ee wis 
us (+) 30. soe (4-2) 
S21 Di oo tig Jet, ny (4) (4-2/)*” 
with 


Dy +0, = (— ie Oy -.50y ==D,, ; 
aL! 
DQ» ----wy 


Fi 


One, ---ty (7) =, 7-8, 0. (2). 


Je) ty O) == Joa» 


Hereafter we shall symbolically denote (4-2’) as 


Se(4)=DiJaa(*); (4-2!) 
furthermore, | 
Def e—*. ) Jaa(x') aon Dy. ty (#4) Jap ----tty (2’). (4:2) 


Using A,,(0) in [I,], we can rewrite (4:1) into the integral form 
Qu(4) =Qnl2) + | Ras(B)Didae—2!) joa!) (4-3) 
where 4,(x) which is the linear combination of 4”, 4 and J satisfies the equation 
Ags(0) Rp (0) de (4 —2") = (1 —*) de (4 2') 0, = 9 (4—4') 04, (4-4) 
and Q,(%) is the solution of the free field equation 
Ays(8)Q;(4) =0. A=) 


In order to find the unitary transformation combining (4-1) and (4-5), we introduce the 
subsidiary field operator, which, as is easily seen, satisfies the free field equation, 


DAG =OA2) + |Rag() DA(a—2!) foal 2a (4-6) 


where x does not always lie on o. We can adopt an arbitrary surface as the lower limit 
in the second term of the right hand side of (4-6). Since we can equally well treat even 

if we adopted any surface as this limit**’, let us appoint —oo to the lower limit. So, 
from (4-6), | 

Ou *, = co) ==0,(%). 
This adoption leads to 


* a= (My Mn)- hs 
** This arbitrariness corresponds to the existence of the various interaction representations. 


RCT ECT DO 
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QO. (4) aa, On () “1 |Ra (0)D,4™ (4#=—2") Joa (a") dx" ? (4 : 7) 
with 


Roney 
Art (ga!) = SEERA) (ea), 


From (4:6) and (4-7), we obtain 


Oal*) =Qe(4/0) + 5 


5 


"Ras (9) D,, €(4#—4#') 4 (4#—2") foalt’) ax", (ih) 


therefore, as is easily tried, 
=O, (4/o) + yal * 51); [Iy]*? *** 


so Qu(*) is expressed successively in terms of QO, (v/a) by use of [II,’] and [II,’’]. 


Now, let us require the following commutation relation for Q,(4;¢) : 


[Q.(4,7), Qs(4', 7) | =tRap (9) I (a — 2’), [111,] 


because Q,(x};@) satisfies the free field equation. The requirement [III,] is satisfied only 
when the unitary transformation (/(¢) in (4-8) exists. The condition for the existence 
of U(c) is represented by [IV,] which is the requirement for the interaction Hamiltonian. 
(When there is no U/(a), we can repeat the following discussions by using the slightly 
modified free field QO} (2,0), for which there is the unitary transformation U/’(a¢) combin- 


ing Q,/(4,¢) with O,(*).)****  [III,] is required for every surface o whence it follows 
that there exists a unitary transformation (/(a; 0’) such that 


0.4; ) = 4 (650 JOA Oe 30) 
= (e)OA(¢)G(e); (4-8) 
with (/(¢)==U(a; —0co). When /'(+) is a functional of Q,(x), the notation /(4, a) 


means in this section the same form functional but with Q,(7,0) replacing Q,(%), so 


U(a)F (4, 6) =F (x) U (6) (4-9) 


* y/o means x laid on a. 
** ~, means the normal of a. For the independent canonical variable, the second term in [II,’] does 
not appear. 
*** Generally speaking, it must be noticed that the field 0,(«/co), which is combined with Q,(x) through 
the transformation, is equal to the field out = lima Q(x), only when we can assume that the second term in 


[IIy’] is switched of in the limit o¢—0o throwph the suitable adiabatic process. 


criticism must be done for the latter assumption. 
ORK 


The detailed and concrete 


For the usual local interaction (with the derivation operators of the low degree) there is always 
H1(x/;n) satisfying [IV4] and so U(a) exists. It must be noticed that it is not always possible to require 
the commutation relation (2-3) for the arbitrary free field Q,/(.7, 0), because there is not always the unitary 
transformation combining Oy!’ (x, a) with Qy(«). We have the example of such circumstance in the case of 
Qe" (4, 0) =O (x) +{° Rap (0) A(x—47) Da! Jpa(a/)dx’. Moreover, there are many types of the non-local //, 
for which there is no W(«’; 7) even for [IV4], and then we must use the slightly modified Q,/ (x, ) instead 
of (4-6). The detailed discussion on these accounts will be given in the next paper. 
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js obtained, so if we determine U/(o) by 


. OU (a 
ar 32)U(e) |.o=U (0) A(2/o;7), (4-10)* 


[T(x ;7) is Hermite on account of the unitarity of V(c). With the help of (4-9) and 
(4-10), one obtains 

. OF (4,0) En . 

Z Sees (go) (ao 32) Ie (4-11) 
When /(4, 0) contains explicitly ¢, we have, instead of (4-11), 


. OF (x,0) .dF (4,6 et 
“A a(x’) oon stay a); H1(2'/a > 1) | : (4012) ar 


For the special case of Q,(7,0) as F(x, 0), the field equation of motion 


; ae =(0.(4, 0), H(#'/o;n)] (4-13) 
is derived and from (4-6) one obtains 
[Q.(%, 0), H(2'/a ; 2) \=iRg3(9) Did (4-2) fra 2’). [TV.|7*” 


This equation determines H(2’/a; 7) in co-operation with [III,| and [II,] by which the 
tight hand side of [IV,]| is successively expressed with O,(+'/o). H(2'/o; 2) may have 
an undeterminate additive cnumber term, but we neglect such a term in our formalism. 
The meaning of this neglect will become clear in connection with the integrability condition 
of the equation (4-11). 

We combine the respective state-vector Y[a] and VY of the interaction- and the 


Heisenberg-representations by 


£(a)=U(a)@ (4-14) *###) 
and have the Schrédinger equation for Y (a) 
Ps pts CMe sae 32) (a), : [V,] 
da (x) 


from (4-10) and (4-14). 


* H depends on 7, as shown later. 
** That is, 0/00 means the diferentiation in which V(c) is considered as constant. 
*** 1TV,] and (4-6) will be generalized in part II for the cases of Z’ with higher derivatives, 

**** Therefore, the state Y(a) gives the information with regard to the field Qz(a,o). Accordingly, for 
the usual local interaction for which Qy(%/s) uniquely corresponds to Q,(%) for the every surface a, V(a) 
gives the information with regard to the field Q,(«). However, for the non-local interaction for which QO, («/e) 
does not correspond to O,(°) for the every surface but to the summary of the properties of the field Qg() in 
some small region do, Para gives the information for the field Q,(«,0) (and so averaged information for the 
field O,(~)). The physical interpretation of this circumstance will be discussed in the next paper. 

5 Especially, it must be noticed that the state ¥(co), which is combined with Y%(—co)=@ through 


the S-matrix S(co), gives the information for the outgoing wave only when the second term in [IJ,’] is switched 


off in the limit ¢->co through the suitable adiabatic process. (cf. the footnote of [II,’]). 
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Thus, we can take (I,], [IL], --- and [Vs] as the foundation of the formalism of the 
interaction representation. 

From (4°14), it is seen that (/(co) gives the S-matrix. 

In the next place, let us examine the integrability condition of the equations (4-11) 
and [V,]. 

As will be shown in Appendix II, we obtain from (4-11) and (4-12) 


ee WEE? ; 0A (x'/a3n 


- ) «= o-nnamber. (4-15) 
a} Oa(2") 


(4 / oss), eos 7) |e 


When c-number is zero, (4-15) is just the integrability condition. Previously we mentioned 
that the arbitrary cnumber term of //(+’;o 37) was neglected when it is determined by 
[IV,], so the left hand side of (4-15) cannot include any cnumber terms, therefore the 
right hand side ought to be zero. As is easily seen from (4-6) and (4-7), for an 
arbitrary derivative-operator J7(0), we have 


M2) Qe(#) = M9) Qa(4, 6) lero 
+ © [[ 0) DaRas (O).e@—2) | 4G — 2) fea de [11,’"] 


We can express J;(7;7) in terms of M(A)Q,(4%,¢)|,). by the repeated use of [{II,’’] 
and denote this by #/,(7,¢3;7). In the next, if one denotes the same form functional of — 


Qu(4) as 93(4,03;2) of Q,(4,0) by g,(43 7), we have 
Qa(4) =U" (a) {On(%) +29a(% 3 2)} U (a). [1r,"] 
One finds easily, from [II,’”’], 


[Qu(%) +29a(4 372), me ; 72) | 


— UG3(45 92) = tOnueer te (4-16) 


‘a3@) 


because we started with Q.(+) as a point function independent of o, therefore, for all x 
we have 


[Dal 5 0), Ha! sm) \—[O.(2 5 0), M50) 


Ouse mie ee 
Z Date) Ou(% 32) —1 da(a) Oe any) (4-17) 


with the abbreviation 
Ou(% 32) =O,(«) +ig.(x 37), 


which is the mathematical expression of the property of point function of Q.(+) and is 
the important relation together with the integrability condition (4-15). 


Accordingly we shall introduce the energy-momentum four-vector of the system with 
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the general interaction*?. 
We introduce the following quantities by use of the energy-momentum tensor of the 


free field 7,,° and A(x; 7) previously obtained : 
DNt) =U 1a) Lv — Ouvll (43.20) U (6), 
V. 
l= -i| keel aoe t] 


We can easily prove that 7, satisfies the conservation low and has the role of the dis- 


placement operator for the Heisenberg operator, i.e., for the arbitrary quantity (xv) in 
Heisenberg representation, 


OF (x) 
Paes a Care ale (4-18) 
OX a = 

The strict proof is given in Appendix II and III. Therefore, we can say that the quantity 

[VI,] és the energy-momentum tensor of the interacting system. Now, one finds through 

the method of Appendix V that the S-matrix given by the interaction Hamiltonian (x ; 7) 

thus obtained is constructed independent of the intermediate surface of the integration. 

Furthermore, we can derive that, when we calculate the expectation value of any physical 

quantity by the Dyson formalism, this value is also indepennent of the intermediate surface 
| and of that including the point in question. These facts are also proved in Appendix. 

On that occasion, we must calculate the correction of the quantity 


O.(x;n)=0; (x) +ig.(4 3x), 


the second term of the right hand side of this equation has the role of the elimination 
© of the normal dependent terms based on the non-covariant chronological operator /”, i.e., 


from [II,’"], the expectation value including only one internal line in mixed representation of 
Q.(#) =U (2) O,(%) U(a) (4-19) 

As . 
| 2e ya day (dtm (PQ 5 0), Hays), Hans) (4-19!) 
3 m=0 me! 

=0, (x) +19 a(4 ; 2) 

— 2 | Rag (B) Dad ola) jral 2" de! 
2 


ia 1 ([ R58) Du e(x—x!)] A(e— 2") fra (x)! 
2 


+4. eee 


* This has been discussed roughly by several authors, but their discussions are incomplete as will be 
| shown later, because “Ze energy-momentum four-vector cannot be determined uniquely by the conservation con- 
dition, only, S 
S.- Kanesawa, Prog. Theor. Phys. 5 (1950), 157. 
K. Nishijima, Prog. Theor. Phys. 5 (1950), 187. 
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=0, ee —N RA) Dds (4#—!) foalt’ ae’ + 


and the normal dependent terms inherent in [Ree (0)Da, e(4— 2" )] vanish consequently. 
This cancellation holds true in the higher order term according to the proof in Appendix 
IV. Since (4-19) holds for the arbitrary functional /'(2,2) of O,(%, 7), when we 
calculate the expectation value of an arbitrary physical quantity, we may neglect the term 


ig,(~ 37) and use the following replacement in (4-19’) : 


Ou(% 32) > Q.(4), 
H(x;n2) > —L'(4), 


from [IV,] and (4-2). 
Thus we have the following rule of calculation: 7’e correction of the physical quantuty 
F(x) consisted of Qu or the matrix element of S-matrix in Dyson formalism ts given 


by the procedure that H(x;n) is replaced by —L' and P-bracket by the following 
normal independent term™* 


CMO OME); 10) On Ce Hig 5 MB) N (8!) Ray(9) dele 2"). (4-20) 


In (4-20), we must notice not to use A,./(0) but Ry3(9).*** 

In conclusion, let us pay our attention to the following fact : in our formalism, /7(+ ; 7) 
and 7, are uniquely determined and the various requirements in our general discussion for 
the interaction Hamiltonian are also satisfied in the special case of the theory of the 


canonical form, so the general discussion in this section holds true in such case. 


§5. Some concrete remarks on the interaction Hamiltonian*** 


The several authors assert that the interaction Hamiltonian must be determined by the 
integrability condition of the Schrodinger equation. However, there are many interactions 
satisfying the integrability condition in practice, but most of these lead to the wrong equa- 
tion of motion in Heisenberg representation. The circumstaces are explained in the case 
of the Duffin-Kemmer meson interacting with the electromagnetic field. 


* This rule of the replacement was exemplified in our previous paper on the self-stress. See Y. Taka- 
hashi and H. Umezawa, Prog. Theor. Phys. 8 (1952), 193. 


** Koba’s discussion®) regarding these replacements is unsatisfactory, because, it does not prove the dis- 
appearance of the normal independent terms in [//(0:7”)—(—Z/(x))]. These terms appear when Aug (0) 
contains the derivation [] or Z’ contains heiger derivatives of degree (>1), and cannot determined by the 


integrability condition. 
*** The Koba‘s method of 4)°* is equivalent to Nie the former, i.e., 


> \ 1 
<P(Qu(x), Op (x7) ror Ka3 (9) Ap* (4—x/) = : Rap’ (0) Ape (x —47) 


and leads to the erroneous result for the field with term Rap’’(0) (see (2-17)). 
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The interaction Lagrangian of Duffiin-Kemmer meson interacting with the electromagnetic 
field is 
Laity. 6-1) 
so the interaction Hamiltonian satisfying the integrability condition (4-15) (c-nwmber=0) is 


ih CINE i —ieppypAy a = $8, (Bn) 22, pA,,Ay +e*w(x)+higher order tems o(¢*), 
m 


(5-2) 
where ¢*zw(a) is an arbitrary function proportional to ¢* and independent of 7,. What- 
ever function zv(4) may be, according to the integrability condition we can determine the 
higher order normal-dependent terms successively by starting with z(2). In this manner, 
the interaction Hamiltonian is not determined uniquely by the integrability condition. 
Unfortunately the simplest possibility z(+)=0 leads to the wrong result, i.e., by use of 
the unitary transformation (/(¢) composed of such interaction Hamiltonian, the following 
erroneous equation of motion in Heisenberg representation is given from the equation of 
motion in interaction representation : 


(8,9 +m) p= = - PA, (Py Aug). ees 


According to our method previously developed by which H7(7; 2) is uniquely determined 
including zv(x), from [II,,| and (3-4’), we have 


$a)=P( x/0) + (1+ (8n)" Bayar), 

(5-4) 
Ay(2) = Ay (4/0); 

and from (5-4) 


f+) =$(4/0) + (1+ (8n)*) BA, (4/0) $ (4/o) 


=U-*(0) {1+ ~ + (8x) )B,A@)}H@)U@), — G-5) 
Mm 
where the identity 
(1+ (62)?) 8, (+ (f2)*) =0 (5-6) 
at used. If we substitute (5-5) into [IV,], we obtain 
[0 (x, 0), H(2"/03 ny = —eRA 2!) By Ay (2"/a) 
x {1 Bes (1+ (x)’) BA, (4'/o) | (a'/a). (5:7) 
m 
Therefore, one obtains 


H(x;n)=—ich3,.pA,+—-— $8, + (8n)*) BoA Ay (5-8) 
MW 


which is the right interaction Hamiltonian. The second term may be neglected by use of 


the replacement (4-20). 
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Appendix I 
The example of the transformation (2-10) 
We shall discuss the vector field (’, with the mass z, for which: 
R= Rpt ees (A-1) 
= er ho lig == (A-2) 
xz 


One easily verifies that the secular equation |R,,—/0,,|=0 has the triple roots A=1 
and the single root A=a,@,+1=0 and so the rank of R is 3. Therefore only three of 
the wave functions can be considered as independent. 

Using the coordinate system in which £,=/,=0, we find the transformation U/ in 
(2-12) which transforms (/,, into U,. (v=1, 2, 3, 4) as follows : 


(hb) =U ik), Uk 2) = Ue), 
U,(2) =—a,U;(2) +a,U,(2), (A-3) 
O,(k) =a ,(b) +aU (4) =" b,U, 
x 
U,, U, and CU, are the independent components which correspond to the transverse and 
longitudinal parts, and (7, vanithes according to the subsidiary condition O07, =0: 


Appendix II 


On the integrability condition (4-15) 
Since Q,(%, a) depends only on given x and ¢,* the functional F(x, 0) of O, (x, a) 
also satisfies the following relation 


| | ee ee ioe o ) ae SANs 


Therefore, it follows from (4-11) and (4-12) 


0=7 Te Baye ee a), H(#"/e; EE Pecan. ve 7) 
=||FA(a, 0), H(4'/o3n2 CARI ae Toy a. OH (x"'/o 5 1) 
=[[A, 0), H (2/0; 2)], H(2"/o; + FG, ) EL 


—[[/(@, ¢), Ha" /o3n)), Ha" /o sn F(4,0 0H (x'/a ; 7) 
C'/as Mb H(s'/osn)\—| Flr, 0), Ee Mes) 


[4"(, 6), H(a'/o; 2) | 


* See the “fourth ine -note in Page 22 
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j OMe Vle3n) , OH &'/a3n) 

Liana), |di fo: ny, fila" fos n 202 42 ee 

= L / He Ba (x) Oa (a"’) 

-~Now that we may have any functional (1,¢), (4-15) is obtained. As is mentioned 
in section 4, since the arbitrary cnumber term of //(x;7) is neglected, one finds 


. 23 MOM Gn) 3s 0H am) 
Hitz’ 2); HG": — : 
Files), a" mn) 2 30 (2") +2 30 (2 


and therefore the Schrodinger equation [V,]| is also integrable. 
Appendix lif 


On the role of T, as the displacement operator and the energy conservation 
When the function f(%; 7) explicitly contains o(#) and 


F,(0) =| f(a! s n)doy, (A-4) 
let us notice the following two formulas : 


OFs(0) _ af #5) 4[ Af 5™) | (nese 
0a (x) OX o 


and 


Lflesa), | Tate dolj=—i FED if OLE doy! (A-6) 


Therefore it follows from (A-5), (A-6) and [VI,| 


N 


OT, 


da(x) 


—U4(o) [H (x32), \\ {7.9 (a!) —6,,H( 2! ; n)}ao,"]U (a) 


us OT ny (4) OE Ces it) ox O45 2) 74) Ua 
—iU (0) |?" 2 aes \, 9a (x) } ) 


~i0-(6)| Save IG i | Ba S - doy! 0) 


—U="(a) i [A(x ; 2), H(2';x)| ao,'U (a) 


ees OH (x ; 7) \ OF (4'; 2) / ‘ U 
—s +| —— do,/+ U(e) 
ad (9) OF 0 0a(x) : 
OEE I) ve O(a! : Ae ; 
=— Uo) eee n), F(a’; 2) |+2- 30(2’) 30 (2) do,/U (a), 
(A-7) 
which vanishes definitly on account of the integrability condition, i.e., the energy-momentum 
[VI,] is conserved. 3 
In the next, let us ascertain that [VI] plays a role of the displacement operator to 


30 Y. Takahashi and H. Umezawa 


the Heisenberg operator. For the functionals (x4; 7) and /*(4,¢; 32), 
F(x, 0;)=U"(e)Fla#;2)U(e) (A-8) 


and 


Ou 2) = Oa(2/a) + iga(a 3”) 


=U-"(s) Q.(x32)U(o). * (A-9) 
“By taking the variation of both sides of 
| Qxl2)da,=U"(a)| Ona" + n)do',U(), (A-10) 
one obtains 
= ase) we (otf Q.(x'; x) da,!, H(x;n)| U(a) 
4 
rae SORE pr 2) ; 
4iU (a) 20a SO da'U(0) 
+77 *(e) 20a) = Uy: (A-11) 


On the other hand, we have 
(—2)[Q.(4), 7] 


=—-U~"(a) [Oa 0), | TynP (elo, 4+ [Oa s 2), (ZC 5 2) day! Uo) 


1 (a) Osa et Qs(43 2) 4, i U(c) 


Oy Oa(x A) 
+U-"(6)[O.(#3%),; fara! ;72)do,'|U(e). (A-12) 
Therefore, we can identify (A-11) with (A-12) by (4-5), ie., 
00, (x) 
= =—[Q, (+), Ty]. (A-13) 
OX, * = 


This is the mathematical expression of the displacement operator. Thus, we can call [VI,] 
the energy-momentum four-vector of interacting system. 


Appendix IV 
On the normal-dependent term in the calculation of the expectation value 
(OAL) = Dt co" fare etn POC 7) 5 fd gst) eee, eee 


If we pick up the 7-th order term and take the variation with respect to a(a’) (~2") 
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Sess aera 
Oa(x') m! 44777 \AXmP On (a 3 0), H( ay 3 2), +++, W(X m3 2)) 
ea 00.(a3 7 
pig fax, [dx,.P( aay rs Lae 7) ) ede ey One H(%n3)) 
at te 


ode “fate ae _P(ml Oz eran dd (aay) tT PI ight 5 Fd (Boge as PONS 


m | 


The first term of right-hand side is the change of O,(+, 7) itself and the second term 
comes from the rearrangement of the operators according to the definition of the /”-bracket, 
* . ar . . . . . 

since a point 1’, which lies before deformation on the future side of x, is now found on 


the past side. Therefore, 
3(Q.(#)) ie "ae (as P( dQ, (x 52) 
<4 m 


Oa(a'!) = m=0 m! 0a (x') 


—1(OAe; 2); HG :2)|,Hl37), +, Ans n)), 


which vanishes from (4-16). The variation with respect to a intermediate surface 


a;(%;) of integral vanishes also from the integrability condition (4-15). 


Appendix V 


On the cancellation of the terms in [H—(—L’)] in the S-matrix 
We consider the S(co) in g’ (vy: coupling constant)-approximation, but it is easy to 


take into account the higher order terms. Then we have 
S(co)xy—- 1 Vda de! PU! Gs til 2°),) =i| dry, (4) 2yMy 5 (A-14) 
2J-0 J-a —oo 


where ~ means the equality in the /”-approximation and we assume that the interaction 
Hamiltonian is given by 


Aa 32)=—L' (4) + yp (4) Muy - (A-15) 


We can rewrite (A-14) into the form 


S (co) = — 3 [tr ae! fa 2) fon WP Pa Qa)» DI) 


—i| ds, (4) iit, (A-16) 
On the other hand we obtain from [II,]: 
07. Ra 
[Ou(x, 6), Wy (4/0) | Mu7 ~ = Ran) Da 'A(x—<x') oa 
pb 
x fete” [DDL Rye (8), (4 — 2") ] (a 2"7) rol 2"), (A-17) 


E where 
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Dea Ut tn OL Of (A-18) 
BO, BQ!’ 9Q9Qsa ADs 


Therefore, we have 


[ps (x!) pare! =2(\ joa 2") Sra 2”) 


x [Rua (0) Dz! Dy", € (4! — 2") | 4 (2 — 2") hop ok ae (A-19) 
Since we have the relation 
(P(DyOal 2)» Ds! Ox(2")) Yo=tRaa (A) DaDil dex — 2") 


“Ry, (B)D,Ds', e(z— 2") 4e— 2"), (A-20) 
2 
by substituting (A-20) and (A-19) into (A-16), one obtains 
S(co)~ == | ds “dit Joa (¥) {Ras (8) DaDy' Ap(x—2')} jun(2’).  (A+21) 
4 —-o —o 


Thus we find that we must replace P( 17.0) Qu(x), V(0')Q,(4")) by 1/2-4(9) 
x V(0') Rus (0)4;(x—2’) in order to neglect the term wy, (1 )y7, - 
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usual ones for the interaction representation will be also synthetically discussed. 
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The algebraic structure of the hamiltonian of the many electron system is studied. Based upon 
the second quantization scheme, a purely algebraic-theoretical method is established in order to determine 
the total energies of the many electron system, where each energy eigenstate of one electron in the 
Hartree-Fock field of these electrons is occupied by a given number of electrons. This occupation 
number is either 0, 1 or 2, because of the value, 1/2, of the electron spin. Only the part of the 
hamiltonian related to the singly-occupied states are found to be algebraically important, in relation 
to which the so-called exchange algebra emerges. We state the general principle how to manipulate 
this algebra, and will work out in some cases of a few numbers of singly occupied states. In the 
case that the energy eigenstates of the Hartree-Fock field have degeneracies, the theory so far 
mentioned does not suffice, and more detailed and somewhat complicated study is required. 


§ 1. Introduction 


» Among the methods of treating the many electron problem we have the well-known 
group-theoretical one, where a certain kind of representation of the symmetric group is 
studied. This is based upon the so-called Dirac’s vector model’, a notion originating 
from the fact that the interchange operation of the zth and 7-th electrons can be 


represented by the operator, 


Vy= 144 (8, S,)} (1-1) 


in the spin spaces of these electrons; S,, S; being the spin vector operators. This model 
is revealed to be very fruitful in a large number of problems. Prof. T. Yamanouchi” has 
successfully invented a method of obtaining the irreducible representation matrices for every 
Vig, and worked out the theory up to seven electrons. On the other hand H. Ostertag”’, 
who started with the second quantization algebra of the electron field, suggested an algebraic 
treatment of this problem. Though his method promises to be practically useful as well 
as theoretically, he appeared, to our regrets, to stop before obtaining any interesting 
results. We have developed his idea unto the last stage. In § 2 the preliminary subjects 
are explained, the selection operators are prepared and the hamiltonian for a certain electron 
configuration where A, electrons are present in the 7-th energy eigenstate of one electron 


problem in the Hartree-Fock field of the electrons. When these eigenstates are not 


- degenerate at all, the study of only this hamiltonian is sufficient. How to treat in those 
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cases where this condition is not fulfilled are explained in § 7. In the hamiltonian 
set up in § 2 we find that only the parts contributed from the singly occupied states are 
algebraically asec This part is constituted by the elements of what we call the 
exchange algebra. In § 3 we investigate the structure of the so-called magnetic algebra as 
the preliminary for the study of the exchange algebra. The detailed structure of the 
exchange algebra is made clear in § 4, and, based on this knowledge, a general principle 
of finding out all the inequivalent irreducible representation matrices of the exchange 
quantities is established. In § 6 these procedures are traced concretely in the cases where 
the number of the singly occupied states are 2, 3, 4, 5, 6 and 7. How to find to which 
‘multiplet’ (a terminology in the spectroscopy) each of our representations corresponds is 


explained in §5, and also in note at the end of this paper. 


§2. Preliminary 


1. The commutative subalgebra, and the selection operators. We first consider the 
commutative subalgebra N={1, WV, Ny,..., V;,-.., Vz} of the second quantization algebra 
of electrons, where 7(=1, 2,..., A) is the suffix for numerating the energy eigenstates 
of a single electron in the Hartree-Fock field of the others. The quantities V; have the 
well-known relations, 


Né=N,, N.Nj=N,No (2-1) 


which have the meaning of the number of electrons existing in the 7-th eigenstate. This 


subalgebra N has the order 2%, and the 2” pairwise orthogonal primitive idempotents aré 


Fe AE 1 Popes to) = i N; i (1—N;), (2-2) 
eal I=*o 41 

where 72, 29)--+) 25) Zo4iy-+-5 2x is a certain permutation of the natural order /, 2, Beis) 

_ The idempotents of the form of (1-2) corresponds to the configuration that the eigen- 

States 71, 22)...» 2, are occupied by electrons and in total o electrons are present. There 

exist (4) quantities of this sort in all. On account of the relation = Cs) = 2%, the total 


number of idempotents is 2“. These idempotents sum up to the Hate) in all, namely 
ae . . . 
2 x LEG (Sr, ays sey tg) ede (2-3) 
o= 


ty St, S700 <4 


The selection operator, destined to select out all possible states wherever o electrons are 
present, is 


Nig) >) EB AD iseboar on t3)3 | (2-4) 


iS ysoese ter 


which is a part of the left-hand side of (1-3). 


2. The hamiltonian of the many electron system, The hamiltonian operator of the 
system is 


aN, 
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H=H,—F,, 
T= 2) W.-M 
tp 


1 : 
2 en te 
f,=— >). 3) FT ijxa Bip Vint Vipt Axp » 


2 i9,4.0 p=pl 


(2 -5a) 
(2-5b) 


(2-5c) 


in the scheme of the second quantization”, where the second suffices of the Greek letters 


represents the two spin states, to be taken as 1 or 2. We can 


obtain the selection 


operator in order to select out such a state of the system that /, electrons are present on 


the 7-th eigenstate, as follows 
x R as : 
SA Ags ters An) == dl -LV,{ A): 
t=) 

where 4;=0, 1, or 2, and we have made use of the abbreviations 

N;,(0) rae (1 —WN;,) qd oe N32) ’ 

N,Q) = Mi, — Mn) + (1 — 1) Mee, 

N,(2) =Ni Nie. 


(2-6) 


(2-7) 


They are obtained at once by applying (1-2), (1-4) to the case of A=2. In the case 
of the Hartree-Fock field having no degeneracies, it is sufficient to discuss only the part 


of the hamiltonian 
Nh AS Ce ret Se We Fes CORT eee er) 
By making use of the well-known relations 
Nip=Qip Up » 
Ais, Ajot Ajo Vip =%r5 Oyo » 
Vip Mot Ajo p=, 
We gt jg Gp =O; 
we atrive at the reduced form of /7,’, as follows. 
H/=A+B, 
Fie Ot AG Ags 093 AD (7) N,(2) 
+I) {N,(1) +2N,(2) }{V5(1) + 2.N5j(2) }ISGas 7os 
B= —S(Ayy day ves AIO) PaN (NiO) +2 Ky): 


-{N,(1).M,(2) + Ni(2)Nj(1) + 2M (2) M52) 5] Sry Am 


where we make use of the abbreviations //(2), /(z/) and A? J) 
Figss 3 and also 


(2-8) 


(2-9) 


(2-10a) 


Ewhae 5 (22 0R) 


cn A) (20 10E) 


for isis, F Taig and 
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Py (C4 AAT BS, 4CiGp, (2-11a) 

in which | 
As=Qi Qin + Qin ayy ’ (2 ~ 11b) 

B,=—1(ai @a—42 an)s (2+11c) 

C=N,—Na. (2-11d) 


Those patts of A and & contributed from the representative pair of the eigenstates, the 
i-th and 7-th states, are shown in table 1 for each value of the occupation number 4,, 4;. 


Table 1. 
Real ea-0 0 1 1 2 
AG 0 1 1 2 2 
A 0 JS (@) | 27 (7) +A(J) HG) +) +47 i) 
0 —K(t7) P54 —K(t7) 2K(z7) 


We can at once see that non-commutative elements appear only in relation to the singly- 
occupied states, and therefore only these states are important in. algebraical point of view. 
Thus we shall be engaged exculsively in the detailed study of these states in the following 
paragraphs. 


§ 3. The study of the magnetic algebra M in connection 


with the singly-occupied states 


By the reason explained in the last paragraph we shall study the algebraic structure 
of the parts relating to the singly-occupied states in detail. We shall assume the number 
of these states to be . Each set (1, A, B,, C,) (=, 2,.:.,2), as easily proved, 
forms a quarternion, and any two elements belonging to different sets are commutative each 
other*. We transfer to the new combinations 


a(z7) FtGG)= pace Naas 


d(ij)=> 0-40) = Li Nip Nips (3-1) 


care 1 
Pp 


* Therefore 4;, B;, Cy are exactly equivalent to twice the operators of the spin vector components of 


the 7th electron, Sixy Siy, Szz, and we may write P;j;= 7 {1+ 4(se, 89) }- 
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where ( takes the values 1, 2 respectively corresponding to the values 2, 1 of:o. Then 
we can obtain the relation. 


Fu=ay)+o@), G7=1, 2, ..., 2), (3-2) 


and see that the a and a’ factors belong to the commutative part of the algebra and the 
6 factors break the commutativity, but all quantities having no common suffices commute 
with each other. We shall study the structure of the algebra M= (@(12) a (12) 62s 
AY), a7), O(7), ..., a(v—1, n), a! (n—1, 2), b(n—1, n)}, what we call the 


magnetic algebra. The algebraic relations in this algebra are as follows, 
ay) +a' (7) =1, 
a(ij)*=a(z7), a (i/)*=al (7), Y)*=a' ¥), 
a(x) bY) =b(y)alizj) =0, a! (OH) =H) al (Y) =(H), 
ats) b(tk) =b(ck)a' (7), a’ (7 )O(ik) =b ih) aly), 
a(ij)a(ik) +a! (i) al (ih) =a je), 
aij) (ik) +a! (i)a(ik) =a' (je), | (3-3a) 
bf) BGL) + 42) 6G) =6(J2), 
b(i)b GR) B(iL) =6 (1 )O(GR) (i), 
bi) (iA) 4 (G) =0. 


Here and hereafter we indicate the different numbers by the different letters in the brackets. 


Furthermore from these we can derive the following useful relations. 
= el . . * 
[7 b(t7o) 6 (ths) b(t)n) P= iH A (Yo) Aika) a (t7,), 
o=1 o= 
pad . oe pl / oe . / - e 
[I Bio) bib) OT) LM. a! ijn) alike) a jy) 
o=1 o= 


[IT a! (ijn) athe) a (in) 1 8 (in) 8 (iho) iin) (3:3) 


o=1 
-! x 
"b(ijo) (ihe) if): 
According to (3-3b), in a product of any number of 4 factors all having one common 
suffix it matters only which factors appear in the even or odd sites, and the more detailed 
order is irrelevant. ; 
We can obtain all pairwise orthogonal primitive idempotents’ which sum up to the 


unity quantity in all, viz., 


bee ari rie Sealey i alle). (3:45 
DD (Fis depute sy, Meee Rates ts Oe RA a Hl o) Hl 
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: : n it 
when 7 is odd or 2 is even and ye<——. In the case where 7 is even and p=, the 


2 
idempotent of this form is not primitive, and resolves into the two primitive ones as follows 
p Pp ; 


Pane ian Py ok lure sis Manners Awan) 


il Ricks n/2— 


ee 1 a’ (Aig) a(1k,) a’ (1tnj2) se Mf Bae \b(1h,5) b (lenj2) }- (3-5) 
=1 
We prove the primitivity of these idempotents in appendix I. Now we had better study 
the two cases seperately. 
G+ 2= odd. 
We construct following quantities 


Ga) SeoN en” see 5 > D> 
Ey = > CG; Us wary lu > hea oy oeery Pacman) 


1 <8, <i, <--- <t,<n 


an >s a ‘ Salty 25, LOS } Cents a5 Vee easy Rera)> (3-6) 
z 


(4=0, i, ae), 
2 


where the summation extends over all the possible combinations of 4 numbers 7, << z.< ... 
< id, and (z—p) numbers 7,< 7.<... < Z%_, taken from the (#—1) numbers, 2, 3, ..., 
n. Every of these ¢," is the unity quantity of the simple two-sided ideal’ of the magnetic 
algebra which corresponds to the irreducible representation /j"’ of this algebra, and pairwise 
orthogonal to one another. These representations are all inequivalent, and the total of 
these are all possible irreducible representations of M. Therefore we have (wz+1)/2 
irreducible representations, inequivalent to one another, viz. R{”, AY”, Ri”, ...... SRE. 


These representations are shown schematically in fig. 1. 


2 


G 
1 


z 


ST aT 


~ 


lo) 
SE we 


“oN 


Fig. 1. The numbers on the right show the degrees of the corresponding representation matrices. 
This use is made also in Fig. 2. 
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In order to find the representation matrices derived from oe 


explicitly, it is required 
to find out such a quantity, ¢;;, that has the property, 


e; Cig C5 C5 = &5 C55 el A 3 


when we regard any two constituent primitive idempotents of ¢{” having the form 
“ik Ce ene teary a ae Ene) OLE” Jha aie apa Soe Bae Ry) (aS 2e;) and sey 
We describe the study about this problem in appendix II. We shall picture the quantities 
having the above properties schematically just like in Table 2, where the pairwise orthogonal 
idempotents occupy the diagonal places, and we call the table of this ptoperty the algebraic 
table. On account of the relation (II. 1), (II. 2) in appendix II, we obtain the 
representative parts of the algebraic table for the representation A”, which are shown in 


table 3 (a), (b). Vis 


Table 3. 
| lad n—p—I : v ¢ pb 2 | Ca! 
Ih AGG IL VAGUS): TT 6(z%g) 6(146) HW a/(iz,) WH a(tép) 
o=1 t=1 | o=1 tT=vt+1 p=vt1 
v 2 n—pw~—1 Z >) v uw : n—-w-1 
I b6(145)6(1ég) HW a/(12,) I a(1kp) Ma Wk) alts) I ae.) 1 Sal tks) 
o=1 tT=vil p=vt+1 Go —1 T=v+1 p=v+l1 
(a) 
B n—U—1 vf f é s : v-1 f f ip : n—w—l 
IT a/(lig) I a(1h-) TT b(lég)b(1kg)d(1ey) IW a(irz) I a/(1&p) 
Cl t=2 o—- tT=yil p=v 
vol = 3 A n—-w—1 ; v-1 : ‘ Bb ; etapa 
Mil ig) dea)o (it, a, 2120717) “IL a( 12.) Hy aQigo ja en an Cz) Il = wen) Teale) 
o=1 tT=ytl t=y o=1 tT=V+1 *" p=v : 
(b) 


Table 2. 


(2)  7=even. 
When #4-< 1/2, we can discuss quite similarly to the 
case (1). Such quantities as 


bh nm—wh—1 
ei eo [EVA (173) 11 a1) 
ES SIEO GEG o=1 ; pet 
n—- : pl 
o> y Ta (Mis) TE aes) 
1<é, <+++ <4, an o=i get | 


with different values of j are pairwise orthogonal idempotents which behave as the unity 
quantities in the corresponding two-sided ideals of M. Therefore they produce the different 


n ‘ : sien 
irreducible representations R(u=0, Le 2eces 7 inequivalent one another; ¢, 
n 
—>R™. In the case corresponding to the value = of pt, we have the two types of 
pairwise orthogonal idempotents as follows : 


). (3:7) 


ete, OE Eye bay voy tapos By Bay vary 
2 1<#, <++*+ Sty 9S 2 


1 
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These are the idempotents which are the unity quantities of the two-sided ideals correspond- 


2+ Thus we derive the scheme of all irreducible 


ing to the irreducible representations /,2~. 
representations inequivalent to one another as in fig. 2., and can write down the representa- 


tive part of the algebraic table as shown in table 4 by making use of the relation (II. 3) 


in appendix II. 


| 


Fig. 2. 
Table 4 
1 (n/2y-1 He trea Poe War he petri ne ee ore ps 
31 Ho Aia)a(1eq)a(1in/2 ) { TT 5(1ig)4(Aky)O(1é,) IT a(téz41)a’(14,) 
Z \ G=1 2 \o=1 t=v 
(m/2) —1 yv-1 (n/2)—1 
+ wt b (1g) 6 (1h 6) 6 (len /2 »)} + AI al (Mig) a(1hq) a” (1ey) “ll b(1izys) O12, )} 
Boa oo ot his Panay te = sai pet Sao ee 3 
ii b(1ig)b(1hg)8(1,) as @ (liz) a(1k,) re a (lig )a(1kg)a’(lty) WT a(1z,4,)a7 (1k) 
C= o=1 tT=v 
v=1 = v-1 (n/2) +1. ; 
+ If a! (Ni) a(Aq)al (iy) “i bbe) (141) + IT b(lig)b (125) 4(1é,) TT 1 (1izs1) (145) } 
o= =y =! = 


In concluding this paragraph we call the readet’s attention to the fact that the number L 
indicating each irreducible representation has the relation to the total spin magnetic 


quantum number 7 of the system of all electrons in the singly-occupied states, as follows : 


M=——p. (3-8) 


§4. The structure of the exchange algebra, E 


The magnetic algebra, M, itself is not important for us, but only the quantities of the 
combinations /,; in (3-2) matter. In a word we have much interest in the exchange 
algebra which is engendered by all the quantity of the form of P,; and is a subalgebra 
of M. The origin of the name ‘exchange algebra’ is made clear in appendix III. Every 
irreducible representation of M generally resolves to several irreducible representations of its 


subalgebra E, when it is regarded as the representation of E. In order to investigate the 
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detail of this resolution we introduce another subset B of M which 


is composed of the 
elements By, having the form 


Bo= St al Ba1 : 
Ss hapa ge Ps, IT 6(1t,)6(1k,)6 (zi 
Et ha SESE en Ik Sh Ss Shy en (k, Ai.) o=1 ( o) ( o) ( ) 
+ 3 y 1 BAG 
ayy ag ees Hl 6119) by (4.1) 
Vt, <4, <s+-y<é em 1k <h <eee <k <n (h_#E_) =! 
2 p. Te dais " eee 
Tree nm D 3 
“nth ip ha ee IT b (igh), 
L- heal, <8, S++ <é <n Ry rkegrens k= (at, keAK,) O=1 


(CN 
OFT, 25ers fOr Odd 7; 
oy 
u 
citer Dee for even 7. 


The summations are to be extended over all possible combinations of 2 or 2p—1 


mutnbersi: (7,, Zo, <5 Deh AIMS CHG Baie) Rees OF. ORS Retires k,) taken from 2, 3,..., 7 
in the first expression. In the second expression the number 1 is also allowed to be 
taken and the order of £,, 5, ..., &, is permutated freely. The equality of the first to 


the second expression can be proved by making use of the relation (3-3). If we define 
B,=1, the subset engendered from all the elements of the form of 2, constitute a sub- 
algebra, B, of M and this is the commutative subalgebra as proved in appendix IV. 
Furthermore any element 4, of B commutes with any element of E, viz., B and E 
are commutative each other. We find the proof in appendix III. When we consider M, 
E and B only in the ideal having the idempotent ¢,? or e%7)* as its unity quantity, then 
M is normal simple”, and E and B are both semisimple . subalgebra") of M commuting 
each other. In this case the algebraist concludes that the centra of E and B coincide 
exactly”. As the centrum of the commutative subset B is B itself as shown in appendix 
IV, that of E is also B. Now we can construct the idempotent quantities by the proper 
linear combinations of £,, which play the role of the unity quantity of the two-sided 
ideals of E and therefore correpond to the irreducible representation of EX which appears 


upon the resolution of RY” or. R{;*. The above consideration tells us that the number 


(n) +. 


of irreducible representations of Rv appearing when RY or RYb* is regarded as the 


representation of E is equal to the number of independent elements of B considered in 


the matric form in RY? or RY. 


§5. The determination of the correspondence between our irreducible 
representations of the exchange algebra and the multiplicities 


of the spectroscopic terminology 


We have seen in § 3 the relation (3-7) between the index “ of A” and the total 


spin magnetic quantum number AM. of all electrons in the ‘singly-occupied states. Then 
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: : Pee : 
the representation 7”) contains all states having the value 1/7= ; —p of the total spin 


magnetic quantum number, or the states having the values S of the total spin quantum 


u 
number equal to or greater than —-—/, or 
YD 


Sg ee ames OLE be tai) By Acree ih Ay (5-1) 
2 pi 2 Z Z 


Therefore the character 7/.” (x) of any quantity x of E in the representation space Ay” 


: ; : zl 
is the diagonal sum of this quantity extended over the states having the value ——/ of 
2 
: : n 
the total spin magnetic quantum number, or the values S equal to or greater than ——/ 
2 


of the total spin quantum number, and we can obtain the character y§”(+) in the irre- 
ducible representation of E corresponding to the value S of the total spin quantum number 
(multiplicity 2S+1) by means of the relation* 


s(x) =7'3-s(x) —7'5-s-1(2)- (5-2) 


oo 
By taking the unity quantity as 1, we can find the dimension LY" of the irreducible 
representation of multiplicity 2S+41, viz. 


Wt 


DP =yg2h0) Sy Gyal gs |: (5-3) 


The value of 7’) (/,;) can be derived, by making use of the fact that this is equal to 
the number of the pairwise orthogonal idempotents, constituting ¢% which have the factor 
a(17), when 7=1, and the factor a(1/)a(1/) or a’(12)a’(17) when i #1, 7A 1. 
This can be evaluated easily, and is in both cases 
Nn) (PD) — u—2. nm—2 
TPP) = (I) G2 
Thus we derive 
xs? (2s) J ane Pa) =f ei F2)) 
(n—2)\(25 +1) {25(S+1)—*—2a} 
2 
F 2 s\i(24541 : oe 
—— S)!(—+ 1)! 
(Fae acd) 
We can now decide to which multiplet each particular representation to be acquired 


corresponds by comparing the dimension and the character of P,, in this representation 
space and the values derived from (5-3) and (5-4). These values which will be required 


* Out of the states indicated by an .S' value of the total spin quantum number in (5-1), 


| ' . only one state, 
viz. the one having the total spinemagnetic quantum number M, appears in 7, (7), 
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in §6 are tabulated in table 5. Because the representation space A” having the 
‘maximum value of / contains all multiplets, it is sufficient to study only this. Ks ma 
be noted that Ren ™ is used in the meaning of the direct sum of Rn ™*+ and Re cys; ae 
Rn. i) — Rn n+ Re ~ throughout this paragraph. 


} Table 5. 
eee ae a ea a ra Or 
n 2 3 Ae. 
7 > ——— z 5 ; g 
| Zolet Scie y 3 “ 
Ay Bele | Sele} a fo : ef (E21 ap ee AC eM Penal 
Re ee at (een ee ee eee he | 2 Wario ey 
Ds 1 }1|1|2 1} 3 | 2 Pash as Ai pessl esol tl e-cid ie 
i -| ae = | ee | ae eS ey S 
(Pee ea | | | wile: 
pees) ) | 1 | 0 Aste oa 20h Pats Cast es fy ce sa 


§ 6. Some concrete representation matrices 


We shall work out the general method mentioned in the preceding paragraphs in the 
cases of a few numbers 7 of singly-occupied states. We make use of the symbols a,, aj, 
6, instead of the former symbols a(1z), a’/(1z), d(12) im order to save the space in this 
paragraph. 

u=2. The algebraic table is shown in Table 6. It is sufficient to consider 2{* 
Blye es inwk. 5 J45——1, and-in Kyo, 7, — —1. The former. corresponds to S=1, 
and the latter to S=0, as can be seen from table 5. 


Ry > | ay | 


l 
1 
Ry @)* 7 (aeth) | 


Z 


1 
LN sma | 2 (4-4) | 


Table 6. 


n=3 The algebraic table in this case is shown in Table 7. 


According to the rule of appendix |’, we can see in ee se 


ae aa BL 
2 gee if iF ? PP, = Poe ee Prog ~)\1 - 
1 Pe i ee! ie G21) 
Eee ond | : | se SpE om eer 
ae none 


These matrices of 2, and 72, have the relation 
Bi=2b y+ Ps (6-2) 


which leads to two pairwise orthogonal idempotent matrices 


* Zero matrix elements are as usual omitted to be written down througout this paragraph. 
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Va\ als 
1 waa i ‘ a 
= 1 (B,+5,)= PARela, (6-3) 
3 TW \Va| 18) 


PSS 


1 azar e az : 
eg=—(24,—4,) = ARLE . (6-4) 
VI A/24 
i BB 
Ry) = | U3 | eet 
axel | Osho | Agby 
Table 7 


Ry = bob3 | Aol Az | Agbe 


Lan Bld 


| 
| 
8 
| 
| Ay’bg | Qg/by | Ao! 3 


Let the basic vectors of R$ be %,, to, tés, and we write the proper vector of e, and 


e, in the form as 


OF tt, +E gtlo + Fallg= (ty, yy Us) Sah 
| 
\Fs 


In order that this may be the proper vector of ¢,, the following condition must be satisfied. 


Pal é = 
§, ABABHA) 7S1 $4) 
& cs EN iy yy ‘| = =| : 
Sa | ALAA e5 ‘> 


From this we obtain the relation ¢,=¢,=¢,, whence the proper vector of e, is 


C=, +Uy+ Us. (6-5) 


According to their matric form (6-1) we see that each P,, transforms the basic vectors 
in the following manner. 


Pyg i Uy —> Uy, Uy —> hg, Ug <> Uo, 
Pg i Uy > Us, Uy—> Ugy Uy > Uy, 
P32 Uy > Ug, Uy > Uy, Ug > Ug 


All these transform U to U itself, viz. every P,; = 1 (the identity representation S=3 /2)8 
The proper vector of ¢, must satisfy the condition 


ee 
&y| Fo] = I 7 Hg |S] = S5 
od RAL VES e 
Independent solutions of this equation are §,=1, €=0, f3=—1; and €=0, €=1, 
S;=—1, and thus there exist two idependent proper vectors U,, U 2 as follows : 


O,=u,—uy U,=us—Us. (6-6) 
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These vectors are transformed by each ?, :77 as follows, 
Pig UU, US —U 5 
Pi3: U, > —U,, Uz —U,4U,, 
Px? O, > Up Op U,, 


whence the representation matrices can be written down. 


ee Ei-1 
i cad 


eae (6-7) 


This representation can be seen to correspond to S=1/2. 
n=4. We show the algebraic table for RS* in Table 8, where the double sign + 
corresponds to A; * and R§~ respectively. First we study R$?*. 


The matric forms of the quantities in this space are known from this table, as follows, 


+\— a i! 1 
Pip Py =| EeRee Poy Py TT gtigh es eee BL Alas 
F fat E eae 
os ee | 2|2 eS ia 
ea, B= Pl 2), B= iil |= 2 
aes 22h Bei 
[From these we can obtain the idempotents, 
ee eee 
= (B+B) =, = (2B—B,) = BiH 
Ys 5 V5) ; BA 


all circumstances are quite similar to the case ~=3 as far. as Pic) Liss Ls concern..-We 


attain the identity representation, S=2, and another representation, S=O, as follows, 


1| SVG ah ee 
Py»= =, P= va zl Py = Pe = 7 . (6-8) 
In R{-, matrices attached to the exchange quantities are 
1 ee’ ay] 
Pin eae ’ Pis |__| 1) > Big ey hy hs (6-9) 
mre Boe ees 
=e paied tad 
, Ss SN CS emia crree=—0 Bi DN ea ocr ea 
1 Bide a gl 
Those for 4, are 
eae = 
ig ae 1 eb; =! 0. B= | lL |S 4. 
= “ey ualey = | 
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We have only 2,, the identity matrix, as the idempotent derived from linear com- 


binations of /,. 


Then R§- remains irreducible still when restricted to E, and the 


irreducible representation matrices of /?;; are just those in Exp. (6-7), which correspond 


‘a Sei 


n= The algebraic 


Table 8. 
1 1 ie 
7 (3 AxQ4/ tb xhnb4) 2 (@9/Agb gE babats/) > (4 Agha bsboadl ) 
1 $( 1 
5 (@o/ As) =k Cob gay’) 2 (Qo! AgAy/ bobohs) 5 (af ashore bghalal ) 
1 1 1 
a (a9 ay)gte bob 303!) 5 (axl agbgtb gh ty’) 5 (9 agg’ bob ah3) 


table of AS is shown in table 9. 


Table 9. 
A030 As! | Agts/byby | agds/baba | AqQ4/Dxbg | Agty/Oxbo | b4O2b bs Ax habs Absboh, | Axagsh, | aotgae/by 
; . 
AgAg/ bah Ate AAs! | A4%5/Oab9 Aqte/ bil | bxhab sb df sb-03 Ag) 3b 005 Ab fabs | Ab 9) bs, Ag yA5/ Og 
; Sie ce 
AR0/ bob, | Agdslbabg | AglagayIl | babghahy Af debs, | Ayfayhshy | Aol Agayhs | A4bob565 Axhob sb; 30 405/ bg 
: 3020 4: : \ 
/ | a 
/ 

AA bahz | AnAelbybs | bgbobgbs Ane As/Az | Al Azhahy | Aq Asbghy | Asbsbobs Q,93/A,6, | Anty/A5b3 | Aybshsby ' 
/ F ; P 5 
A,0,/03b, | babab she 4/3036, | Al Asbyby | Aol agty/As | Ao/Asbsl3 | Aol AgQby | Ashyb3bo | AgQy/Aslo | Aq0gbz00 
obs / / a 
Dob shahs Ag Aaland, | Ae Aybgb5 | AslAsbaby | Aol Ashe, | Aolde/AgAy | Aol AsA5hg | Axl AgAsby | Asbal ghs Ag ghahy 
/ / / 
Ab babs | Ay/behohs | Agts/Aalbs, |\A5/bgbaby* | Agts/Ag/b4 | AxQq/A5/bg | dgits/Aq/a5/|\ ay/as/baby | AglAs/byha | Asal bof 
Aili ea, Rig y 52 | aay ; | 

b hol: = 4 f : 
F030, | Ao AgQy’bs | Aybabghs | Aolazts’by | As/bobaby A304 A5/by | yl As/loby | Aol AqQs/as! | af a5/b bz | Ayla a br 
st 
Pipl / / i 
Af A3/ A405 | Ae! babshs | Oe Ogbyhs | Aslyt5/b3 | As agAs/by | a3/babsbs Ax Azxhobs | Ao/A3/bgh, | Axl As/ag75/ aay! as, bsp, 
pA = “ © ~ . - « om 
Gat ex ee | / 
Af 06 A304 | Af Aq/b5hg | Ag/ayA5bq | A/babshy | Aq/bybshy | Ay/bybsbz | Og/ay/bahs | Aq’aqbgh;, | Ao/ite/bg); Af ag ag 

The matrices of the quantities are. 
1 1 | 
1 1 
1 1 | 
1 i | | 
1 
Bei ; Py : : 
1 > ise i\ i > 7 
1 1 : 
1 | 
1 ik -3 

1 1 : . | 


—_— 
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1 [_ ujajajaj_j of faja 
1 mae OMe ES Ee ESE ae ce 
lel BE Rec Eee aie! 
Pe Ll sant | : | | {a gop 
Vee ws EL td). of ele 
7 ee Ea cans | age orc dBRL S| 1 Suns fh de 
itt “erated i $id) Ghee 
oa er al CAAT Af vis fe es 
wee wee PS Ese as hoe ES 
ee aca del SESsG Reape Leeroy 
OG bar Pe ED ie 
| PAI EN Ey 
ol Pile fool kyl 
qlee dq. Velete ba 
B= aT | EE | 
Che Rare ee =z 
eS rest 
pa ear hea 
tebe dh HL aaked| eae m 


The multiplicative laws among these matrices of By ate following. 
Bi=66,4+38,448,, BP,=B,B,=28,4+28,, 
B= 3B, + B;: 


By making use of these laws, we derive the following three pairwise orthogonal idempotents. 


Le atts 1 > > 
Sige (B3+-B,+B;), Gnaee (64,4+2,—48,), 
1 2 a) 
te ee 33B,—B,+84,). 


10 
There is only one proper vector of ¢,, 7= 51 ,, in terms of the original basic vector 2,. 


t=1 
The identity representation, S=5/2, is derived from this, viz. every 2; 1. The pro- 
per vectors of ¢, are 


= Uy + Uy + U,— 2 (ty + Uy+ Uy) + 322, 
y= Ng t thy + Ug— 2 (tt, + ts+ U5) + 32s, 
n= Uy + Uy + U5 — 2 (tly + tly + Ug) + 3295 


(Jy + Ug t Us— 2 (ty + U5 + My) + 3th9. 
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This vector space gives the following representation, S=3/2, 


ee Baa TB aH 
P= BAM eRe & a ene a 
| 3) ; VARTA, eS ean oar em ea = , 
Ys Vs) RAVE ieee SAAR 
Vy |-35 41) [941 ¥5|-%4) 45] -3|-34 13/14 | Lele hee ES 
pa | eee Rh fader 
eo ak | Ss SE A aoe ae cnfen WeSYiala| 
Po =e sisi ? i aoe phere ibs > I 25 lipce es ce inal 5) Psy | (ae Pasi > 
det at suas ave aria 
pliehs bo 2 oldies, On 
pte et IC (6-10) 
peta 4 =| els eee 
| 1 | | 1 


Lastly we derive the proper vectors of ¢, in the following. 
O =U — Uy, FU, + Ug — Ug — Uo 

5 Uy— Uy, + U,— Uy, 

O,=Ug— Uy, + Uy— thro, 

U ~=Uy— Uy, +U,— Uo, 

O,= Uy —, + Ug — Mo. 


vector space leads to the representation corresponding to the state, S=1/2, and 


the matrices, 


1 | cou ER t ts | 
5a Se Gb ese eTiet aia Wi ae a 
| reevent SS 5 | Se en dg tek it ek Pag) esis 
oe game ed 
—1 —1/-1 lak BCS EAB ee, 
1 E41 Ss a i las Papel 
th alls | 1 eS Ft a 
as ae ee ae > aie Be ee ? 4 nee ee Selo (6-11) 
Ry ae Sah oe Oy kl vas Gai =1/-1/-1}-1/-1 
eee china ce ah eked Gee 
1 1 ae eats a 
a(S Shite oe me Sen eee PPR ne 
eee te ie, fee Tat ol, hy ly —1/-1-1} a eee 
Bara aie 1 innhoe tack & DT Ts, dae 
iore ter dee tn H—T1-11 Fe cos 1 1 
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n=6 We show the algebraic table of R®* in Table 10. We at first consider 


RS°*, where the matrices representing the quantities in B are the following. 


~~ 


&, = the unit matrix of degree 10; 

B,= the matrix of degree 10 which diagonal elements are all zero and non-diagonal 
elements are all one, 6, ~ 5, 8, = Ly. 

Thus the independent quantities of B are only /, and B, in RY*, and they have 


the multiplicative relations 
Bf=9B,4+ 8h), 


whence we get the two pairwise orthogonal idempotents 
=1(B,+B =+(9B,-B 
e,=—(4,+4,), e,=— (98,—Z;). 
10 10 
The only proper vector of e, is 
10 
GE QU Px. 
4=1 


which gives rise to the identity representation of E, S=3, viz. every P,; 1. We next 


obtain the nine proper vectors of ¢,, as follows : 


Ou; —t,); Ce Beers 


1 . ry | | 
1 ey et dated 
1 : a 
1 ; a Mes be 
iy Seq eteg TET ete Tope P35 = | | , 
1 | ee 
ere ees 
heed 1 1 
Tio 1 a 
—1/-1'-1/-1}-1/-1/-1|-1|-1 1 
1 pe Cae 
ne SFiga pi Ete ce 
1 ART 
Py ol 3 > Tig oe dang 1 te > 
Ae pe | te Tha aaa 
1 | 1 eh 
file Ce eee hy tae 
: ia 1 FE) alos (hehe ee 


ine bly 


1a pias 
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| 
Vier . 1 Roe Pel 
1 ay) We Poise 
oy = = | Ba 
1 CD fae ete Ped (es es 
[2 east le 1 Fea ertes > Pg = Plc | eet | |? 
1 a; | 1 | 
E - ie a 
aoe la =1/-1}-1-1/-1-1/-1|-1/-1| 
Se Ha1enataie1 121 er 
i | ¥ 
nl Ess a 
it | | 
F 3 
Pe =| = 1 | te (6-12) 
a 
L a 1 
i 


Next in R{°- the independent quantities in B are as follows, 
B, = —&, 2 unit matrix of degree 10, 


eS hale! 
Pau’ Ol a a Oa fe 
Pia Sill eka) 
Lhe ate 
ne ipra tome ee ers te er 
Ree ae 1 
aw 1 
1 1 
1 1 
ii ts 


Between these there exists the relation, 
Bove 93, 
= ee hip 


whence we derive the following two pairwise orthogonal idempotents 
1 ii 
eVect ope Pacis ett 


The proper vectors of €, are 
OU =U, — Ue — Ug — U4, 


Us= Ug— U,g— Uz — Ug, 


i th i ie gl ah ee 
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O,= Us, FU, +, + tho, 
OU 4 Uy Hel + M49, 
OU + Uy + Uz + Ug + ly + U9. 


In this vector space we find the following representation, S=2, of E. 


2 a eS Ba ths lahey ijl 
ne a ee |1 1-1-1 1 
Pete) fos pl}. LPs Peete mete t Pe icront al. Up 
ee ary 2} ul 1 1 
1} 1 |-1/-1/-1| me 
5 Dea Od oe Ae sel ie Ts 
A] [yet _ {tea Ra Re 
[pees Site eee > Pee Le pe > Px, = Sel 
| a ee 1 tl 
=1| Pei 
| 1 at OE ie! 
‘Se pe Fay fai. fa -1) 
Py {ly ji] i211, Pe | jt) [ils Pog = |-l 
=] eal Stet 1) 1d 
ere eae Sis n eee ae eae 
“1 ey I 
1 SRoes See 
ss on es ee Deed e 
Payee) | idl > Pigg ES VES Se el Fie, See apt 
1 Raat 1 
eae We ie pte Tp bt 1 yf 
1 Hein ee ee 1 
piel Char re ae 
Pe mba ceead ) Yap ged We Ss ee eee ? P55 = 
Pees Hee VI Paes 
ee Sta easy -1] [1/1] 


The proper vectors of e, are 
=U — Uy — Uy — Ug + Ug + Hyp, 
C= Uy— Uy— Ug + U9, 


O,=Usz— Uy — Ng + Uo, 


O44 Ug — Uz — Ug + Uy, 


O,= Ug — Uz — Ug + Uy. 


3 
He 
ied 
= 
a 


~ 
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This space bears the following representation, S=0, 


i Sas ii Roel J toca Bobet, 
SH | Sins a eee 
(CCB aise gr Py = al Fil Fal, Ba = | a op 
Pica et Reewe pl ee 
Fil Fal a ei PURSE 
Ci eit LT haps ae eo 
aE a PSE ee! Bex s 
lee = ie [Sele hs P15 = = SS a Ses Hho Pr = BEmee: Z 
Beis cae Sie Sigers Be eh Be: 
rie we sia Bee 
eo niard ae eee ye ee 
a =1-1-1-1-1 Bera 3° 
Py = -A-A=1-1-1), Pa) A Po=|iji| fj, 
Games Baris Sma 
LS 5 Hee x | E 
Behact ie aca: aaa 

1 1 1 
Pu =| | jaj_i_y, Pe (Vt eS, Pe 
1 —1|-1/-1\-1|-1 i ix bates 
See ca SA Stas a Thi dai 
ieee td Bees 

iene elle ae ite, ae 1} | 
7 cd WO Re eae nr REI 
1 il —1-1 1 

Tiel ta ee eepe SAAS 
(6-14) 


uz=7 The algebraic table of AA? ‘requires too tremendously large space to be written 
down, and we are forced to do without it. 


idempotents ¢,, “€,, ¢, €, of the linear combinations of By in Re, 


These give us the 
irreducible representation of FE. of degree 1, 6 


» 14 and 14. The first is the identity 
representation, S=7/2: every P,; 1. The second, S=5/2, is as follows, 


a a 


We can derive the four pairwise orthogonal — 
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Table 10 

Ag Aolts A346 | Os%ob gga’ b bob gaz bybob state! bed git gQo! bgb bg tsa! bh gh stgdo! b 50480! A509! bs @4Qo! Aga! bg tao! Ae lta! 
£b460b56306 £A5/ A906 Dgbs | A Ay/dodg/bzbg | ag agts/Agh3 | as/agag/bgby | Lay/agtg/ baby | tay! agits/bgbg | a6/bybobsby | as’ Osbobebg | aglbzbobeb3 
bxbob pga,’ Ax AQ5/ te | Oahob gst’ bedobstgta’ bb 4% g@gto! Dette! as(t4/ bz! Ags! babghg tse! bab sha elo! b3050o/ Agta! 
chasagalbb | tbghodshse haslagag/bshy | asl Agts/ Deh, | aslayag!beba | ag Ogbabshy | a5/Ogbobgby | +a3/agaglbshy | taslayts/bgby | ta 3 Osbaboh, 

D bob gagts/ bxbqbgQady, | Ae AyAg/ Age! | babob sags! b 130! 42%ef b4b-b 6 gQo bo! Ags! bb xb 5 4Qo! b3Q go! AgQs/ Babsbg tga! 
hal agtglbabs | dsl a0 b 405 | +babobshnde hal ants bgbs | 1A babobyhs, HAG AsO apy | Ag bgbobghs | aslasag/ b4b9 | + 02fb bob Ds a9! A504! bebo 
b ob sagt, bxbahsA4d6 | Agbabyasite/ Axl Ant gf Ags | bs Atel Aga6/ bg Qo tn arg/ B40 (05300! b384Qo/ AgQy/ beh eb5Q Aol behgbsasQo! 
hay AnAslbahg |) x dats b she | tag dgdy/b3bg | babob Debs HASbgabghg | zag bgbobsbq | ay/agas/bgbo | asd sbodshe thaglagas/bgbo | asl A544 505 
bb 30 gdaa,, bs) Dedaas bgQote/ Ants! bsQodg/ agita’ Aol Ag 416 | Ooh gbgatstta’ bobhabst ga’ bbb gts tel bab Pactgas! boAtgtts/ agra! 

1a; ate bob | asl AyUp/bgb3 |) + Ag bob ahh +0;/dobabghy tb 96965040. + Ao age b3b sa of tgAs/b hy | Ao Ay%6lb503 Ao! AgAs/Deb3 | +Ao/b5b30 604 
b bab gael Dolgtel A 4As/ b 40D gQoae’ b s0o/ Agas/ dobahgtigts! gf A345 A506 | bobabyters! bobsbg@saal BQ gto! Ags! bybxbgtgetsl 
Aa Ag0 6 bobs | EA babxb ibs | ag agAg/bobs | +Aq/babghghy | aol agg babs | Abobgbsbsby tanlagas/bebs | asl a5a6/bgb3 | tao bybgbybs | +40! azits/bobs 
bybgh dade, b; Agta! Aya6f bdo Aol Ase bb ePsdtate’ babab 4X6. bobsbgAetg’ Aol A304 Agds! | ba@4t9/axa¢/ bobghattyta’ bob sbgasaal 
HA,/AgA5/bobg | as Dobshqhg | ay/bobahshg | tag! agits/babs | hay/agts/byhg | tol axag/bohg | + bbgbgbeby | ao/Pybgbsbg | + yf A6t5/b 53 | + Ao Ags b5h3 
banat sagas! be) bgaoas, bebsbetgts’ bgAottyl Ags bbb ptats’ bbshgtgts’ bytgtig’ a gas’ Aol Agy/ Aside’ | bobsbgagas’ bb=batgas! 
Aa gbogbghs | tag ayQg/bbs | Aas Asa! bobs | tagbghsbehs | erolagtelbghs | ato agg babg | + Ag bab bobs | EOqb 4230506 Ag 423/b 605 | Ao! AsA9/b gh 
DsdoQy/ Aga! bob Ps dade, bgdgttg! Ande’ beh pbstots’ bobsb state! bottgay’ asco! bob Dsagay’ bobsb gaze! Af Ag AGAsl | Dabo baasag! 
As/Dobsbahe | tagayQs/babg | ag/Oobgbsbg | ag! agtts! Dabs | tao agas/babg | Aolbgbghsbg | Aq A657 5/b3b4 | Ae Ao/ agag/bshg | Abad shqbeb5 Ho! Ag 0a! b5)4 
D gtoQs/ gag’ | 39s! Asae/ bgb50sQoae bgb 6040s! bya ts! gael bobs bgagag! bybgbgagts/ bobshatatel bbebatgas’ Aol Axel aga! 
taybobsb3he, + axl bob be +a,/ 5t4/ Ode ate agg obs, + Aol bxb-b4b5 + Aol Ast babe Aol Ag tg! babs, + Aol Agel b be | hae! Ag 0te/b 40s bb sb xb 6b4 


* Every element in this table must be multiplied by the factor 1/2. 


This factor is quite omitted in order to save the space. 
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Be Ee ae 1 1 
1 1 a 
1 af ie ; 1 
Yi 1 ’ geo il ~ ; | een 1 z 
EA ee bea Ee : 1 
1 1 1 
(6-15) 
e, brings to us the following representation, S=1/2. 
1 eG 12 | 
1 \1 
3 o z 1 
1 1 
: : P= 
1 aero wrest, =i a 
1 =1| si eT 1 
1 —l —1 —1 —1 
Ly =i, = ea 
1 Eee il ea 
ai eA Fi : 4 ial 
=] mak F A mie 1 
=i! =1)- rite aye 1 
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. —1-1] || —1) 
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al Fea —I pe el 
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We derive lastly the following representation, S=3/2, from ¢,. 
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§7. The case of degeneracy 


From the beginning we have assumed no degenracies other than the spin one in the 
eigenvalue problem in the Hartree-Fock field, but this condition is often broken ; for 
example, there appear the azimuthal degeneracies in the problem of isolated atoms. In 
these cases the computation of /7,/=S(A,, ..., ARGS (Ae dg) only is not sufficient, 
and it is required to study also S(/,, oy Ayn h Pena. Lx), where {Aah eat i ee 


must enlarge M appropriately, where our guiding principle in order to carry ou 


t this are 
the followings. 


(1) yehe primitivity of any primitive idempotent of M should not be broken. 
(2) The enlargement should be as small as possible, 


a ae 
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Thus we introduce the quantity, 

3 2 p q , 
Peeper) == 0) J) as Gy, -Ll ays Oi (7-1) 
ij (Al) 
where p takes the values 1, 2 respectively corresponding to the values 2, 1 of ¢, and the 
number of the factors a*a bearing the pair of suffices (7/) and (4/7) ate respectively # 
and g. All these quantities constitute an algebra, and this is just what we required. 

In this algebra we must construct the algebraic tables embodying the connection 
between two idempotents ¢, and ¢, each representing the single configuration of electrons, 
Eecresaswtes) (¢7,0 25 t'3' Li-<Ra- pin) * TN; @)i INA) or Rew? (2 cieia see: Rh AN 

of N,(2) MH N,(O). These tables have aie fae of three types shown in Table 11 (a) 


(b), fe); here the electrons occupying the 7th and /th levels in the configuration 
represented by c, are transferred to the /-th and j-th levels in that of ¢,, and where ¢ 


represents that part of factors independent of these levels and common to the both 


configurations. 
Table 11. Table 12. 
a = ! { 
ey SDS) agptajptazpazp-é Ai Aj Ag | hi Li | HI | Bk tae 
Pp ie Bess | a 
f = OO ee oe ; Dae dad sented ied cestemre pre 
= = —— —_ s — 
PT a ad od | *e FD ON Lee bee ee 
(a) Leen ae oe One G Ih Teale Metta 
tea : : | q 
| ee sg : | DNA INO hd el Oak 
e: Sez tag Tapodi p-e | - - | = S| 
ates rose DA Gol sO Wet ke Dea we et 
= | ian : | : 
| | | 
Daz ptanp' ajpaap-e eo | baked hal OGD pO aa ean 
o | 
‘ ; Tc ae (a) diferent in four levels. 
(b) 
“ Ay | Ag) Au |) Bi | BI | Be 
ey DD) ci ptagptanp/rip-e |. x enits 
el 2 BN ode Ou Ne adele Dt al 2 
Beas cretanrl "ase eep-? eo ala altig 6 1 2 
Dw ae On We Ouia teed 
(c) | 
It is not required to study tables other (b) different in three levels. 
than those above described because S(A,,..., 4x) 
»H,S(p4)-+-5 Ux) vanishes if 2H Ft ie 4. Pe aj Aa) BS 
On writing down all possible pairs of number- sot Outs Fi 
sets {A,,.--)Axts{ fr ..-) Px} which are different ak Ee tae 
among themselves, we can classify the cases rica RAEN 
i ‘ . a r@) 
“into three categories as in Table 12, (a), 


e%) (c), ; * (¢) diTerent in two levels, 
? 
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It is sufficient to write down the algebraic tables in these cases. These tables in total 
will occupy too large space to be shown here one by one, but all of these belong to one 
of the three types shown in table 11 (a) (b) (c). 


We study now the problem of the complex spectra of atoms. In this case we have 


Fy sings = 9 (1 + Mg Mh + Mey) * > oY (Lames Lymy) 
CV (Ly 3 (psy) tare Hels: Mla talan) s (7-2a) 


Ry, (nlirly 3 Mula ttyl) =e | [ eon R(adi|71) R aks 72) « 
0v0 Vrs 


‘ R CGiyly |; YR tyrly \*>)arydro, (7 Q 2b) 


[2x a 

CC’ Um; l'n!) = (—=. =) ‘| O(v, m--m!|0) O(lm\0) O(n’ |8) sin 0 db, (7 +2c) 
2v4+1 0; 

according to Ufford and Shortley®, where A(v, /|7) represents the radial part of the 

atomic wave function having the principal and azimuthal quantum number w and J/, 


O(L, m\@) represent the associated Legendre function, viz. 


Od m|d) =| #4 ule eae mig 2" P(cos #) a) 
2 (U+|m|)! ad(cos 7) ™' 


and lastly 7,, r< represent the greater and the smaller of 7,, 7, under the integrand in 
(7+2b). We can now carry out the practical calculation. Here is discussed a problem 
of complex spectra which lies outside the range of application of Slater’s trace method”. 
We shall take the configuration «/* as an example. This gives rise to the terms: 7//, 
°G, 4h, 2F, 2D, 2D', 4P, 2P. Put 313 7;=, let the suffices of WV indicate the values 
of the magnetic quantum numbers of energy eigenstates of one electron, and make use of 


Slater’s symbol” /,(x, Z), viz. 


F(a, £) = (Ane)* iF i R(n, l|r)2RGdl\r’)2 rr dra. (7-3) 


Hex 
vt 
> 
2 


We are allowed to limit ourselves in each subspace of the states having some fixed values 
of J, on account of the Kronecker 0 symbol in (7-2a). 


M=5 This subspace contains only the configuration represented by N,(2)N,(2). 
From this, by making use of table 1, we derive the term 


*H=/(2, 2)+2/(2, 1)—K(2, 1) 
== L154, 2) ~ Fon ihe 
M=4 We have the configurations, N,(2)N(1), W2(1)N,(2). Table 1 and the 
algebraic tables tell us that H7, has the following matric form. ; 
f1(2) +2/(2, 0) —K(2, 0) Toon, 
Foy A(1) +2/(1, 2) —K(A, 2) 
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whence we can find *// to be the same as before, and the second term to be 
9 ikl WS) es 
a SO? Na 2) i, 2) 
(1 2)— A F(a, 2) +3 Hu, 2) 
M=3 There exist the configurations, V,(1)V,(1) and W,(1)V,(1)M(1). On 


writing down the matrix elements of /7, and applying the transformation (6-5) (6:6) 


to the part corresponding to the configuration V,(1)V,(1),(1) we attain the following 
matrix. 


/ ae 1) +/(2; 0) Ses at 0 
| — K(2, 0) —K(1, 0) 
| : {7G 2) +72, 9) +J0, 9)} 
| + K(2, 0)—(1, 0) 
| ) {—K(2,1)4+ (1, 0)} 
0 (Aoi -12— 2 Ao2-1) 
\ 
0 0 
{ —ic(2> 1) +K(2, 0) } (fT gee get) 
2, 1) +/(2, 0) =f, 0) es 
A —K(2, 0)+K(, 05] wee ve : iy 
5 Day 22 2 ee 
(Aum Maa) ae ee oy 


The first diagonal element gives rise to the term, 
* . PDs 
afi 311, (55 2) 22 Gr, 2\— — F,(01; 2). 
49 441 


ne Paty id 
The three rowed matrix beneath this gives the expression for *H7, °*G in the same form 


as before and of °F, as follows, 


Bre iat acc h79 FE 
oP 317, (90s 2) rou ae 2)— re PE Ae) 


Mz=2~ This contains the configurations N,Q)N, (1) N_,2), V1) Wo(2), N,(2)N,Q) 


and V,(2)N_2(1). By applying the transformation (6-5) (6-6) to the matrix form of 
: fie th his space, we obtain the expression for the term ‘7° just as before, and the matrix 


7s Were es Ain ie 


oon —1)+/(1, 2) +/( >1, He {(K(1, 2)—K(—1, 2)} 


—K(1, —1)+ (1, 2) 1.2 
a > oa ) 
iKd, =1)—K(@1,2)} eee Aone ta 


FT; —10 2-100 
{ 215-410 Bese } {fT 2—-110—- 2 Dy_491} 
WREST) shes {fs-49-9+ Hy-1-29} 
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0 FT o— 110 {/1,~12-2— Hy-1-29} \ 

{/ (0, 0) + 2/200) eke Fone | 
fin ODEO 
ae 0 ee >) Bah mei | 


By taking advantage of the known values of “47, °G, “/, we attain to the results, 


= . Er 

a = 3F,(n, 2) am oa F,(2, 2) +—F, (a, 2) 

2y)! 49 441 
193 es 1650 , 8325 
a= (77,-2) = ——— tty 2) TAGE A ee Mee ee 
492 i eee) 4944 fol ) 4 ( ) 


§ 8. Conclusion 


We have studied the purely algebraic treatment of the many electron system, and 
found out the general method of obtaining the irreducible representations required. 
Though we have had in mind an algebraic treatment of statistical mechanics of electrons, 
we have not made any progress in this direction and are now of the opinion that this 
intention almost hopeless and using of the instrument of modern algebra seems not to 
bring so much economy of thought in this region. 

The author wishes to, acknowledge with sincerest thanks the kind encouragement and 
the useful discussions of Prof. K. Husimi who also suggested this problem and Mr. I. 
Syozi, and also expresses his thanks to all other members of the ‘Bussei-ron’ group of 
this Institute. 


Appendices 


I. The proof of the primitivity of the idempotents. 

It is sufficient” to show that there exists no idempotent ~ such that e~=ue=u4e 
in order to prove that primitivity of the eee é. mote the eee we have 
in mind first to consider (7, ..., Las ieenenay & -) =, i a! (lin) ip een where 
either 7 is odd or #< n/2 and wz is even. An idenipoteat az is eared to contain 
some number of 6 factors in order to be unequal to ee, and those & factors may be 
regarded to have one of their two suffices equal to 1 on account of the relation, 
b4j3= 0,013 4+0,50,;. Hence ~ must have the factor of the form I] b (lio)... , but it is 
quite evident on account of the relation (3-3a) that there is no product of this form 
which does not vanish when multiplied by c{”. And the primitivity of es") is proved 


except when 7 is even and f=n/2. In this exceptional case we can inyent the quantity, 
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n 
ia! 


Lo Biwteras in See Se), kn _) = Il b(1i,)b(14,) 8 (Lin) 
= o=1 2 


a 


having the relation to aE rs ek PRS Migeess AB 1) 


0 
2 


en (n) in”) =fr™ en (”) — fy (m) 
2 /2 2 2 2 


This quantity is not idempotent, but has the property, ( fe) Sen, whence we can 


derive the pairwise orthogonal primitive idempotents, as follows, 


+ . . 
ee (apy veer ™ 5 Ry +++) hn) (I-1) 
— 1 AG ees = ‘ (n) (> ° 
mae Cae m5 Piston ha _1) A fa (ayy rey BS Ry very hn _1) } 


1 


II a’ (1ig)a(1ke) a’ (1in) + I 
\o=1 % 4 


I 


4 (1i.) 6(1.) (1 )} 


of which the primitivity is assured if we recognize that no idempotent w can have the 

274 = 7/20 = ar (n)+ 
property ew=we=uAe for e=oh~. 
Il. The non-diagonal quantities. 


Because every quantity containing only « and a’ factors is diagonal, non-diagnal 
quantities are required to have & factors, of which one of suffices may be taken equal to 
1 by the reason explained in appendix I. Hence any non-diagonal quantity can be expressed 
as a linear combination of products of some a(1/), a’(1#), O(1/ ). We consider separetely 
the following two cases. 

(1) The quantity containing the product of even factors of 4(1/). We take the 
quantity as an example, 


n—-p—1 


eZ IP bi) 61k.) M1 a’ (is) WH a(iA,) (IL-1) 
o=1 tT=v4+l p=vtl1 


At first we find the primitive idempotent cf having the property, eMe=¢.. Such an 
idempotent is of the following form. 


n—p—1 


Pe . 
CO? (yy veer bys Rareees Ra—pmt) = Hl a’(1to) IT a(1k;). 


We next find the required form of e™ such that gf = 9. This is found to be 


BOB itis Rus ty eis ria bu 3 Pe 8 Ge ESD) 
v ie ie 
= fla (1k,)aQig) I a’ (1i,) H aQe,), 
o=1 ty he p= 1 
and we have the relation 
Betsy's iby 5 le Ph eared. eS (Fas le Aen Mi oe has Cu erag yh Ryeis ee Rega) 


Ba (in Ae) tus Ry, very pee “Jee? (4, tery ae Dit sary lyy Ry air ser) re”) =e 
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Quantities of the sort of g, are the non-diagonal quantities connecting certain two 
idempotents both belonging to the e® type in the algebraic table. 

(2) The quantity containing the product of odd factors of J(17). Such a 
quantity as 


—p=1 


= ii b (lig) b (Lhe) b (Liv) ui ais ‘i a a’ (1hp) (11-2) 
connects the two idempotents, 
oe) (Lions bcs lpia rd er en i 
and 
OT Mlgg nay yh Mightets A neato GA Pee ee ERA) 


= ila M17 e)a( ley) 2) (17; he Wt alt, ) ix a (tk,), 


where the number, y’, of a’ factors in the latter is related to /# as follows, 


pla +{ (nt pi) — 44+ 1p Hu— p. 


Therefore these quantities connects one idempotent of the e” type with one of the ahaa 


type. After all we can obtain the following relation, 
ZEN oa sana g Se cee Mae eo 
6, Ce aan See Nee ean Os bees tong Be) 
eat Ma OS RT ar ees RE 
WAN Cree Rey Arey ee eed Se Yea tee, i aieiee) 
= Yo. 
Lastly we consider the quantity connecting the two idempotents of the type ee ie 
en ay, 1 5 Ries kn 1) 


va 


a! 


=i ft i Prcra ico ah (1%) 4 ‘ll hig )o(1e,)d(1ia) | , 


o = 


and 
i Mt (> Ss ; é 
en (LA sg Pi epwnin kn _, oie, hay ets Wea eRa ee) 
a 2 
mI 


ae rae eae 
= = lf a’ (lig) a(1h,) a’ (12,) BL alli.) (1k) 


£11 6(1i)6(14.)6(Ui) HOt) OAKS)} 
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This quantity is given below as gy* and g@. 
(a)+ (7 Pecay - ; 
ae (2, tery ms hy vey em _1) +9 
Stn OE; eee 5 ; 
=o" en, Cnc ee ie +» hay; Le woe BOE ce) 
== nt (; ae of bs a 
Jee (ayy v5 2 5 Rijs =.) 3) ° 9 


aoe . A % a b ° eek 
r Craton kira He a5 Gh an i Pose ads , 7m) (Il 3') 


RN = 


Zo! 


gt= {ir b (lig) b(1k.) 6(1%,) HM a(dices)a! (122) 


n 


zie il @ (li,)a(1h,) a’ (12,) Il bliss )6(04,) : 


We can now conclude that all idempotents of ¢”) type and those of ci, type 
constitute the totality of the quantities of the two-sided ideal of M together with the 
quantities of the kinds of gy. and y, except in the case that 7 is even, and p=n/2, and 
in this exceptional case all idempotents, en ™+ together with the quantities of the sort of 
g* constitute the two-sided ideals of M. 

III. The exchange property of the elements in E and the commutativity of E and B. 

We pay attention at first to the properties of /,; which derive themselves from the 
relation, P;;=a(ij) +4(7), as follows, 

Py) Py=ay), Py Y) Py =a Y), Pb YG) Pu= OY). 

Psa (zz) Pae (je) ’ Pa! (zk) Py=Z Cpe); Py; OD (ck) Py=0( je) ’ 

Pyaih)al jl) Pig=a(ghyal), Pisa nee sh oreteres (i), 

Paik) (jl) Piyg=a( sh) b (il), Pisa’ (ik) b( 72) P,y=a! (7k) 6 (et). 

In words P,; play the rdle of exchanging the suffices / and 7, which property is the origin 


of the name ‘ exchange algebra’. Because the quantity 2}, is the symmetric sum with 


| respect to the suffices of its constituent terms, it is in the relation to P,; ; 
a8 ; 
Py buPig= Phu 
By virtue of the relation P=1, we see the commutativity, 


a i (III: 1) 


IV. The commutativity in B. 


We shall take any two elements /,, /, belonging to B; 


By= pa) (2; 71) 0 Jo) : =-O( 4a Jy.) ’ 
By=S (AL) b6 Rel)... 6A 4,)s 
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where we assume /< v. We pick out one representative term in the product BeBe 
DJs) 22-0 Ce Jp 0 tela) «on OLR (IV-1) 


When the suffices /, or 7,(o, 7=1, 2, ...,») appear in the series of suffices 7,, 7,, tu fanened 
ius Jys we can transfer b(4o/,) or b(£,/,) to one of the last positions in (IV- ds 
because we can arbitrarily commute ( factors having no common sufices. If (IV-1) 
itself be the result of this rearrangement, the first v factors and the last js factors may 
be regarded as one term in the summation in /, and /, respectively. In other words 
any term in the product 4,4, appears necessarily also as a term in BB y. Westar 
prove similarly that any term in /,/, appears also as a term in B,B,. These facts permit 
us to conclude that the product 2,4, is a part of the sumand of 2,4, and inversely 
that 4,8, is a part of the summand of 4,4,. Thus we see the commutativity, 


B,B,=B,B,. (IV -2) 


V. The simple and mechanical rule of constructing the matrices of /; 


and /,. 

We can derive these by using the relations (3-3a) and the algebraic table in each case. 

(1) For the exchange quantity ?,,=a(¢7)+0(z/). If one of the suffices 72, 7, 
for example z, is 1, the desired matrix can be obtained by putting 1 at the diagonal 
places of the primitive idempotents containing @(17) and hence not a’(17’) and also at 
the non-diagonal places of the quantities containing the factor 4(17) and no other 
b(1k) (435 7) factors, and furthermore putting 0 at all other places in the algebraic table. 

In the case of 7, 7 both differing from 1, the mattix for P,;=a(¢7)+ d(¢77)=a(12)a(17) 
+a’ (1z)a’ (17) +6(12)6(17) +4(17) 6(12), is derived by putting 1 at the diagonal places 
of the primitive idempotents containing the factor a(17)a(17) or a’(1z)a’(17) and also 
at the non-diagonal places of the quantities containing the factor 6(17)4(17) or 6(1/)6(12) 
and no other 4(14) (41, LA 7) factors, and furthermore putting 0 at all other places 
in the algebraic table. 

(2) For the quantity 4,. 

The matrix, derived by putting 1 at the places of all quantities containing (24— 1) 
6 factors and all those containing 24 such factors and furthermore putting 0 at all other 
places in the algebraic table, is the desired. 


Note 


A simpler method of distinguishing the ‘ Multiplicity? of the representation. 

Mr. I. Syozi recently pointed out to the author a simpler method of determining 
the multiplicity of the representation, which fits more properly in our scheme. 

The fact shown in the footnote in § 3 leads to the relation 


By=5 6(¢/) =>) Py Mia(zz) 


a) 


=5 11448, 8,) }—Me(iz) 
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= CUS)*— Na) += —n. (1) 


If the multiplicity of the representation, derived from the 


idempotent ¢ belonging to 
el in the case odd w, or belonging to either 


fay or Rn©~ in the case of even 1, 


is 2S+1, the characteristic value of 2, given by (1), in this representation is 


ple hte GS SCS sae 

on Z + 722 7) 4 

S(S+1)—-{ +——1= (2) 
fei a : | ses+y—2 
as A 


where the upper and lower line refer to the cases of odd and even ». 

On the other hand the characteristic value of /, in this representation can be known 
directly from the relation, derived by using the multiplicative formulae among 4,’s of the 
form, 


Bye=eB,=f-e (3) 


where /? is a positive or negative integer. By comparing the value of § and that of (2), 
we can decide the multiplicity of the derived representation. 

For example, we try to apply this method to the case 73, where the characteristic 
values of 4, given by the expression (2) are 2 and —1 respectively for the multiplicities 
S=3/2 and S=1/2. If we use eq. (6-1), (6-2) and (6-3), we can obtain the 
relations, 


a 
Bey 2 ey 

ee J ee 
Be.=e,5,= —&,. 


From these we can conclude the correspondence between the idempotents and the 
multiplicities of the representations engendered by them ; 


&;<-— S= a2; 


&<-—> Saad /2; 
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Laying stress on the concept of the equivalency of the observers, the properties of the coordinate 
transformations connecting the observers relatively in uniform motion ate investigated. These transfor- 
mations form the ‘ uniform motion group’ together with the frame-transformations of the special forms. 
The relations between the uniform motion group and the Lorentz group are investigated. 


§1. The special theory of relativity and the equivalent 
observers in uniform motion 


The special theory of relativity is ordinarily regarded as based on the following two 
fundamental principles: the principle of special refativity and the principle of the constancy 
of the light-velocity. The former states that the laws of nature are in concordance for 
all inertial systems, and the latter states that in a vacuum. light is propagated with the 
constant velocity c. The validity of the second principle for all inertial systems must also 
be assumed in consequence of the first principle. Einstein derived the Lorentz transfor- 
mation as satisfying the postulates of these fundamental principles. In deriving the Lorentz 
transformation he used the conditions that (1) the relative velocity of the observers is 
constant, (2) the transformation equation between the observers is linear and (3) the 
velocity of light is constant”. It was afterwards shown that the Lorentz transformation 
could be derived from the postulate that the transformation should make the metric 
ds =dx + dy +ds—cdt’ in Minkowski space-time form-invariant.” * Consequently the 
special theory of relativity may be regarded as based on a single postulate that the mathe- 
matical expressions of the laws of nature must be form-invariant under the transformation 
group which keeps the metric ds°= dx? + dy? + d2?—Cdt? form-invariant. And it is also 
shown that Lorentz transformation can be derived from the postulate that the wave equa- 
tion of light, []g=0, must be form-invariant under the transformation.2** In such a 
manner there exist several ways to derive the Lorentz transformation from the different 
postulates.” Therefore if the essential contents of the special theory of relativity are 


nothing but the Lorentz scheme of the theory, it is theoretically equivalent whatever 


From this postulate the rotation of the space axes and the translations of the time and space axes are 
also obtained, and these transformations form the Lorentz group together with special Lorentz transformation. 


** From this postulate the transformations forming the Lorentz group Z and the dilatation of the space 
and time axes are obtained. 
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principles are chosen as the fundamentals of the special theory of relativity so long as 
from these principles the Lorentz transformation can be derived. 

But it is hard to believe that the essential character of the special theory of relativity 
is only such a formal one. It is rather appropriate to consider that the most fundamental 
idea of the special theory of relativity is the concept of the equivalency of the observers 
relatively in uniform translatory motion. Therefore in this paper the relation between the 
fundamental principles of the special theory of relativity and the Lorentz transformation 
is investigated from the point of view based on the theory of the equivalent observers 
ptoposed by the present writer and Takeno.’)* The theory of the equivalent observers is 
based on the ideas that the transformations connecting the equivalent observers must form 
a group together with ‘ frame-transformations ’, and conversely if any transformation group - 
is given the equivalent observers can be defined by this group. Namely. if an arbitrary 
transformation group is given, we can derermine (1) the kinematic properties of the 
equivalent observers and (2) the physical properties of the equivalent observers concerning 
the invariant laws for the equivalent observers. 

We can consider the following three kinds of the equivalent observers relating to the 
fundamental principles of the special theory of relativity : 

(a) The equivalent observers defined by the Lorentz group L, (the group composed 
of the Lorentz transformation, rotations of space-frames and translations of space- and 
timeframes.) 

(b) The equivalent observers defined by the transformation group under which 
the expression of the propagation of light in a vacuum ts invariant, and 

(c) The equivalent observers in uniform translatory motion relative to each 
other. (Hereafter we shall call them simply ‘ the equivalent observers in uniform motion ’.) 

The equivalent observers of (a)-type are treated in the special theory of relativity. 
As is easily seen, the relative velocity between these equivalent observers is constant and 
the expressions of the propagation of light in a vacuum are invariant under the Lorentz 
group. 

Milne’s kinematic relativity” and Page’s new relativity,” in which the observers of 
(b)-type play important roles, have somewhat different contents from those of the special 
relativity. It seems to the writer that this comes from the fact that there exists besides 
the Lorentz transformation another transformation which keeps ds=de+dyp+ds—cdt 
=0 form-invariant and connects the observers in accelerated motion.” 

We shall call the transformation group defining the equivalent observers of (c)-type 
‘uniform motion group’. The Galilean group and the Lorentz group are both uniform’ 
motion group, but it is unknown whether or not there exist some other transformation 
groups which define the equivalent observers of (c)-type. Accordingly in the se 
the general form of the uniform motion group will be searched for and the relation be- 
tween the uniform motion group and the Lorentz group will be investigated. 

In searching for the general form of the uniform motion group it would seem natural 


* This paper will be quoted as (EO) 
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to take the following two processes because of the general properties of the equivalent 
observers. ; . 

Process (1) The investigation of the properties of the uniform motion group by 
taking account of the kinematic properties of the equivalent observers. | 

By the kinematic conditions only, the transformation group cannot be defen aoe 
quely, though we can obtain some knowledge about the properties of aS uniter mace 
group. Therefore in the next step the conditions concerning the physical properties of 
the equivalent observers must be added. ; 

Process (2) The investigation of the invariancy of the mathematical expression 
of some physical law or laws under this transformation group. 

In accordance with the physical law or laws which we choose in the Process (2)5 
different kinds of the uniform motion groups may be obtained. If we choose, however, 
the physical laws ordinarily used as the invariant relations in the Process (2), then we 
obtain the Lorentz group as the uniform motion group, e.g., in the following Case (i) 
as well as in the Case (ii). 

Case (i): the case where ds’*=0 or the Maxwell equation 1s adopted as the 
mathematical expression of the invariant relation.» ,”* 

Case (ii): the case where the Dirac equation of the electron or Yukawa’s 
meson equation is assumed to be invariant.” 

In the Case (ii), the group can be determined without using the kinematic condi- 
tions required in the Process (1).” 

From the above considerations it becomes clear that the Lorentz group Z can be 
obtained as the uniform motion group by choosing the various laws in physics as the 
invariant relations in the Process (2). Therefore we need not necessarily adopt the 
principle of the constancy of the light-velocity as the fundamental principle of the special 
theory of relativity. Concerning this circumstance Stiegler has recently proposed a new 
scheme of the principles of the special theory of relativity. 

Here it is to be mentioned that if we use in the Process (2) the Newton’s equa- 
tion of motion as the invariant relation, we cannot obtain the Lorentz transformation. 
In the scope of the special theory of relativity the, Newton’s equation of motion is regard- 
ed as an approximate equation, therefore by using it we obtain the Galilean transforma- 
tion which can be regarded as an approximate equation to the Lorentz transformation. 

In the next step the following problem will arise, whether the fundamental equations 
of the elementary particles, such as Maxwell, Dirac or Yukawa’s equation, are to be the 
accurate equations or not, because for the present the applicability of these equations in 
the very high energy region has been an open question. And this problem suggests that 
there may exist such equations as have wider applicability than the above equations which 
can be regarded as approximate in the low energy region. If there exist such equations, 
a new special theory of relativity which does not take the Lorentz scheme can be con- 


structed. Therefore if we wish to extend the expression of any physical law, it may be 


* In this case the dilatation of the space and time axes are also obtained. 


A. me 
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necessary to seek another possibility to take as the uniform motion group any transformation 
group other than the Lorentz group. 

Accordingly in the following sections by using the kinematic conditions for the 
observers the general form of the uniform motion group is searched for and then physical 


properties of this transformation group and the relation between this group and the 
Lorentz group are investigated. 


§ 2. Coordinate transformation connecting the equivalent 
observers in uniform motion 


Here we shall carry out the investigations of the Process (1) in the last section, 
i.e., the investigations will be made to what extent the form of the uniform motion 
group can be determined, if the kinematic conditions of the observers only are taken into 
account. 

(1) Observers, space- and time-frames and coordinate transformations. 

To determine the transformation group defining the equivalent observers in uniform 
motion an axiomatic method is taken.* In the following we shall give our postulates for 
obtaining the transformation group. Let us start with the folllowing postulates as in 
(EO). 

(P.1) Any observer M ts furnished with a three dimensional space-frame S 
with origin M and a one dimensional time-frame T, and can give one and only one 
set of space coordinates (%,y,2) and time coordinate (t) to any point event E to 
within frame-transformations.** ; 

Let Mand IW’ be any observers, and / be any event. If (,) and (1’,), where 
hay A, and 4, Yee it S= Tie --+) %4y are coordinates of / given by JZ and 7’, we have 


# =f, 4), | 02',/or, | a= 0, (4 Y=1, Sagi anys (24) 


Here we do not assume that the transformations form a group in the usual sense, 


that is, the functional form of the transformation may depend on the relative velocity of 


the observers. 
As was stated in (EQ), the elements of the transformation group are classified into 


the following two kinds: (1) the transformations connecting the frames relatively in motion 
and (2) those connecting the frames relatively at rest, i.e., the frame-transformations. 
We assume that the frame-transformations have the following property. 

(P. IL) The frame-transformations are assumed to have the following form : 


Ate, ae, 
£'4=h(t))\ ,7=1; 2, 3.)5' 0 =e (Z)- (2.2) 

If the two frames are connected by these transformations, any point at rest in one 

space-frame is also at rest in the other frame, and all simultaneous point events in one 


time-frame are also simultaneous in the other frame. 
(2) Expression of the motions with constant velocity. Normalized frame, 


* See (EO) § 4. 
** See also (HO) § 4. 
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In general, the expression of the velocity of any moving point event depends on the 
nature of the space- and time-frames adopted by the observers. Accordingly it is convenient 
to adopt the frames in which the expression of velocity becomes the simplest. Therefore 
each observer is expected to adopt such frames as have the characters expressed by the 
following postulates. 

(P. Ill) Any observer uses the ‘ normalized space- and timeframes ’ 

We call the space- and time-frames normalized when the coordinates of any point 


event moving with a constant velocity-have the following relations. 
HU EC, AIH A,2,55:) (2:3) 


where 7, and c, are arbitrary constants, 7; being the velocity component and c, the initial 
value of the space coordinate. In this case the existence of the point events moving with 
constant velocity is assumed. How to construct the normalized frames we shall discuss in 
the next section. 

As is easily seen, if any normalized space- and time-frame (SZ) is given, (S’7”) 
obtained from (S7’) by any frame-transformation is normalized when and only when this 


frame-transformation has the following form, 
eee Qt + diy @ 7=1, ide nea “=at+d, (2.2') 
g ’ 


where a;;, @;, @ and d@ are constants. The frame-transformation (2.2’) gives translation, 
dilatation and change of the: directions of the axes of space-frames, and translation and 
dilatation of axis of time-frame. 

(3). Relative motion of the frames. Transformation between coordinate systems 
tn uniform motion. 

Under the assumption of (P. IIT) the concept of the relative motion of the frame 
“is introduced. Two arbitrary frames are called relatively at rest, when any point at rest 
relatively to one frame is also at rest to the other frame and vice versa. When different 
frames are not relatively at rest, they are moving relatively to each other. In these cases 
the uniform translatory motion of the frames is the most important, in which all points 
at rest to one frame are moving with the same constant velocity components relatively to 
the other frame. Concerning the uniform translatory motion of the frame the following 
postulate is assumed because of the group property of the transformations. 

(P. IV) The postulate for the uniform translatory motion of the frame : 

(¢) When (S'T’) moves uniformly relative to (ST), (ST) also moves unt for- 
uly relative to (S'T'). 

(') When (S'T") is at rest relatively to (ST), (ST) is also at rest to CS ae 

(i) When (ST) and (S'T’) are in uniform motion (including the case of 
zero velocity, namely of being relatively at rest), and (S'T’) and (S"T") are also 
in uniform motion, tren (ST) and (S"T") are also in uniforim motion. 

Now using the conditions postulated in (P. IV) the nature of the coordinate trans- 
formation between the equivalent observers in uniform motion will be investigated. Let 
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(ST) and (S’7") be two arbitrary frames relatively in uniform motion. If another 
arbitrary frame (Sy is also in uniform motion relatively to (S’7”), all points relatively 
e rest ees describe the parallel straight lines in (2’,y',2’, ¢/) space. (The term 
parallel line’ is borrowed from euclidean geometry.) And from (77) in (P.IV), (S7) 
ande(S""/"*). sare also relatively in uniform motion so that all points at rest relative to 
(S’’7"’) also describe the parallel straight lines in (x,y, 2,7) space. Then the transfor- 
mation between (S7’) and (S’7”) transforms any arbitrary parallel lines into another 
parallel lines. It is well-known that the most general transformation having this property 
is the following affine transformation : 
#' y=) fay titi Aft, Uma lon es 4:) (2.4) 

where @,, and c, are arbitrary constants.” 

And conversely two arbitrary systems connected by the transformation of this type 
are relatively in uniform motion and satisfy the above postulates concerning the systems 
moving with uniform velocity. 

(4) The special transformation. (The transformation corresponding to the 
special Lorentz transformation.) 

It is easily seen that (2.4) can be reduced into the following form, if (ST) and 
(S’7’) ate transformed by suitably chosen frame-transformations of the type of (2.3) 


ey, gee yee ng Sd Selig Vet / ee Ss pues 
MHA HAA yh gy HV gQH=VU hq, VHA y3hq, VyHAg, MTU ta (2.5) 


where a@’,, is constant. By a dilatation of the time axis the velocity components of 
(ST) to (S’7") can be made equal to those of (S'7’). After this regraduation, if 
we designate (1, s,s, %,) and (1’,, #' 5) Hq; #4) as. (4,95 2,0) and (4', 7’, 2/, 2) anew; 


it is easily seen that (2.5) have the following form : 
a= h(v)(4—v0), y =a,(v)y, 2’ =a,(v)2, U=h(v) (t=0(o)#) 0 > G25) 


In (2.5’) £(v), 4(v), av) and a,(v) are assumed to be the one-valued analytic 
functions of v, the relative velocity between (SZ) and (S’7”). | 

Then the scale of (ST) and (S’7”) must be regraduated by the dilatations, so that 
these transformations may tend to the identical transformations, if the relative velocity v 
tends to zero. (These frames are to be called after this regraduation (S7") and (S’7”) 
again.) The limiting values of the functions in (2.5’) must be then as follows : 


lim 4=1, lim a,=lim a,=1. (2.6) 
v>0 v>0 v->0 


Next let the coordinates of a point event expressed by the third frame (S’”7") be 
ae tx TE these coordinates are obtained by transforming the coordinates (4% 
yy’, 2, t!) of (S'T"’) frame by the equations of the type (2.5’), the following equations 
are obtained by the calculation of the relation between (S7’) and (S’7’), under the 
assumption that £(v7)=4(—7), a,(v) =a,(—v) and a,(v) =a,(—7). (This assump- 


* The functional form of the transformation is thus determined from our postulates, 
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tion is a natural one because these functions give the rate of the moving clock and 


scale.) (See Note.) 
k(v)=1/V |1—a7|, b=av, a,-=a,=1, (2.7) 


where u is an undetermined constant. Using the results of (2.7), (2.5') can be reduced 


into the following form: 


al = (4—vt)/V | 1—av? 


Peay o 2 =r = aan Vv \1—uar"|. (2.8) 


We shall denote this transformation by (/,; These equations have been obtained by 
several authors” ™ by taking different standpoints and by different ways. 

Further we can define U/, and U, by ‘cyclic interchanges of (xyz) from U,. . In 
the same way as the special Lorentz transformation, these U/,, (7, and U7, form a group 
together with the rotation of (x, y,2) axes and the translation of (+, 9,2, 7) axes. This 


is the most general form of the uniform motion group under the above postulates. 


§ 3. Discussions 


The most important result obtained in the last section is that the transformation 
equation between the equivalent observers in uniform motion can be reduced into (2.8) 
under our postulates. Here we shall examine the characteristics of this formula and then 
investigate the nature of the postulates in the last section. 

To examine the character of (2.8) we must consider the significance of the constant 
wand determine the value of u. Accordingly we must adopt besides the postulates in 
§ 2 another postulate concerning a certain physical relation invariant under the uniform 
motion group, namely, the Process (2) in §1 must be taken. 

In constructing the additional principle for determing the unknown constant « in (2.8), 
we can take the following four standpoints concerning the nature of the uniform motion 
group : 

(A) The point of view of the sp.cial-theory of relativity. 

(B) The standpoint in which the validity of the principle of special relativity 
is assumed, but the principle of the constancy of the light-velocity is not required to 
be valid. 

Taking this standpoint it 


is assumed that all laws of nature are invariant under the 
uniform motion group, and it 


is also assumed that the velocity of light is not constant 
in any inertial system. 

(C) The standpoint in which the truth of the principle of special relativity is 
not assumed, accordingly it is not all but some laws of nature that are required to 
2 invariant under the uniform motion group. The ordinary expressions of the pro- 
Pagation of light are assumed to be one of the invariant laws of nature. 

(D) The standpoint in which, as in (c), the truth of the principle of special 


relativity 1s not assumed, and also the validity of the principle of the constancy of 
the light-velocity 7s not assumed, 
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If the standpoint (A) is taken, the uniform motion group is nothing but the Lorentz 
group. In the case of (C) the transformation group also becomes the Lorentz group.” 
In both cases the value of ~ becomes equal to the inverse square of the light-velocity c 
in a vacuum, that is, v=1/c". 

When the standpoint (B) or (D) is taken, the Process (2) in §1 must be used, 
i.e., some law or laws of nature must be assumed to be invariant under the uniform 
motion group. In the case of (B, we can choose any law of nature as an invariant law 
under the uniform motion group. Due to the principle of special relativity the uniform 
motion group will be determined uniquely, whatever law may be assumed to be true. In 
this case the invariant law used in the Process (2) must be regarded as one of the 
fundamental principles which specify the character of the equivalent observers. 

When the standpoint (D) is taken, we can take several different values of u cortes- 
ponding to the law of nature used in the Process (2). In this case we can get different 
kinds of the uniform motion group in accordance with the different values of vw. 

As is easily seen the value of u relates directly to the rate of the scale and clock used 
by each observer. Therefore if the value of u is determined, we shall get the rule for the 
rate of the moving scale and clock. 

Next we shall investigate the nature of the postulates in the last section. Regarding 
the (P. I) and (P. IIL) we do not touch here, because these postulates are general concerning 
the equivalent observers. And it seems natural to take (P. IV) due to the group charac- 
ter of the transformation. The most fundamental postulate of the uniform motion group 
is (P. IIL), therefore the nature of the normalized frame shall be investigated in detail. 


Here we shall investigate the problem of how to construct the normalized space- and 


time-frames. From the point of view stated in the last section we conclude that the 
normalized space- and time-frame can be constructed by taking any uniform motion as the 
standard. Namely, using this standard we can decide the graduation of the scale and 
clock. We interpret that in the classical mechanics the motion of the free particle, and 
in the special theory of relativity the propagation of light in a vacuum as well as the 
motion of the free particles are taken as the standard of the uniform motion. But, stric- 
tly speaking, we cannot judge what the free particle is. It is ordinarily believed that the 
isolated particle situated far enough from the other substances 1s free. Therefore it is an 
idealized procedure that we graduate the scale and clock by means of the motion of such 
free particles. Similar circumstances will occur, if we take the propagation of light as the 
standard. Nevertheless if the existence of the uniform motion is assumed, a set of the 
normalized space- and time-frames can be defined to within the frame-transformations of 
the form (2.2’). Conversely if any normalized space- and time-frame is given previousely, 
we can decide whether any given motion is a uniform motion or not. Consequently we 
can conclude that the concept of the normalized frame and that of the uniform motion 
ate not independent, and that we can define these two concepts only simultaneously. 3 
In the next place the problem concerning the metric of the space and time is dis- 


cussed briefly. We can determine the uniform motion group without introducing the metric 


| 


| of the space and time. And this is one of the characteristics of our method. But it 


| 


= 
_ 
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seems convenient to introduce the metric of the four dimensional space-time at least for the 
treatment of the mathematical formulae. One of the simplest ways to introduce the 
metric is probably the following, though there are many possible ways : If we adopt the 
metric of four dimensional space-time which is form-invariant under the uniform motion 
group, we shall get the metric of the Minkowski type space-time. Nevertheless, contrary 
to the ordinary point of view that the actual space and time are fused into four dimen- 
sional space-time, Milne has taken the standpoint that the space and time are separated 
from each other. His kinematic relativity is based on such an idea, and this is taken 
as one of the fundamental postulates of his theory." But from the considerations in the 
present paper we cannot decide as to which standpoint we must take. 

Summarizing the above stated arguments, we can conclude as follows : 

(1) If there are the equivalent observers in uniform motion, we can reduce the 
transformation connecting them into the form (2.8) by introducing the suitable normalized 
space- and time-frame. 

(2) If there is any relation expressing the law of nature which is invariant under 
the uniform motion group, we can determine the uniform motion group, taking this in- 
variant law as one of the additional fundamental principle. 

If in the future another principle may be adopted instead of the principle of the 
constancy of the light-velocity as the additional principle, the theory thus constructed. will 
have the same nature as that based upon the Lorentz scheme at least with respect to the 
mathematical properties, so long as % >0. The case in which u < 0 will hardly happen 
even in the future, because the constancy of the velocity of light must be taken into the 
theory at least as the approximate relation. 

Lastly we mention briefly the relations between the results obtained above and the 
theory of the elementary particles. For the present the theory of the elementary particles 
which takes the Lorentz scheme has many difficulties. Though it is hard to decide in 


what points these difficulties originate, it is not meaningless to examine whether the Lo- 


rentz scheme is one of these origins or not. By many reasons it is supported that the 


theory of the elementary particles must be special relativistic. But in the scope of the 
present theory of the equivalent observers the contents of the concept “ special relativistic ’ 
and ‘equivalent for the observers in uniform motion’ is not the same, therefore these 


circumstances must be investigated in full detail. And even if it is postulated that the 


whole contents of the theory of elementary particles must be invariant under the uniform 
motion group, it will be an open question whether we can take (2.8) as the transforma- 


tion connecting the equivalent observers in uniform motion. Because in deriving (2.8) 


the quantum mechanical principles have not been taken into account. The postulates used 
to derive (2-8) must be examined in detail from the standpoint of the quantum mechanics. 
Here we do not touch on this problem further. 


The writer is grateful to Prof. Y. Mimura 
discussions. 


and Prof. H. Takeno for their helpful 
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Determination of the functional forms of K(v), 00), .a(v) and a,(v). 


From the results obtained in § 2 the inverse transformation of (2.5’) becomes as 
follows : 


#=kh(—v) (4’+0t'), t=hk(—v) (—4(—v) 2"), y=a,(—v)y', s=a,(—v) 2’. (N1) 

From (NI) and (2.5’) we obtain 4(v7) = (1—1/4(v)4(—v)) /v. 

Next (2, "’, 2’, ¢’’) be connected to (x’, 7’, 2’, ¢’) by the following transformations. 

x! =hk(w) (4’—we'), t/=h (wv) (—5(w) 2’), 9" =a5(w)y", 2" =a, (w) 2". (N2) 
From (N1) and (N2) we obtain ; 

x" = h(w) k(v) (14 wb(v)) (x—(v + w)t/ (14+ w6(2)), (N3) 

then if we put w=(v+w)/(1+wd(v)), (N3) becomes 1/”’=h(u) (x—ut), where 
k(u) =hk(v) k(w) (14+ wb(z) ). 


After some calculations we obtain the following functional form of (7) and d(v) : 


b(v) =} exp (~z) : Z2=0 : (N4) 
exp (—2—- tan a2) 
vb, “<0 


> 


egies Ucn. 
where P=dh/dv|,->. And 6(7)=uv, where u is an undetermined constant. 


In the same way we can obtain 


ge 
{ aes 2Ve . “> 0 
1—vu v 
a(v) =a, (0) =4 exp(g), 4=0 . (NS) 


—1 ete 
exp ( 4 tan =u ) , “u<0 


—(f 


where g=da,/dv|,-0= @a,/av | ,-0- 
If we put 2(v)=h(—v), a(v)=a,(—v) and a,(v) =a; (—v) in (N4) and 
(N5) respectively we shall obtain (2.7). 


De POs ee aa 


84 


1) 
2) 
3) 
4) 
5) 
6) 
7) 
8) 
9) 
10) 


Y° Ueno 


References 


= 
A. Einstein, Ann. der Phys. 17 (1905), 891. 
” , The meaning of relativity, London, 1951, p. 31. 
V. V. Narliker, Proc. Camb. Phil. Soc. 28 (1932), 460. 
M. Ikeda, Prog. Theor. Phys. 8 (1952), 382. 
Y. Ueno and H. Takeno, Prog. Theor. Phys. 8 (1952), 291. 
E. A. Milne Atnematic relativity, Oxford, 1948. 
L. Page, Phys. Rev. 49 (1936), 254. 
For instance see Y. Mimura and T. Iwatsuki, Journ. Sci. Hiroshima Univ. 1(1931), 111. 
K. D. Stiegler, Compt. Rend. 284 (1952), 1250. 
W. Pauli, Relativitdétstheoric, Leipzig, 1921, p. 556, 


85 


Letters to the Editor 


Transition Factor in Superexchange 


Interaction Matrix 


Tokio Ohta 


Institute of Theoretical Physics, 
Kanazawa University 


December 15, 1952 


Anderson) has shown that the superexchange 
interaction matrix //,,, proposed by Kramers?) is 
written down directly by the terms of spin operators 
~under simplifying assumptions. In his theory one of 

the important expressions is such as 
(¢| Htr| 2c) (ce) He | 2’) (a/| Ltr |e’) 


Hy417=D (4, w) (4,—£1) (Eu —£ 11) ¥ 


(A-3) 

=82(¢|Vo/|t/). (A: 14) 
| Htr | a 

eee (A-15) 


e (Z,=£1 lowest ’ 


é-factor is responsible to the transition from ¢ to 
electronic configuration and a, a’ denotes the initial 
and final wave fn. of transition electron. As our 
model is oxidization antiferromagnetic substance (e.g. 
MnO), we may take 2/ fn. of oxygen as @ and 37 
fn. of metal as a7. 

Anderson’s theory is successful in the treatment 
of 2—w/ interaction term, i.e. (¢|¥o/|¢/), but only 
a little knowledge is given for /-factor. Here a 
method of calculation of the factor is introduced 

For an electron of coordinate 1 the Hartree-Fock 
eq. is 


[4,4 3(s) | 492) V2) 4r(2) 


C7) \ 42) (2) (42) de (2)] 44 (1) 


By the Slater’s method*) exchange potential term may 
be written down as 


DCs, As Il She) 


( 49(1)4y (2) 444712) V2) 4e(2) 
ww SG || Spin) Aj? (1) 


Applying this averaged exchange potential we will 


be aware of an interesting fact showing that the 
Hartree-Fock potential for plus spin electron is smaller 
than that for minus spin electron at the atomic sites of 
plus center spin and vee versa. Now we will try to 
apply this result to the electronic behavior in the 
theory of superexchange interaction. As the center 
spin of oxygen atom is zero the Hartree-Fock poten- 
tials at this site are same for both electronic spin 
(Uy(1)), but at the metal site the potential for minus 
spin electron should be greater than for plus spin 
electron (U_(1)). In present case transition electron 
has spin of minus by the Hund’s law, so we may 
take the expression 

Son 


(GEG) —Y(1)= ace 


Di(+)-- SM—)-: 
— —1 = — 
( erepeacsi 


= >\(7,%, + Sftn) x 


. § 45 (1) Ap (2) Ap (1) Aj (2) V (12) de (2) 
CA + Spin) AF) 


(3) 
as perturbation //¢” which is responsible to transition, 
i.e. the perturbation for minus spin electron is the 
exchange potential for plus spin electron. 

The same considerations as above will be possible 
for the denominator of é-factor, i.e. (7,,—/¢) lowest 
Neglecting the diference between coupling energy of 
two electrons at oxygen site in ¢-configuration and 
the one at metal site in #-configuration, (7, — /, ) lowest 
becomes nearly equal to the energy corresponding to 
the difference of the Hartree-Fock potential for transi- 
tion electron. Thus we may have a clear knowledge 
about J-factor and obtain 


(p\Htr\d) 


(Ly—L£ 4) lowest 


(UD s dar) i, 
~_(Ua)a2(a)ar() = (=D J HD p2)ar() 


/ 


re ‘ 


In the case of simple model the density matrix is 


(4) 


PAGE + Spin) Aj (1)A9(2) 


=d(1)d(2) +p(1)p(2) (5) 


86 Letters to 


and for the small range of vector 1 we get, 


Si~§ \de(1)de(2) 72) [4a 2) 2) 


+2p(2)d(2)d?2(1) +d(1)p(1)77(2)], (6) 


Jo~| \ dear) V (12) [€2(1) d2(2) 


+ /2(1)f2(2) +26(1)f(2)a(2)d(1)]. (7) 


Strictly speaking, however, the fns. ¢@ and / must 
not be taken as 3d fn. of metal and 2/ fn. of oxygen 
respectively. This situation is due to the fact that 
each energy bands would be splitted into two sub- 
bands one of which is allowed to only plus spins and 
the another to minus spins’), so the density matrix 
has composed by the wave fn. proper to the plus 
spin sub-bands. 

It is expected in further study whether such a 
treatment of J-factor as above is influential for the 
general theory of superexchange interaction or not. 

The author notes his thanks to Prof. K. Ariyama 
for his continual encouragements. 


1) P. W. Anderson, Phys. Rey. 79 (1950), 350. 
2) H. A. Kramers, Physica 1 (1934), 182. 

3) J. C. Slater, Phys. Rev. 81 (1951), 385. 

4) J. C. Slater, Phys. Rev. 87 (1952), 807; 82 


(1951), 538. 


New Description of Field 


Yoshiro Takano 


Department of Physics, 
Yokohama National University 


December 25, 1952 


One of the methods to resolve the difficulties we 
meet with in the present field theory will perhaps be 
the introduction of mathematical formalism which is 
different from one now in practical use. It is expected 
that the present theory will be included, as a special 
case, in the theory to appear in the future. In this 
paper we have tried to make a description of the 
field by the differential form E. Cartan created. Below 
are given the two reasons why we applied the differential 
form : (i) This differential form is most suitable to 
the algebraization of differential operation, and is in 
close connection with the analysis and the theory of 
Lie group. (ii) We find the possibility that the 
differential form will allow us to discuss the nonlocality. 


the Editor 


In the first paper we will describe the well-known 
classical field by means of the differential form, and 
will give clear correspondence with our usual formalism. 

The vector or pseudovector field : 


r 

EAs +grad U)+xF=470T, 

c 04 (*) 
curl U—2xG = — 4228, 

ue —curl G—xU=—47g,M , 

c ¢t (2°) 


div F+2xU,=417,% 


will be described in another formalism here aimed at 
by the making of differential forms : 


2) =O, dx+ Udy + Uzd2—cU de, (17) 
(2) = (xG, —4itg95,) dyds+ (xG_—4 rg Sa) ded x 
+ (xG'3—4 7.2953) dxdy —c(—xF, +4igeT adxdt 


—¢(—x%,4+ 42g2T,) dydt—c(—xk, 


+4neoT 3) d2ds, qa” 
wo) =F, dydz 2k Lydzax + fdxdy _ cGydxdt 
—¢G,dydt—cGydzdt, (2’) 


98) = (—2xU) +429; Ih) dxdydz—c(—xU, 


+42 93M,) dydzdt—c(—xU,+ 41g, My) dedxdt 


—c(—2U3+ 47g, U3) dxdyde, (2”) 
The result is: 

dao) =o,, (1) 

do3°) =), (2) 


where 7 in w,;‘”) indicates the degree of differential 
form and 7 means only the sufix by which to know 
the differences found in the differential forms of same 
degree. 


Similarly, the scalar or pseudoscalar field : 
xV —grad ¢=4rf,M, 
Bete hat (3°) 
xVo+ a pn Ath 


1 aV, 
div V+ 1b = 40 W 


ar (4°) 


are described as follows by way of the differential 
form : 


| do, =a), (3) 
dw, ) = 034), (4) 
_ where 

o,o=¢, 


G3’) 


shri Tr thaltha aes 
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(00 (x7, —An fyb da + (4Vn—4nfyMa dy 
+ (xV3—47foM,) d2—c(xVy—4nf, Ih) ae, (3’) 
04) =Vodadyd3—cV ydydzdt 


—cV dedxdt—cV3dxdydt, (47) 


03 =>=—C (xb + 4; W) adxdydadt, (4”) 


Now, the use of differential form in such a way 
is easily found to lead to a fine unity between egs. 
(1), (2), G), (4). 

The electromagnetic field was previously treated 


by E. Kahler. The Maxwell equations : 


1 > 
curl A= —— oe div B=0, (5°) 
Gon 
10D 4 
Cire TE —— ——— aes I, div D=4rzp - (6°) 
a 0% ie 
are described as follows by means of the differential 
form : 
do/=0, (5) 
do" =, (6) 
where 


w)/—= Bydyde+ Bydedx+ Bydxdy+ cl dxdt 
+ch,dydt + cE zdztt, (5’) 


OO = Dy dydz+ Dydadx+ Dydxdy —cH dxdt 


—¢Hydydt —cH3t2at, (6/) 
o® =479dxdyd3—4r 1, lydzdl—4r hdzdxdt 
i a (6") 
Moreover, the character of differential form : 
d(dw) =0 
will lead to 
do) =O) om 
i.e., the equation of continuity 
70+ div T=0 a) 


is formed. 

Special consideration will be paid to the free field. 
Using the above-mentioned character, we shall find 
that eqs. (1), (2), (3) will bring out the following : 


dw, =0, (8) 
duy3) =0, (9) 
doy) =0. (10) 


These, when written in usual notation, will be set 


forth in such familiar equations as this: 


1 0G 
== ——-+ curl F=0, 


a7 atv G=0, (8°) 
LOG iy 3 
z or —div U=0, (9°) 
eres 1 0V ; 
curd V=0, age + grad Vy=0. (10°) 


Next, we will enter into studies of the interaction 
of fields, quantization, nonlocality. And it may be 
that these three should be introduced to the theory 
at one and the same time. 

The author is very grateful to Mr. I. Suzuki for 
his kind hints on mathematics. 


1) E. Kahler, Abh. Hamburg, 12 (1937). 


The Critical Velocity and Frictions 
in the Flow of Liquid Helium I 


Tadao Kasuya 


Physical Institute, Nagoya University 


December 28, 1952 


Recent experimental results!) >”) show that friction 
acting on superfluid appears abruptly as soon as the 
velocity of superfluid exceeds a certain critical velocity. 
In the case of the slit flow, we have the experimental 
evidence indicating strongly that this friction is of 
Gorter’s type, i.e., proportional to (V,,—V,)%. In 
the preceding letter, we have tentatively assumed that ~ 
the critical velocity in the case of the surface flow 
should be taken as the critical velocity relative to the 
wall. In the present letter we take up a more general 
expression for the friction acting on the superfluid : 


Is= —Apnos Vs— V',)8—(B3/@) Os Ves 
(for slit) (1) 


=—Apn0,(V,— Vn)8—2(Balr) os V8, 


(for capillary) (1/) 
A=0 ; when eee (2) 
B,=0 when ae eae (3) 


Though the first term of the right hand side of 
eq. (1) or (17) has the form of Gorter’s cubic 
mutual friction, it is to be noted that we here assume 
A to vatish when 17,—V,,\<V%.. The second 
term is the friction between the superfluid and the 
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Table I. 
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Recalculated values of the critical velocity in the case that the slit width is 9~10 wu. 
(From the paper of /V-7-U,)*) 


temperature ec 
OK cm/sec. 
197 1.5~6 
1.8 1.5~4.5 
isis) 1.8~5 
Table II. 


Pale V., (2-M) 
cm/sec. cm/sec. aoe 
2.5~10 12 
hia 18 


LZ? <—35 23 


Recalculated values of the critical velocity in the case that the slit width is 1.6~1.9 yw. 
(From the papsr of A-/F/V)) 


temperature 


VV c 


V., (B-) 
ike cm/sec. cm/sec. cm/sec. 
2.00 13 22, 12 
1.73 28 21 

35 23 


wall which has already been suggested by /-//-//)), 
They have not, however, recognized that there should 
be a critical velocity for 4, friction. 

On the basis of eqs. (1), (3), we can explain 
many experimental facts as follows. 
A. Thermal conduction (no net mass flow) 


In this case, we can put 


OnVn=OsV 5. (4) 


Therefore, if the temperature is not very near /-point, 
|V,—V,| becomes fairly larger than | /’, |. 
ingly, except for temperatures very near A-point, Zs 
term has no effect, and our previous interpretations 
are still applicable. 

The only, and important, alteration is necessary 
We have re- 
calculated the critical velocities for the various experi- 
ments on the basis of eq. (2). 


for the values of the critical velocity. 


In the tables I and I, we tabulate at the last . 


column the values of 1”. which were obtained by 
B-M {rom the experiments”) on 
through a narrow slit (d=1.2 p). 


the mass flow 
The new values 
of the critical velocity are nearly independent of the 
slit width or the film thickness. 

B. Mass flow (',>V,) 

In this case, |V;—/",| is nearly equal to | /’,|, 
and the both terms in eq. (1) have eFects of the 
same order of magnitude, and the second term be- 
comes larger than the first term when temperatures 
are fairly low and the width of the slit is narrower. 

By adding the second term, we can explain the 
results of the fact reported by ////-//")) in the 
way suggested by them. (The difficulties pointed 


Accord- 


out by them do not matter for us, because we con- 
sider the critical velocity also for the 4; term.) 

From their results we can estimate the magnitude 
of 4, as follows : 


B3=4~6 x 10~4 sec./cm. (at 1.7°K). (5) 


Since the experimental error seems fairly large, 
Perhaps, 2, will be 
change with temperatures of wall. 


our estimation is not so certain. 


In the case of surface flow phenomena, as reported 
in the first letter, the friction of the second term be- 
comes very larger than the first term. This term is 
also very adequate to explain the experiment of Z- 
BM», 

The peculiar result reported by 3-4Z*) can also 
be explained by adding the 73 term, in the case of 
the mass flow established by the level difference. In 
this case, the pressure drop of about (p;/p)4P (4P 
is the total pressure difference) occurs in the narrow- 
est part, and this is very satisfactory to account for 
their results. A small diference would be due to 
the end effect. 

The effect wiil be more important in thermal 
conduction, because the velocity of the normal fluid 
is iaitly large in this case. 
under investigation. 

The writer wishes to express his cordial thanks 
to Associate Prof. S, Nakajima and Mr. M. Shimizu 
for their valuable guidance and helpful discussions. 


The end effect is now 


1) C. S. Hung, B. Hunt and P. Winkel, Physica 
18 (1952), 629, 
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2) R. Bower, and K. Mendelssohn, Proc. Roy. Soc. 
21 (1952), 158. 

3) S. Nakajima, K.. Tomita and T. Usui, Phys. 
Rev. 78 (1950), 768. 

4) R. Bower D. F. Brewer and K. Mendelssohn, 
Intern. Conf. Low Temp. Phys. (Oxford), 
195 1) 75" 


Damped Oscillation in the Surface 
Film of Liquid Helium II 


Tadao Kasuya 
Physical Institute, Nagoya University 
January 4, 1953 


There are many experimental data on the flow 
phenomena of liquid helium II. The most of them 
are classified in one of the three categories; the heat 
conduction and mass transfer through narrow slits, 
and the surface flow. Several parameters have been 
introduced to account for the experimental results. 
The systematic analysis of them, however, is not yet 
complete. Among those parameters, the critical velocity 
and the mutual friction seem to be most essential, 
because both of these, in a sense, imply the break 
down of ideal two fluidity of liquid helium. In the 
present and following letters we shall clarify their 
interrelation. 

We first take up the oscillation of the surface 
film observed by Atkins!) He has succeeded in ex- 
plaining the period of oscillation by means of the 
two fluid theory. Here we concern ourselves with 
the damping. Simple estimation shows that the 
normal viscosity is too small and Gorter’s cubic 
mutual friction is too large to account for the observed 
logarithmic decrement. Gorter’s mutual friction con- 
tradicts also the fact that the observed decrement has 
the constant value 1.9 10°%. As for a linear mutual 
friction, its existence is rather doubrful. Even if we 
assume its existence and adjust its magnitude to 
explain some data of heat conduction through slits, 
the damping arising from this friction is too large. 

Consequently we are forced to assume that there 
exists no friction in the equation of motion for the 
superfluid, at least, below a certain critical velocity. 


In fact, as we shall see below, we can explain the 


observed damping without introducing any kind of 


friction in the equation of motion. 


A part of the superfluid flowing in over the wall 
of the capillary must transform itself into the normal 
fluid. This transformation requires an amount of 
energy, which has to be supplied from the outer bath 
to the reservoir attached to the capillary. On account 
of the well-known Kapitza resistance at the boundary, 
a small but finite temperature difference AZ’ is 
established between the reservoir and the bath. As 
the period of oscillation is fairly long (27.8 sec.) and 
thermal conductivity of the copper boundary is very 
high, we can assume that 47’ is given by 


AT= (Rr 9ST /A) (dX]de). (1) 


where &, 7, and X are respectively the value of: 
Kapitza resistance, the radius of the vessel, and the 
level diference between the vessel and the bath, and 
Al is the surface area of the reservoir. 

Now the equation of the motion for the super- 
fluid contains the fountain force proportional to 47; 
which represents evidently a damping for the level 
oscillation. Adding this force to Atkins’ equation, 
we have 


X= Xj exp [—2¢] sin ws, (2) 
where 
ane 
o= 2 ==(20,¢4’/rl’) 16. (3) 
T 
and 
k= (rR o05747S *¥ ST] 0.42’), (4) 


// and d/ are effective length and width of the film. 
They are adjusted to fit the pericd ¢ given by eq. 
(2) to the observed value. Then eq. (3) gives the 
logarithmic decrement, which agrees well with the 
observed value, if 4 has the value of 7 cm?.2) Un. 
fortunately we can not find the actual value of -f in 
Atkins’ paper. The value of Zcm®, however, seems 
not to be unreasonable, because Atkins has used the 
other large reservoir of volume 8.45 c.c. and the third 
small reservoir of volume 0.73 c.c. to test the effect 
produced by the temperature difference between the 
reservoir and the bath. If our estimation is not in- 
correct, we may conclude that the motion of the 
superfluid is perfectly frictionless in itself. 

This conclusion is very important to interpret the 
saturation of the surface flow rate, which will be dis- 
cussed in the subsequent letter. 

Finally we should like to remark that if we 
calculate more strictly, 47’ becomes as follows, 


aX 
Mie ye tom (5) 
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where 
a=(RrrpST/A(1+?)), (6) 
b= (Rr pST/A(A+7)) ox, (7) 
x= (wCkR/A) (8) 


where C is the heat capacity of liquid helium II 
in the reservoir. The second term in eq. (2) be- 
comes rapidly very small when the temperature becomes 
lower than the certain value where .v becomes nearly 
unity. By this term we can explain the fact reported 
by Atkins!) that there is a minimum in the period 
of oscillation at 1.5~1.6°K. 

At the temperature 1.10°K where the experiment 
of damping oscillation was performed, the second term 
becomes very small and then the first term is equal 
to Eq. (1). 

The author wishes to express his sincere thanks 
to Prof. K. Ariyama and other members of this 
laboratory. In particular the author is indebted to 
Associate Prof. S. Nakajima and Mr. M. Shimizu 
for their valuable guidance and for many heipful 
discussions. 


1) K. R. Atkins, Proc. Roy. Soc. (London) A 293 
(1950), 119, 240. 

2) Inthis calculation we take the value of 4 from 
the following paper: J. J. M. Beenakker, K. W. 
Taconis, E. A. Lynton, Z. Dokoupil and G. 


van Soest; Physica 18 (1952), 433. 


Gorter’s Friction and Saturation 
of Surface Flow Rate 


Tadao Kasuya 
Physical Institute, Nagoya University 
January 4, 1953 


Saturation of flow rate in He II film is well known. 
‘The critical velocity of superfluid corresponding to 
this saturated flow rate is comparable to that of slit 
flow.!)*)3) The critical velocity in the case of slit 
flow is interpreted as follows. As soon as the velocity 


of the superfluid exceeds a certain critical value, there: 


suddenly appears Gorter’s friction. In the previous 
letter we have seen that the motion of the superfluid 
- in the surface film is perfectly frictionless below a 
certain critical velocity. In the present letter, we 


assume that above the critical velocity Gortet’s {riction 


§ flow 
tate 


appears also in the surface flow, and explain the 
saturation of flow rate on this basis. 

In the region of saturated flow rate, we can con- 
sider the flow to be stationary. The velocity of the 
normal fluid and other smaller terms in the equation 
of motion in the two fluid model are neglected. Then 
we have the equation of motion for the superfluid: 


—(ps/e)V P+ (onos/0) S*7T—Apnts’ 5 (1) 


420 #. VUE (2) 


S*= (OS/0E) pr and E=(pn/0), (3) 


V,. is the critical velocity. 

In the stationary flow /”, is inversely proportional 
to the cross-section of the film. Therefore /”, begins 
to exceed the critical velocity at the narrowest part, 
ie, at the top of the film. Now we consider 
that /”, exceeds the critical velocity in the region of 
length /,, and that in the other region the motion of 
superfluid is compietely frictionless. We neglect the 
temperature difference between the inner and outer 
vessels. (surely 47’ is about 10-6 deg.), and integrate 
eq. (1) over the film length 2. 


film thickness varies very gradually with height, we 


If we assume that 


have 
AP= Ap,,p! els (4) 
AP=—pgX, (3) 
flow rate =o=V .d,, (6) 


where -X is the level difference between the inner 
vessel and the outer bath. @, is the thickness of the 
film. at the point where Gorter’s friction sets in. 

From eq. (6) we can see easily that the flow rate 
remains saturated until /, is equal to 7 By Atkins"), 
dec H~.\4 (where 77 is height of film). 

For example, if we take the film length Z equal 
to 4m, the flow rate at the ending saturation (¢5 
in fig. 1) is larger by about 20% than at the begin- 
ning of saturation (¢;). 


Atkins’ experimenting region ’ 


level 
difference 


ole 
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The level difference , at which saturation is released 


is given by eq. (4) ; 


(49/2) = Apnlg) M03. (7) 


If the pressure difference exceeds Y,, we have, from 
eq. (1) 


flow rate cce(AP)'4, (8) 


If the surface flow is established by means of the 
temperature difference, we may replace 4/ {Dyipno AL. 
Finally we should like to remark the following 
facts : 
i) In this paper we have taken up Gorter’s mutual 
friction. It seems, however, preferable to assume 
a friction between the superfluid and the wall. 
This type of friction is particularly adequate to 
account for the anomalous mass flow through very 
narrow slits.9) 4) Analysis of this experiment gives, 
in the case of the surface flow, the friction nearly 
This 


large value is adequate also in the case of surface 


one hundred times larger than Gorter’s. 


flow to explain the experiment of Mendelssohn 
e¢ al5) The detailed discussion will be published 
later. 


ii) The level difference X. in fig. 1 has a very large 


value, so that it is more convenient to establish 
the pressure head by the temperature difference. 
Recent work of Long-Mayer") is just of this kind. 
Their result that the flow rate is roughly pro- 
portional to (47')'% seems to be the strong 
support of our theory. Unfortunately the detail 
of this experiment is not yet published. 
In conclusion the writter wishes to express his 
cordial thanks to Prof. K. Ariyama and other members 


- of this laboratory, particularly to. Associate Prof. S. 


Nakajima and Mr. M. Shimizu for their valuable 


~ guidance and for many helpful discussions. 
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Meson Nucleon Scattering 


Shigeo Goto 
faculty of Engineering, Gifu University 


January 5, 1953 


Recently Kamefuchi and Umezawa*) have proposed 
anon singular theory which can apply to the second 
kinds of interaction. They have shown that we can 
get the non singular theory for all kinds of inter- 
action by renormalizing finite number of divergent 
term, if we correct the propagation functions by higher 
order effects since field reactions ought to be more 
strong in the second kinds of interaction than in the 
renormalizable ones. Hence it will be very interesting 
to apply this theory to real processes and examine 
the characteristic features of this theory. 

From this point of view, we have calculated the 
meson nucleon scattering using the nucleon propaga- 
tion function Sj’ corrected Sz by pseudovector 
coupling of pseudoscalar interaction. .577/ is obtained 
from S77 by the following relation”) 


Sp! (9) =Sp(P)[1-Sr(p) De® (A)s 


where 51.) ( f) is the finite nucleon self energy part 
of the second order after performing the renormali- 
zation procedure for the diverging parts. Kamefuchi 
and Umezawa have shown that we can get the non 
singular theory using the above defined Sj’ if we 
consider only the interaction between pseudoscalar 
mesons and nucleons. 

Now the nucleon self energy part of the second 
order, +1) (f), is given by the following expression 


in the symmetrical theory : 


152-7) p= 4-9) — x) 54) 
[(p—4) 2 +22] [2+ 27] 


SO (p) = G2 (ae) 


where G2=32g¢2/(27)4p2; x and yw are the masses 
of the nucleon and the meson respectively, and ¢ is 
the coupling constant of the pseudovector interaction. 
We can separate the finite parts from this divergent 
integral by expanding it to power series with respect 
to A=7( p-7) +x and retaining only the terms of A” 
of 2==4, while we renormalize the terms of 73 by 
adding the counter parts into the Lagrangian. Thus 
we have 
S,O( p)=@7¢, 


where 7, is the finite part of the above integral. 
Since Sp(f)=—44, Siv’(/) becomes as follows : 


62 letters to 


Sy’ (pv) =— [A ft Gere: 


When we rationalize the denominator with respect to 


y-matrix, we can write 


IP jy eee aaa Eas 
"udp-p+y | ep+e 
where « and 7 are both the functions of x, 4 and 
/°, and they can be calculated from /.. 

The main features of results calculated for the 
meson nucleon scattering using this Sj’ are as follows : 
Gy Seige ae ae) a) 

(i) the angular distribution is forward-up, 

(ii) the pole exists in the denominator and the 
cross section becomes infinitely large for 
some energy of meson, 

(b) wtPho>xr+FP (-) 

(i) the angular distribution is isotropic, 

(ii) o4>>o0~ with respect to the total cross sec- 
tions. 

The angular distributions are not the so-called 
cos” @-type. This fact does not agree with the experi- 
mental results). Existence of the pole may be generaily 
presumed from the beginning, but the peculiar be- 
haviour of ¢ will be due to the imperfect correction 
to the propagation function, which may be seen from 
the definition of .S7’ for which no other graphs, for 


‘ 


instance the “‘ vertex part”, are taken into account. 


Detailed accounts will soon appear in this journal. 

In conclusion the author wishes to express the 
cordial thanks to Prof. S. Sakata, Dr. H. Umezawa 
and Mr. S. Kamefuchi for their kind interests and 
discussions on this work. 
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Photo Positive Pion Production 


Masashi Takasu 
Departinent of Physics, Metjo University, Nagoya 
Shigeo Goto 
Faculty of Engineering, Gifu University, Gifu 
Jun Fujimura and Rokuo Kawabe 
Department of Physics, Nagoya University, Nagoya 
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Recently, Kamefuchi and Umezawa? proposed a 
new prescription of managing divergencies arising 
from interactions of the second kind. One special 
case of this prescription, which belongs to the type 
(A) in their terminclogy, was applied to the pion- 
nucleon scattering by one of the present authors 
(SG) 2 


which was corrected by the second order finite proper 


He used the nucleon propagation function 


self-energy part S$). of a nucieon in the pseudo- 
scalar meson theory with pseudovector coupling, and 
could get the unambiguous finite results. 


As soon as the electromagnetic fieid is taken into 
account, however, this prescription enccunters to a 
serious obstacle. For constructing finite corrected .S77 
function, additional counter terms must be introduced 
into Lagrangian. These require, in order that the 
Lagrangian should be gauge invariant, new electro. 
magnetic interactions which lead to divergent results 
again. When using so obtained Sy’, moreover, in 
spite of adopting the gauge invariant Lagrangian we 
cannot get gauge invariant matrix elements merely 
by summing up all the Feynman-Dyson graphs for 
the process in question which are permitted to certain 


fixed order in the coupling constant). 

Still, we carried out the calculation for the photo 
positive) pion production by neglecting tentatively 
non gauge invariant terms from the eg order matrix 
element and obtained following results (taking »?/4z 
==0.93) : (1) the excitation function in the laboratory 
system increases as the three second power of incident 
photon energy at threshold and. shows rather better 
agreement with experimental data; (2) the angular 
distribution in the barycentric system is lacking in 
the flatness of curve compared with the ordinary eg 
order perturbation result. Although these depend 


on the artificial procedure of dropping non gauge 


invariant terms and must be read qualitatively, from 
which we can see the characteristic feature of our 
prescription that the using of the corrected propaga- 
tion function only for all internal nucleon lines 
(different from Hu’s method5)) would diminish the 
contribution from nucleonic current and would make 
the eFect of the mesonic current impressive. _ There- 
fore it might be expected that gauge invariant pre- 
scriptions of similar nature (4, and 2, type of 
Kamefuchi-Umezawa’s prescription”) would be pro- 
missing e.g. for the anomalous magnetic moment of 
the nucleon. 

Detailed explanations will appear in this journal. 

The authors express their cordial thanks to Prof. 
S. Sakata for his continuous encouragement and also 
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to Dr. H. Umezawa and Mr S. Kamefuchi for the 
suggestion of this work and their valuable discussions. 
1) S. Kamefuchi and H. Umezawa, Prog. Theor. 
Phys. 8 (1952), 579. 

S. Goto, Prog. Theor. Phys. 9 (1953), 91. 
There remains a possibility that one might get 


2) 

3) 
the gauge invariant matrix element by adding 
higher order graphs. See also Z. Koba, N. 
Mugibayashi and S. Nakai, Prog. Theor. Phys. 
6 (1951), 322. 

4) For the negative and neutral pion production, 

there is the same difficulty of the zero point newly 

appearing in the corrected S}-’ function as in the 

case of reference 2). 


5) N. Hu, Phys. Rev. 83 (1950), 1109. 


Charge Independence of Nuclear 
Interaction and High Energy 
Nucleon-nucleon Scattering 


Junji Iwadare 
Department of Physics, Kyoto University 
January 15, 1953 


The charge independence of nuclear interaction 
has been evidenced in the low energy region). 
However, the high energy nucleon-nucleon scattering 
data have shown many unexpected properties, which 
seem at first sight to destroy the charge independence. 

1) /-f scattering cross section is almost indepen- 

dent of energy at Z > 100Mev (~4 mb), 
while 7-/ cross section decreasing as 1/Z is 
small. 

2) f-p differential cross section is isotropic at 

the angle where Coulomb scattering is negligible. 
In contrast to it 7-/ cross section shows the 
strong back and forward maximals and the 
symmetry about 90° in C. M. system. 

To maintain the charge independence property, 
‘several authors proposed new potentials.”)")) Such 
a charge independent potential must satisfy the follow- 
. ing conditions : 

1) It must give the anomality of /-/ scattering 
without affecting the 7-/ scattering so strongly. 
2) The large cross section in /-f scattering must 


appeat only at high energy region. 
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To investigate such potentials, we shall examine 
some consequences of the charge independent inter. 
action. ‘‘ Charge independence” of the interaction 
means that the interaction energy is invariant with 
respect to the rotation in the isotopic spin space. 
From this it follows directly that the isotopic spin of 
two nucleon system must be conserved throughout 
the scattering process. Here we restrict ourselves to 
unpolarized incident waves. Then the differential cross 
section is written as follows (neglecting Coulomb 


thteraction) : 


even eh 
Opp(O) =D)|/271150(9, 95 G2 oz) |" 
02,02 
odd er) 
+2 DI fer35,(8, QD, Or; oz) |, (1) 
LEE 
L even 1 2 
onp(0) =| S| fs70180(8, Y, Fz, 62) 
02,0: 
odd els 5 
+PiTo180 (8, Y, Fz; az) |? 
1 odd i ene) 
a 4 pa p3 | feroas, (0, Y; Oz Oz) 
anes 
eyen Sans 
+/r7038, (8; Qs Oz, 6z) 5 (2) 
elk. 1) pace ce : 
where frs — %r(¢z, ¢z) is the asymptotic form of 
A: 


scattered wave, and ”7";(™.5';) specifies the isotopic 
(spatial) spin eigenstate of the incident two nucleon 
system. 7 and 7 denote the multiplicity and the 
third component of the spin respectively. Following 


expressions can be obtained easily : 


2! dnp (0) +dnp(xz—9) }—app(9) 


odd 
=a | rr180 (9, Q, 2,02) |? 


ay 2 
Gz, Gz 


even 


SLAs, (0d, 


1 2 
Oz, Oz 


(3) 


aS 2 19 
Oz, oz) \? = 0, 


> 
7 
Onp(O) —<dnp(z—9) 


odd 


ven * ‘fo 22 ih 0) 

= Rel SY Perse (0, Gy G25 G2) fr1189(9, Y, F242) 
2 
Oxy Oz 


odd* 


cele P2188, (05 Ps 


a al a 
Oz, Oz 


2 
G2, dz) 


evell 


“i198, (4) 


(0, YP» 02, az). 


(3) is the counterpart of (1). The former depends 
only on | 7--interaction and the latter on *7-interaction. 
And (4) gives the measure of asymmetry of 7-p 
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scattering. From the experitnental cross section we 
see that * 7-interaction (7-/) scattering) gives the large 
flat cross section, while !7-interaction (fictitious 
scattering) gives the small concave cross section, and 
that 17-'7" interference is very small. These are the 
all information obtained from the high energy scat- 
tering data. Now it is to be noted that * 7-interaction 
is effective in /-/ scattering as four times as in 7-/ 
scattering, provided that 1 7-° 7’ interference is neglected 
(i.e. provided that 7-; cross section is symmetric about 
90°). 

Further informations are obtained : 
for }7’3S.interaction from the properties of deuteron, 
for 1735S. and °7'.Sinteractions from low energy 
scattering data, 
for 773S- and *7").S-interactions from the interference 
of nuclear force with Coulomb force in /-/ scattering. 

From this point of view, we can easily understand 
in the following way the reason why the above- 
mentioned potentials are suitable. 

1) L258 coupling potential by Case and Pais.”) 
(Born approximation). 
Additional Z-S' coupling potential is effective only 
_ in the triplet states with 240. That Z-S potential 
is zero in .S-state and singlet states restricts effectively 
this potential to *7*states (°7'%.S-?-waves) at not too 
high energy (this selection rule becomes exact if one 
adopts the exchange property (1—/”,) or (1+ P;)). 
And singular radial dependence makes this potential 
effective only at considerably high energy in coopera- 
tion with the exclusion of S-state. Flat distribution 
is obtained from sin?@ distribution of Z-.S' contribution 
additional to the ordinary distribution. Symmetry of 
n-f cross section is expected, because Case and Pais 
used the Serber type potential plus /-S' coupling and 
£-S coupling contribution does not interfere with 
the central and tensor contributions. 


2) Singular tensor potential by Christian and . 


Noyes.) (Born approximation). 
This potential is first proposed as //-potential. But 
it is known that it serves as 7-/ potential if one 
chooses the appropriate exchange properties. In this 
case all the situations are similar to the case of the 
L-S potential. The difference is that instead of ex- 
cluding S-state it is necessary to choose the exchange 
factor (1—Pz) or (1+), and that the flat dis- 
tribution is attributed mainly to % and /; angular 
distributions of the wave scattered by the tensor force. 
The potential proposed by Otsuki for /-/ scatter- 
ing which gives good agreement in the excitation 
function and the angular distribution of fp scattering, 
is based on the same reasoning.5) 


3) Hard core in singlet potential by Jastrow.” 
This potential is different from the others essentially. 
We state about it only that it uses the constructive 
S-D interference about 90° in consequence of the 
inversion of the sign of S-wave phase-shift by the 
presence of the hard core potential. Such an effect 
is not so strong-in 7-5 scattering where singlet con- 
tribution is covered by the triplet contribution. 

In this way we obtain some directions to find the 
type of the charge independent interactions. But, 
of course, to obtain a good agreement with experi- 
ment it is required to adjust the parameters by careful 
calculation. And some types of the interactions will 
be unable to give good agreement for any value of 
parameter and proved to be incorrect. 

The author expresses his cordial thanks to Prof. 
M. Kobayasi for his continual encouragement and 


to Mr. S. Otsuki for kind discussions. 


1) Series of works by G. Breit e¢ al, J. Schwinger, 
Phys. Rev. 78 (1950), 135. 

2) K. M. Case and A. Pais, Phys. Rev. 85 (1952), 
939, 

3) R. S. Christian and H. P. Noyes, Phys. Rev. 
79 (1950), 85. 

4) R. Jastrow, Phys. Rev. 81 (1951), 636. 
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The Effect of the Excited States 
of Nucleons in High Energy 
Nucleon-nucleon Scattering 


Junji Iwadare 
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January 15, 1953 


On the line of the consideration mentioned in 
the above letter!) we propose another explanation of 
the high energy /-/ scattering cross section. It is 
based on the assumption of the existence -of nucleon’ 
isobars. Recent investigations on the meson reaction 
and the anomalous magnetic moment of nucleon 
seem to provide the evidence of the existence of the 
excited states of nucleons with /=3/2, s=3/2 and 
the excitation energy “250 Mev.2)) And it is 
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the well-known conclusion of the theory of strong 
coupling apart from the value of excitation energy. 
The existence of isobar with 7#==3/2 provides the 
possibility to explain the large cross section at high 


We try 
to examine this possibility qualitatively by the use 


energy as the resonance effect in *7‘states. 


of the static potential of Pauli-Kusaka type’), which 
allows the transition to the excited state of two 
nucleon system. This potential is of the form 


vas 4 (r) (e7-€71) 
oe L 


3 
+ B(x) {= (er) (e712) —(er-e7)} | 


( 


The main properties of this potential are as follows : 
1) 
of each nucleon at the same time by 1 or 0. 
2) 
3) 
And in the case of the central force IL and S are 


It changes the isotopic spin and spatial spin 


It conserves the total isotopic spin J’ 
It conserves the total angular momentum J. 


conserved separately. In the case of the tensor forces 
it changes Ey and S by 2=|45|, |47|, 42.= —AS,. 
4) 
and therefore the symmetric property of the spin 
part about the exchange of two particles too. 
Here we consider only one excited state in which 


It conserves the parity of the total system 


the one of nucleons is excited to the state with 
¢=s-=3/2. From the above selection tules, allowed 


intermediate states are obtained in table 1. 


95 


Fe for S’=2. 


(242) 
Sete 
The first terms are obtained from the diagonal part 
of e€;“ and €;;%, the second from the non-diagonal 
part of €;* and @77% corresponding to the exchange 
of the excitation. Plus and minus sign correspond 
to the states with even and odd Z’ respectively, 
which is the consequence of the symmetric properties 
of the spin part functions. From this we may con- 
clude that the main contribution to resonance comes 
from the P-states. The tensor potentials are not so 
large as to alter this conclusion unless 4< 2. The 
situation is very similar to the case of the singular 
tensor forces, However it is an advantage of this 
explanation that it can be understood naturally with 
the plausible assumption that the anomality appears 

only in /-/ scattering and at high energy region. 
On the other hand, we must note that the follow- 
ing points are not yet clear. 
1) 
so strongly that it makes 7-/ cross section too large 


The resonant contribution does not interfere 


and asymmetrical. 

2) The P-wave contribution makes 7#-/ cross 
section isotropic at high energy. 

3) The resonance-like effect actually contributes 
in the rather low energy region 150 ~ 400 Mev. 

To give any conclusion on this problem, further 


detailed analysis is required. 


ea Table 1 
2 

| 
initial states fe) ; 
; oy Oaseet ero 2 2 SIP hiny) 2 Digi 3 
intermediate | £’ | 2 1 Lt 1 1 5 ey 1 1 

states oS om haglee s e Sea 2 jee a Devine 

s 5D Oya Pees tee ead ae fly BOE: 2 2 ier dbase 
final states SS Sy : 

ee WOe be leet la Le kal te Lark 


| } 


Since the centrifugal force pushes out the wave 
- function, the states with higher 7, L” or L/ do not 
contribute appreciablly and are omitted in the table. 

Further, speaking qualitatively, the intermediate states 

with repulsive potentials will contribute little and the 
states with attractive potentials will contribute to the 
resonancelike effect at lower energy. By the use 
of Pauli-Kusaka’s potential we obtain the central 


potential at intermediate states 


is 1 
Up ON Viera ae 
: ie 


fore =; 


18 


The author wishes to express his sincere thanks 
to Prof. M. Kobayasi for the suggestion of this 
problem and the helpful interest, and to Dr. AG 
Yamaguchi for his valuable advices. 
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ERRATUM 


Photodisintegration of the Deuterons at High Energies 


Muneo SASAKI, Prog. Theor. Phys. 8 (1952), 557 


We have made a mistake in the normalizing factor of /, and thus the expression for 

D state in eq. (11) must be multiplied by 3/2. Accordingly eqs. (22), (23) and (25) 
are also multiplied by the same factor and eq. (26) by (3/2)’. 
cther, 1/% in eqs. (13), (16), (19) should be dropped. 
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Realization of Special Contact Transformations with 
Static Electromagnetic Fields in Vacuo, I] 


Giiti IWATA 
Institute of Physics, University of Tokyo 


(Received December 13, 1952) 


Dynamical systems realizing the ‘momentum-coordinate transformation and coordinate-coordinate 


transformation are enumerated. The stigmatic trans{crmation using an isoenergetic dynamical system is 


shown to be an’ orthogonal transformation, so that the design of a stigmatic electron microscope, is 


impossible. The extended canonical transformation reveals the relativistic stigmatic transformation to be 
a Lorentz transformation. An example of integrated energy spectrometer is presented. 


§7. The eiconal matrix 


Let 4,(4, @., 6,), V(t, A, 6) be solutions to the canonical equations 
din OH dy OH. i 
at On, 


i ; : = 

@,, 6, denoting initial values of canonical variables x,, y,. Further let dx,, Oy, be small 

vatiations of +,, 7, corresponding to small variations 0a,, 00, of a,, 0,. The matrix S 
. A) 

that transforms (a,,06,) into (07,, 0y/,.) 


ax,« ov, } | | 
Ox, | 0a, ' da, 9b, | Sra Sxb 
Ss. 4 S=| |=| js. Say (12) 
Oye! | 8b, 2% Pel do. sol 
| aa, 05) |” 


characterizes the contact transformition (@,, 4,)—>(+,,7,-). If sq of- S:5 vanishes, the 
transformation is a mometum-coordinate transformation or coordinate-coordinate. one respec- 
tively. So the matrix S might be called eiconal matrix. Since the contact transformation 


leaves unaltered the skew product 
AL, Dp — AY, OX p= da,06,— ab,0a, , 


the matrix S is a symplectic matrix with its determinant 1, 


The variational equations of the canonical equations are written 


dix, OH 5, . OH 4 
dt OV,O%, OV,OIs 
doy, «PH Hs » 


Ls, a ox, ——_—__ 0, 
dt O4,O%g Ox,OYs 
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or, in matrix form 


| eH Oo T1 | 
a iets ( big Vineee  ee ae e 
dt \ j, ih Ba eet aah 
: Ne - Oana x, OX,AVs | 
Using the eiconal matrix we have 
Oa, \ 0a, \ , | 0a, \ 
2a) : -xs| : =( 2s) =e 
Ny dt / N 
at \ 06, \ 86, Ob, 


Since (0a,, 00,) is arbitrary, we get the equation to be satisfied by the eiconal matrix 


oS ate , (13) 
at 
the initial value of S being the unit matrix 1. 


That S is symplectic might be seen also as follows. Introducing the matrix / 


| o .1] 
J —1 0 | 
we see 
& (S*7S) = os + S*7 “ * transposition 
= S*K*7S + S*]KS 
=S*(KYT+/K)S. 


As is easily verified, 
K*J+/JK=0. 
So S*/S preserves its initial value _/.. The condition S*/S=/ is nothing but the defini- 


tion of a symplectic matrix. ‘ 
When the Hamiltonian /7 contains no terms of higher degree than 2 in 1, y, the 


elements of the matrix A are all constant, so we have 
SGj=e™ 
If the matrix A’ contains canonical variables x, y, the perturbation method may be 


applied to. 


§8. The momentum-coordinate transformation 


Resuming the path taken in § 6 of the preceding paper, we shall exhaust dynamical 
systems which allow the momentum-coordinate transformation. Because the matrix C must 
satisfy the condition CC*=C*C, the matrix 7=CC* takes a diagonal form 


n ra } 
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| 2 0 o| 
| 
ie le 0 l> P+ P+ P= 20° 


10 0 » || 


so we have the Hamiltonian 
iL 9 9 9 
H= = Gr +5 +5 ) aorce (W414 .—Jot;) =F 5 (4x7 + (EX aP was) 


which “enables us to separate the motion of a particle into the motion in the Teagplane 
and that in the +,-direction. 
The motion in the +, plane will be described by the Hamiltonian 77’ 


1 9 9 9 9 9 9 
rar: as +4s') = OCI ;4_—J'2t) Se ; (Ary + ox.) 


which gives the matrix AC 
Sed Ob ok ets Oem 
vac ies asi Ta ms 
I=? 0 0 wl’ 
p-Q-ee nO) 0) | 
Since the rank of the matrix is 4, the eiconal matrix S(¢)=e*™ can be expressed as 


S@) ="=414+-¢,K+4,K?+4,K° 
ae d,, d,, ad, being functions of 7. 


The small matrix s,, of the eiconal matrix S(¢) is computed to be 


I a— (w+?) d, —0d,+0(0' +24 2")d, 
Sca= || 9 39 9 9 x 
! od, — (w+ +22) d, Q— (w+) da, | 


The momentum-coordinate transformation is not realizable unless the matrix s,, vanishes 


at a certain instant. The vanishing of s,, requires 4 conditions 


h—(w’+#)d,=0, a,—(w +p +2?) d,=0, 
Q— (w+ 1”) a=, d,— (w+ 42 )d,=0 


which entail, under the assumption 7°’, the vanishing of d; 
0, d= Ge — 07 — 0 sO 0; 
For the sake of det S=1, the assumption 7° /2 must be put aside. Therefore there 
remains only the case #=y/ in which we perform the change of variables as in § 6 and 


get the Hamiltonian 


92 59= 9 


: E ? 1 2, 399, 9% 9 
~ (nv +ys +73) ae (AEP +ASe + VE,). 


The eiconal matrix has its small matrix 5,, 
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| cos Af OO o | 
c=) LOe = cosAD 10 4 
in) 0 cos vt | 


the vanishing of which requires 
cos Af=cos ¥‘=0 
or Asv=2m+1:2n+1 


5° e . 
m, n being integers. Among these cases falls the case m—=n or 7?= which was already 


mentioned in § 6. 


§ 9. The coordinate-coordinate transformation 
The momentum-coordinate transformation realizable with static electromagnetic field is | 
seen to be of the form 
(ay ee os 
Jir—= 0,005 
in §5. This transformation repeated twice gives a coordinate-coordinate transformation. 
Further we shall exhaust all dynamical systems allowing the coordinate-coordinate 
transformation under the assumptions : 
1) the magnetic field is uniform, or the vector potentials are linear functions of. the 
coordinates, 
2) the scalar potential is a quadratic form of the coordinates. 
As in § 6, we can put 
Afl4) =z, Af{¢)=—ox, ALZ)=0 
then the condition (4/”) may be rewritten 
@4x,0%,—ax0x,=da,0a,—dapa,. (14) 
Denoting the coordinate-coordinate transformation, which is orthogonal, as 
4p =CysQsy 
we have from (14) 


TH 0X o— AN OX = Cys A0A;— Coil, A,00, 
ia (C1895 — CxiC5) daea, 
=da,0a,—da,0a, . 


Therefore we have 
C4169 — C46, = 1, 
41603 — C4309, = 0 


> Cy=Co=0, 
€12C95— Cyxloo= O 
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Because of ¢sjC3;=CjsC,,=1, we see 
Cyy =1, C5; =Cgp=0. 
Consequently the transformation takes the form 
4,=4a, cos 6—a, sing , 
4,=a, sin $+a,cos¢ , (153) 
43= EAs, eT. 
I) singA0 (or cos*g41). In the case the quadratic form B(x) =1/2-7,,1;4; is 


simplified in the form 


1 so 9 59° ” 9 9 59° 9 9 
B(x) $e Crit Pre +r?) 2247 =20 


because of the invariance of A(x) under the transformation (15). The Hamiltonian is 


identical to that in § 6, 


1 9 9 9 1 7.9 ~«(«8 oe: 9 9 
ex 5 (WP +72 +I37) —w (H1%2—Io%1) a¥ A (Ary +x" +x?) 


which can be transformed into 


by a coordinate-coordinate transformation as was already seen in §6. The small matrix 
Ss of the eiconal matrix belonging to the Hamiltonian //’ is computed to be 


sin A¢ 0 
A 
AEN 6 aa At 0 
0 0 sin v/ 
y 


so we have the condition for the coordinate-coordinate transformation 
sin Af=sin vf =0 
or AED 40m, 


/, n being integers. 
II) sing=0. 


Ila) cosé=e. In the case the coordinate-coordinate transformation is written as 
ne des Ir=tb, 


so that the eiconal matrix is ¢€1. Therefore 


SQy=e eet, (16) 
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Since the eigenvalues of the matrix A’ can be denoted by %,, %, 43, —%1, —%a, — 4s» 
we have 


SO=TDA)T*, 


T being a non-singular matrix, D(z) being a diagonal matrix with its elements exp ~,/, 
exp(—z,/), r=1, 2, 3. Therefore the condition (16) is satisfied by 


exp x, /=€, (A= NAD, Be 


So we have 
bape Pa oe purely imaginary numbers, 
s= il, Renokys Kgae RONl 2 It, 
eS — 1 Kee Xe— 20 I Za len 9, 


/, m, n being integers. 


IIb) cosd= —e. In this case we can assume 
it 9 9 9 
Ba)= hs ats + 272% et Voots +7sts')> 


Tut eet Ps3= 20" 


and separate the Hamiltonian into the sum of // and Alt: 
jee 2 2 ; ‘ Me thee Clare ee es 
fT a (Yi tis) —O(K2,—VAs) + > (Karty + 27% ot+ Peete) 
es il 9 
HT" =— 93) + —Fo3X 5» 
J. 2 
Using the preceding calculation we have the conditions for the coordinate-coordinate 
transformation : 


exp %,/=exp %of—= — exp x,/=€. 


%,, % being the eigenvalues of the matrix A’ associated to the Hamiltonian 7’, x, to H/”’. 
So we get 


sae Peas 2 purely imaginary numbers, 
e= 15 Ht %t%s=2/4+1:2m4+1:2n, 
cS—b,. 42 %p2 4,212 27: 2H +1 


/, m, nm being integers. 


§10. The isoenergetic stigmatic transformation 


The equation of motion of a particle can be cast in the variation principle 


‘a 


| (t= 8) sda, — Hide : 
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For a particle of energy 4, the variation principle can be put in the form 


al a0 


Using the relations 


Cte ne 
aie = +— A, 4+ > ¥ 
- at mc C2 
+ xs sar hy 
=3(4 dt see c eee 
as =dr,dx,, 
we have 
ax, 
dts ee ax,+ ee is Cah 
at 
=(24— *tA(2))? ds+—— A, (4) dx,=@ (2), say . 
So we get the variation principle for an isoenergetic system 
3 \ Bos(4) = 0. (17) 


If a stigmatic transformation (@,, as, @;)—>(4, Xa, 43), ¥,=4,(a@) is realizable by a 
dynamical system with its Lagrange form @-,(7), the transformation must satisfy the con- 
dition 

(4) = &,(a) + ab 
dy being a perfect differential. 


Therefore we have a necessary condition for a stigmatic transformation 


(24-22 a(x)? Gee +4, (dr 


= (24-2 Ala))? (dasda,) + © A,(a)dda,+ dp. 


Since the differentials da, are arbitrary and those av, are to be replaced by (0.v,/da,) da,, 
- we have, following the line of reasoning of Caratheodory, 


(4- Lay, (2) )der,dv,=(— eA (a) )darida, (18) 
Wt Wt 
£_ A, (4) d%y=—— A, (a)dx,+ dy. (19) 
MC TiC 


While (19) is a gauge transformation, (18) is a conformal transformation. A general 


conformal transformation (@,)—>(4,) was proved to be 
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Vz 
[ (a,— 4) (a: — 4) P 


by Liouville a century ago, %, % being constants. 


ER yp dada, 


If we put 
ae (Gp Gy) 
. (a; —¢;) (a;— U;) 
we have 
_ ae 
sek (a,—4,) (a;—%) 
and 
Ve 
1é,dé,= da,da, 
tes [(a:—4) (ai—4%) F 
Sak ada,da, 
(a; = 7) (a; acs U;) 
or 
ae devon dada, 


ES y (a;—4;) (a@:—%) 
Putting €,=.+,—v,, we have an invariant form for a conformal transformation 


 de,ax, a aa,da, 
(4,—-G) (44-4) (a;—4;) (a;—4,) 


The condition that (20) be equivalent to (18) is 


(20) 


hae Ay = 
1a (44-44) (4e— Ux) 


C being a constant. The left member, however, should satisfy the Laplacian equation 


~ om 2 (4—- “ A(x) )=0, 


r 


so that the constant C must be zero if eee constants uv; be finite. When @ 


; become in- 
finite, (20) reduces to 


Ok Ah, =AKTG. 3 (21) 


whence we have 
A(z).= Ala): (22) 


These conditions (21), (22), (19) are those obtained in § 4. Consequently the 
necessaty conditions obtained so far for the coordinate-coordinate transformation (or stigmatic 
transformation) are indifferent to whether the dynamical system is isoenergetic or not. It 
is inferred at least that to construct a stigmatic electron microscope is impossible since a 
stigmatic contact transformation is an orthogonal transformation. 
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§11. An integrated energy spectrometer 


It results from the reasoning in § 10 that the condition obtained for stigmaticity 
(anastigmat) is seemingly indifferent to whether the dynamical system is isoenergetic or 
not. Although the condition is necessary and not sufficient, there remain few hopes of 
obtaining the dispersion of energy using a stigmatic transformation. The dynamical system 
found in § 6, 1, however, may give us a hope to devise an integrated energy spectrometer. 

The motion of a particle there is given by 


ae 
€,=0, cos t+" sin ve , 
y 


Cea 
So= a, cos Vf-+- —* sin vf, 
y 


$= dx Cos vi 4- By sin Y/ , 
4,, 2, being initial coordinates and momenta respectively. We look for the enveloping 
surface of the paths to be described by particles emitted from the point (0,0, ~) on the 


,axis with the velocity (= (87+,+/3,7)?. So we have 


~ ome 

€,= sin vs, 
y 

Era Ps: sin vf, (23) 
y 


Beets. sin Vi+u” cos YF. 
v 
The time when two adjacent paths meet again is to be determined by 


df= pine Of, + 3, cos 40 /=0, 
y 


Cee Sure 03, + 3, cos vtd0t=0, 
" v 


pops 08, + (2, cos Ut— va sin vt) 0t=0 — 
y 


ith #?+ 82+; =/. ; 
is ee 8, 063, 0, by 6 Po (2, respectively and adding them, we get 


whence 


iF > cos prea. S) he = 
(PF 4+v078.")3 (Ai +v'o%B,")2 


sin Yi= 


106 G. Iwata 


Inserting these values in (23), we have 


pee ae i te eae Ferma tal Be mc LS 
pay Ge vas)4 pare (21+ 2778.7)? © p(t 4-07B,”) 5 
Eliminating f,, /., [2;, we have 
ge é2 é2 1 


This equation represents an ellipsoid of revolution having its 3 semi-axes B/», B/», 
(+72) /v and its two foci at the points (0,0,~), (0,0, —%) which are the source 
point of particles and its image point. If we can so arrange that all the particles which 
start from one focus and collide against this ellipsoid may be trapped, all the particles with 
the velocity less than ff will be centered at the other focus. This apparatus, if realized, 
will present a conspicuous parallelism to an ellipsoidal mirror of revolution in which all 
the rays emitted from one focus meet at the other focus. Returning to the fixed coordinate 


system does not alter the shape of ellipsoid and the velocity. 


§ 12. The relativistic stigmatic transformation 


The relativistic equation of motion of a particle moving in the electromagnetic field 


is cast in the variation principle 
3 | OE oO (24) 
with 
Q(x) =—me(dxe—dt—drg—drg)* + (A,dx,+ Ade, + Adt,+ Ades), 
Xy, Ay denoting ct, —A respectively. 


Introducing an arbitrary timelike parameter T=7(%), 1,, Xo, %;), we define the momentum 
Vo (G=0,1, 2,3) conjugate to x, by 


Ja Be Oa 
BY WX, 
at 
and get the equation of motion 
ye 
ae One 


Since the momenta y, are of degree 0 in dx,, they are independent from the para- 
meter 7 and satisfy an equation 


FG; He) =(0: 


If we evaluate the variation of the integral 


yi tk 
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We (2 oe \z (acm 


we have 


v= af Z(2) FE 


=| k OL OX +I,0 to |e 
Ta, On at 


c 


= a d Fis OL AV 5 IN ; 
Jol ge CAH GE — Be ass] 


at 


=| 7o9X> |i 

with the aid of the equation of motion. 

Therefore we have 

Volk o—6,da,=aW 
dW being the perfect differential, @,, 4, denoting the initial values of x,, 7, with the 
condition 
f(a,,.0,)=0. 

If we eliminate 7, , using the relations that y,, 4, are equal to negative Hamilto- 

nians —//(1, 7’), —//(a, 6) respectively, we obtain 


j,k, —H (x, y)dx%)=6,da,— H(a, 6)da,+dw. 
This is nothing but the extended canonical transformation, which can be replaced by 
2, (4) =2,(a) +d. (25) 
If a relativistic stigmatic transformation (@,)—>(%,) is realizable, as in § 10 the con- 


dition (25) is to be satisfied identically for arbitrary differentials da, and dv,= (0%,/0a,)@a,. 


So we get the conditions 


dx~—dx?—dx, —dx;=da; — da, — ada; —da;;, (26) 
A, (4) dt,=A,(a)da,+—adW. (27) 
; 


The relation (26) implies that the relativistic stigmatic transformation is a Lorentz 
transformation. On the other hand the relation (27) represents nothing but a gauge 
transformation. In other words a Lorentz transformation plus a gauge transformation turns 
out to be no more than a special case of the contact transformation, so that there appears 
a possibility of setting up a unified theory of fields on the basis of the contact trans- 
formation. 

Whether there exists a dynamical system realizing the relativistic stigmatic transfor- 
mation or not is a question to be answered in the future. 

References are cited in the preceding paper which appeared in this journal Vol. 8, No, 
2. (1952), 183 — 192. 


108 
Progress of Theoretical Physics, Vol. 9, No. 2, February 1953 


The Scattering of Gamma-ray by Nucleon and Nucleon Isobars 


Shigeo MINAMI 
Department of Physics, Osaka Oniversity 


(Received December 9, 1952) 


Assuming the nucleon isobar with spin /=3/2, isotopic spin /=3/2 and mass 4/=1210 Mev, 
we have studied the scattering of gamma ray by nucleon by the covariant perturbation method. As is 
expected, the total cross section varies strongly with incident gamma-ray i.e., the correction for Klein- 
Nishina formula at the threshold energy for meson production is only of about 30 percent, but at the 
excitation energy of isobar a remarkable resonance scattering is found. The angular distribution has a 
tendency to become predominant in the forward direction with the increase of incident energy. 


§ 1. Introduction 


In order to examine the features of meson cloud about a nucleon, we previously 
investigated in detail the photomeson production”. With the same object in mind, the 
problem of the scattering of gamma-ray by nucleon has been studied in this paper. 

As the calculation of the lowest order perturbation may not always lead to correct 
results, we carried out the calculation of higher order for 7-7 process’ and obtained a 
fairly good one. Such a procedure, however, is too laborious to be pursued. By the 
introduction of a nucleon isobar which has spin /=3/2, isotopic spin /=3/2 and follows 
the Rarita-Schwinger equation, we could explain fairly well both 7-meson scattering by 
nucleon and photomeson production”*. Here, Compton scattering by nucleon will be 
studied from the same standpoint. 

From the consideration on modes of disturbance of meson cloud by gamma-ray, we 
may suppose in advance the following circumstances to occur for the energy region in 
which the experiments have been done. (1) Since the property of a meson cloud should 
vary exceptionally at the threshold energy of meson production, the cross section of 
Compton scattering is expected to show some anomaly at this energy. (2) The fact 
that the experimental results of z-meson scattering by nucleon” and of photomeson pro- 
duction” have pointed out the resonance phenomena when the energy of 7-meson and 
gamma-ray is of about 140 Mev and 280 Mev respectively at the center of mass system 
suggests us a similar anomaly at this energy as well as that of (1). 

There are already several attempts to clarify this problem. The effect of anomalous 


magnetic moment of nucleon for 100 Mev gamma-rays gives approximately 25 percent 


* We refer to the paper “ Pion Reactions in One Nucleon System and Nucleon Isobars ” by paper [1] 
throughout this paper. 
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increase in the scattering cross section of proton over that predicted by the Klein-Nishina 
formula””. But, if we recall the result that, for the higher order calculation of photomeson 
production at the energy of 250 Mev, the contributions from the non-static part of 
anomalous magnetic moment (that which depends on energy) are larger than those from 
the static part, it seems difficult to account adequately for the virtual meson effect only 
by a Pauli-type interaction in the energy region of our case. 

A calculation has carried out on this problem by Sachs and Foldy® in the non- 
relativistic, weak coupling approximation, neglecting nucleon recoil. According to their 
result, the anomaly of cross section mentioned in (1) really reveals itself, to the effect 
that, in pseudoscalar theory, the cross section has a peak value as high as 15 o, at the 
threshold energy of meson production. 

There are of course at present no experimental data to be compared with our results. 
However, the predictions based on various theories will necessarily prepare for the future 
possibility. 

In order that the theoretical magnitude of cross section for meson scattering by 
nucleon may agree with the measurement, we have ascribed a pseudospinor character to 
the isobar”. The coupling constant between isobar and electromagnetic field €,(or €y) 
has been so chosen as to lead to the experimental magnitude of photomeson production.” 
In our Compton scattering by nucleon, the cross section is proportional to €>,) so” that 


the value of €, will be decided upon clearly in a future experiment. 


§2. The method of calculation 


As to the character of nucleon isobar adopted in our theory, we have explained in 
detail in paper [1], so only necessary equations are listed below. 


The wave equation of isobar is 


D, (0) ¥ .=0, 
2 1 
Day (9) = (70 + M) Gage 5 (7p9, +792) i rt N See i . (1) 


the propagation function is 


= i E y(ivt— M) + — a ttre ye; 
Neg (14+4,—B,)%2?+ (W—-mA,)’L © 3M" 


ea 88 {it G7l)ivtTe (ijt) ity} — SM tly 


: (24+ M *) fr, (tiv +7. (ih) + (ih) ty— rat) | ee) 
M*\ 3 


for 24 (m+p)? <0 
ae GE EG. pat GPE 
42 47 - ty ; 4? 4n —} 


1 
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Pile i (24 (m+ ny e+ (n—p)*] Or a (A+ mr— pe)" 
eases ayia Rag tae es — 42° 


(3) 


for f?4+(m+ys)? >0 
ADs 


where MW, m and ps is the mass of isobar, nucleon and meson respectively. 


Interaction Hamiltonian /7/;,, is 
Aim =H, + As , 


H,=— tepy pt rPAy ? 


[f= i <2 F757 yi) +7 SP rata | fy, +comp. conj., 
Wt VL 
iginp tare y eS, (4) 
OX fa) ig uw 


Feynman-Dyson diagrams with regard to the Compton scattering by nucleon are 


following four ones. (Fig. 1~Fig. 4) 


4 —— > proton 
eee 
as —-- +> photon 
al 
7 : 
2 A mame isobar 
I ae ‘ 
Fig.l Fig. 2 Fig. 3 Fig. 4 


Here are four momenta /, / and %, / which are initial, final momenta of nucleon 
and incident, scattered photon momenta respectively ; from them we eliminate one (in our 
case, /’) making use of the relation /+2=/+/. 

In rearranging the transition matrix elements, it should be borne in mind that the 
gauge invariance with respect to both % and / must be guaranteed. Though theoretically 
there are only ten independent gauge-invariant furadamental forms” in our matrix elements, 
we have avoided some complications in reduction and made use of the following redundant 


fourteen forms: 


U,= 2 GF (al) Gre); 


mM 


eee : 
T= PELE ek OMT HW), 


T= HE (Mr. —hD Gr) ne.) 


C= IP Yiu GD Lr GRY), 
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U,= GP ra ODN —-LOD Ws 


F. = GF) n— a GALEN A-AGA) 2); 


ue 


U, = FELON he OL LGD WO), 


0. = PE MD rh LW), 


O, =F LA) ha GOI EDL —-4) (L): 


mi 


1 


me 


O,)= PF) Gn—-F GILAD) in —472) |¢ Che 


Un = FE) Mba Le ADO LD WD» 


Uv GF UH iy he WET“ WO), 


7 


1 - Nn 
Tipe OF) als — 8) PUL) 
T= IF hal Pe A) \ID OE). (5) 


§ 3. Matrix elements 


The matrix element 2, of ordinary Compton scattering (Fig. 1 and Fig. 2) can be 
expressed as (6) in the notation of (5). 


RD f : 4 Oe 
R Lae pt ee ee U, |. 6 
VA 4 (an)? Db, WU s—MU4 (iP ie (A) m a (6) 


Where &, and /, stand for the energy of incident and scattered photon respectively. Also, 
the explicit expressions for the matrix elements Ry and Ke corresponding to Fig. 3 and 
Fig. 4 have the following forms : 


+2 14 
ee ES CH) Val 
- Re 74) 


12 1 14 
fit J Gi. _ 7 
Re Tony ee [G;(2) U5] 7) 
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ai ze 3 Es) \ea{a 2 ne V4 MY, 


ithe ee 


Roh oa oe 


2 stn. SAME. 
2 aD 
ret x aT 3 ee 
G6.) = es Pe 62 44m), 


G,(1)=0, G,1)=—m(m4+M)/(2), G,A)=G.G) = (—2/3) (et /M), 


Gran 
G4 a2 ee rE (12 5 mY, 
i202 Sey 


G,(1)= 


m = pate 
GN =— 27s Galt) =n) =En)=0) a= =aQ47) (AL) 
eres UGA Sow Co 5 
Gy) = 2f1+2 m ep mn ie (AL) 


and 


G,(2) ez CIL yi (3+8 me : at pees mt \(a+™), G.(2) =0, 


m M 3 M \ 3 WP = 
G,(2) =—8 i. ae SG te 2m eee ae 
m. M* 3° Mes Ah? 
mM Mt? Sete Vr 
G;(2) Bere cae Ue S: 142 m4 mm : 
re |! ae aed | Qe a) 


Oe m Bac m 16 m Ls es 6(m . m fe 
fe (AL) E ne Ws 3 a ( m 1 Fae a) 


G, (2) = 05. oda 5 (2) =. (2/3) (m°/M") ? 


COs ue E 36/2) m 34% ae | 
his fe me me MMP Y- 
Go(2) =(—2/3) (m*/M?), Gy (2) = (— 423.02) n?/ (42), 
OES m |-s gift) we og 2 4% |, 
2(2) (£2) m MM? uses , M?* 
(77) 16 2 Uk) me? 7/2) 16 m 
2. 2——<+ \(7- 6- 
Bl) ae: oe 3 ees me Ve mae a) 
Jere 4 (11) 


ard 
M3 meV 
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2D inaay me ae. ae: "\(- ree me Pe ael Bs 4p BAN AA. me 
m 


3 M3 
Rae _ 4 ip (Cie Sed) me 
me 3 ue Be de m' Bk . mm M° i 
bra Deena me YO: m 
+ 2( LS - +4 +4 ao) 


where 
D=—1+2C2) /u?+ (M?/m’) +[— (A, +8)? {142(—T2) /?} +47], 
L=2(A,+4,) {14+2(—Lk) /m?} +2A,(M/m), 
C=—142(—F2) /n? + (M*/m’). (10) 


We hitherto have talked about the problem of the scattering of gammatay by a 
proton ; in the case of a neutron we have only to put ,=0 and to replace €, by €y 


in RK, aid Ro. 


§ 4. Remarks on the calculation of cross section 


Making use of the matrix elements obtained in § 3, we can compute straightforwardly 
the cross section of scattering, namely by 


=| 410, AR|z, 1) (P22, (11) 


m + ky 
R=Ry,t+ReptRe. 


However, there are some points to be remarked. (G,(1) and G,(2) in (6),..., (9) 
contain the factor 1/(//) in their terms. Because of (4/)=—m(%,—4,) which is 
easily obtained in the laboratory system” as an expression for the conservation of momentum- 
enetgy, the situation : (4/) =0 takes place either at angle 7=0° or in the limit of 4,0. 
The values of fundamental forms U, and their coefficients G; cannot be computed separately. 
In this connection we take advantage of the following relation, though the treatment is 
| somewhat troublesome. 

After averaging over the polarizations of the incident photon, summing over those of 
“the scattered one and making use of the equations of 

(£0) ari aReES (20) * 

& abe Bil ere, bss 


cos § =1--S—4 


derived from the well-known relation : /,/= (4,/m) / {1+ (%/m)(1—cos @)}, we exptess 
sin? 6, sin‘ @ and sin? 0 cos @ in terms of (£7) and %,/,. 


* We use the laboratory system throughout this paper. 
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The final results run as follows. All the terms derived from R,»*Ry, ReotRe and 


Fay kl) 4 2 >'4\* 
(Ry*Ro+ RoR) respectively can be arranged to the forms : ~ sie (; p+9g+2r—21) 
and in a similar fashion those derived from (Ry*R,+Rz*R,4) a yee Rot ha) cat 
, PTD r BPe( Rly 
be reduced to the forms: Gla (AE)" G& p+gq+2r—1), ee ie eet pao OF 
pee lm 
rae LLY 7 5 9S 9 ap pegs 7 eee e253 
v OF p = 2) km ( 5 Peal, PLE or Sj Ogee ) an hig ( 
Thus, the defect mentioned above /(4#) : 
has been removed and moreover in the (sterad~), I: Hs =0.1 


limit of £,— 0, all the contributions 
from the nucleon isobar disappear. Con- 
sequently in such limit the cross section 4 Bee als 40* 
for our process is expressed only by the 
term (,*R., which is the same as Klein- 


Nishina formula and certainly agrees with 


—~--- Klein--Nishina curve 


that of the classical Thomson scattering. 


$5. Results 


We show the angular distribution 
and the energy dependence of the total 
cross section in Fig. 5 and Fig. 6. 

Although the cross section at the 
energy of 160 Mev (near meson produc- 
tion threshold) gives the correction of 


only 30 percent to the one predicted . 
oe 30°. ge 90° 120°. 150° tsoe 
Fig. 5. Differential cross section for the scattering of 

gamma-ray by a proton. (7) =¢2/m, €p=1.5¢) 
of resonance ) it increases to about twenty Only the curve IV* should be read on the 
times as large as g). This is due to the scale of righthand side. 


from the Klein-Nishina formula, at the 
energy of 280 Mev (a little this side 


fact that the propagation function of 
nucleon isobar contains a high derivative ace) 
and that the denominator of R, which 
gives the largest contribution is very small >" 
at this point. . 
There is no particular difference 
between the angular distribution of ours 
and that of Klein-Nishina formula. As 


is seen from Fig. 5, there appears a 


100 Proton 


Neutron 
O.L 0.2 0.3 <= K,/in 


. Fig. 6. Energy dependence of the total cross section 
a Ly 9 and 7 are zero or positive integer. (€p=—€y=1,5¢) 


| 
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minimum in the neighbourhood of 90° at lower energies, while the differential cross section 


gets remarkable predominance in the forward direction than in the backward with the 
increase of incident photon energy. 


§ 6. Discussions 


As is expected from beginning, it has been found that the resonance behavior occurs 
at the energy of 280 Mev but not at meson production threshold. 

As for the method by which Sachs and Foldy have calculated, a typical diagram can 
be divided into two ones, for example by the line a-a of Fig. 7, first at the energy of 
threshold where a real process begins to arise. There the denominator of the matrix 
element becomes small. - A virtual meson with enough energy to turn into a real one 
plays the most important role by being able to be emitted and reabsorbed. 

As the nucleon isobar adopted by us has the mass M=(930 +280) Mev, our 
resonance energy accidently corresponds to the threshold energy of two meson production 
and this might be accounted for in the framework of Sachs-Foldy theory as due to the 
production at this energy of two real mesons, which appear, e.g., on drawing a line 0-6 
in the diagram of Fig. 8. 

As long as Sachs and 
Foldy take into account the 
correction up to the order 2°, 
it is a matter of course to 
have no peak at the energy 
of 300 Mev. If an experi- : 
mental data should show the 
resonance phenomena both 


at 160 Mev and at 300 Mev, 
neither their method nor 


Fige. 7. Fig, 8. 


ours will be sufficient -to. describe the behavior of virtual meson cloud. Resonance-like 


phenomena will also be expected at the threshold energies of three, four, ... meson produc- 


tion, although the peaks at higher energies may be so broad as to be scarcely recognizable 
as resonances. 

It may be said that our isobar model is a good approximation so long as we confine 
ourselves to the energy region of about 250 ~ 350 Mev of j-ray. 

The total cross section for our process at the resonance is estimated at the order of 
1/2x107"%cm’, i.e., about 1/20 times as large as that for meson production. In spite 
of large back-ground of annihilation 7-rays, the possibility of measuring the effect of this 


amount cannot be excluded. 


The author should like to express his gratitude to Prof. K. Husimi, Asst. Prof. S. 
Hayakawa and Mr. K. Nishijima for their valuable discussions, 
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Variational Principle in Hydrodynamics 
Hirosi ITO 


Faculty of Technology, Department of Applied Physics, Osaka U. university 
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A canonical formalism in hydrodynamics is developed by aid of Clebsch’s transformation. If we 
consider the adiabatic process where the entropy is conserved, vortex motion is found to be closely 
connected with the entropy. Euler’s hydrodynamical equation emerges factorised into four fundamental 
equations which are discussed from the thermodynamical point of view. Many important relations in 
hydrodynamics are naturally introduced by these equations. Landau’s theory of quantum hydrodynamics 
is criticized upon our theory. 


§ 1. Introduction 


The variational method or canonical formalism has not so much been developed 
compared with the study of the motion of liquid itself since it seems to bear only 
academic interests. The reason why the author pays his attention to this problem is to 
criticize the possibility of quantum hydrodynamics developed by Landau.” According to 
the current theory of quantum electrodynamics, the canonical formalism of the classical 
part of hydrodynamics as a field theory is necessary for the purpose of quantization. The. 
most important field quantity in hydrodynamics is the velocity field which is generally 
composed of two parts, namely gradient field and rotational field. From this point of 
view, Clebsch” has developed skilful representation of the velocity field of which an account 
Although the Hamilton form of equations 


7 


can be found in Lamb’s “ //ydrodynamics’’. 
established in this book, it is presented in the hydrodynamics of substantial form and it 
seems inconvenient to use it for our field point of view. But it is not difficult to rewrite 
it using the Clebsch’s transformation as will be discussed in § 2 and § 3. There emerge 
many interesting points in this formalism if we take into account the thermodynamical 
consideration. Of course, we must limit our considerations in the framework of usual 
variational principles to the reversible processes, in particular to adiabatic process, where 
the entropy is conserved. One will find in § 4 that the formalism of § 3 does not change 
when the geometrical parameter 4 which determines the vortex lines is interpreted as the 
entropy S. In both cases, the canonical equations will be combined into one equation, 
that is, Euler’s equation of motion where the geometrical parameters or thermodynamical 
quantities all disappear. The canonical equations themselves have their own physical mean- 
ings and many wellknown relations in hydrodynamis are easily derived from them in § 5. 
“In addition to this, the isothermal reversible process is discussed and we have the similar 


equations where some thermodynamical functions are correspondingly transformed. In § 6, 
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the equations which govern the small deviations of density and entropy from the uniform 
distribution will be given. Since in accoustical approximation, the vortex or entropy is 
irrelevant for the equation of sound, rotational motion must be discussed in the second 
approximation which is difficult to handle owing to the nonlinearity of the equation. In 
§ 7, Landau’s quantum hydrodynamics is discussed in giving some commutation relations 
by straightforward application of the usual quantization process” to our canonical formalism. 


ao 


§2. Clebsch’s transformation 


Let us assume that velocity field is represented by 
v=—Vo—/l p, (2-1) 


where ¢ is the velocity potential, and / and y are the geometrical parameters, the cross 
lines of the surfaces A=constant /4=const. being the vortex rings. Note that there is no 
rotational motion when 4 is constant. The vorticity is 

w=rotU=—VAXxT yp. (2-2) 


@, A and ys are not uniquely determined by the velocity field and there are possibly a 
number of equivalent representation where the transformation from one representation @/ 4 
to another @’/’’ is a sort of gauge transformation. Now we study the gauge invariancy 
of this transformation. Multiplying the both sides of (2-1) by 2°, we have 
v-dvP=—db—ddp, (2-3) 


where @@ and cy: are the total differentials. By the transformation from 9, 4 and / to 
', 4 and yp’, the condition where the left hand side of (2-3) does not change is 


—aA(p—p—a pw!) =hdpt+ pd’. 
g—d' il =w/(p, 2), 


If we put 


one has the following relations : 


peta pe: ZY 


Ov an 


It will be clear that the generating function z which gives rise to the identical transfor- 
mation. 


Ah, pa et 


‘ ! c < : ‘ Grae 
is —pd'. If we denote the infinitesimal deviation from this value by the same symbol 
zw, we have 


b— 9 — 2 pl = — pl + wy, i). 


Then 
} eae eee ; Ow 
Ov 
wu =p Ow 


od’ 
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and 


This is the. infinitesimal gauge transformation of Clebsch’s representation of velocity field. 


§ 3. Variational principle and canonical equations 


It should be pointed out, however, that the fluid which will be treated in the follow- 
ing is of course the perfect fluid and not viscous one. Phenomena in viscous fluid must 
be treated as irreversible processes of which variational treatment has not yet been clarified. 

_ The variational method in Clebsch’s transformation was already established by Bateman”); 
he used the following expression as Lagrangian. 


ae 


where p is the fluid density and (/ is the internal energy per mass and D/Dt is the 
substantial derivative : 


2 / DDO = DYE ) Parco et: 
w—OU(p)+ +4 ; 3.1 
(p) ey (3-1) 


_9 _+0-P, 
Ot 


Let us consider the variation of the integral 
ra\[Sdeae 


where the quantities to be varied independently are yp, v, ¢, A and y. Varying these 
variables in such a manner that the variations vanish on a boundary of the region of 


integration, we have 


v=—l—IV ps (3-2) 
Dee edivoy = 6 (3-3) 
ar 
DA ig, ae (3-4) 
NB TT Tees Dt 
Ties al D¢ Dilger : 
—v—U— +A =O (3-5) 
y o¢ p p a Dt Dt 
The equation of motion is 
LOU ee OU Teh at ay sc eeu 
Dt or 2 
oli) ] Oy 1 ”) Dp _ Dh 
ed —— + VR cS Vp a 
r( ot = ey) 2 ( ) Dt ( ) Dt 


Then upon remembering (3-4) and (3-5), this becomes 


os 


120 H. Ito 


If one puts 
OUP (3-6) 
00 or 
then one has 
pee —a(p UN 2 aE 
O P 


and we arrive at Euler’s equation of motion in the usual form. 


Us oe ny Gy 
Dt p 

This point is obscured in Bateman’s preference of /() = l/, energy per volume, for our 

U, f being in relation with P in the form 


P=pf' (e)—f(p); 
which allows one to interpret P as pressure. Then the relation (3-6) turns out to be 
the familiar thermodynamical one between internal energy (/ and pressure P. 


As the Lagrangian has been defined, canonical momenta are derived in the usual way 


Se eR ae te pee 
Og Ov 
Pi,=0, P,,=0 4 


These relations teach us that the number of the pairs of canonical variables is two, namely 
(6, e) and (4, eA). Total Lagrangian may be written as 


He #9 a ae 
— (2% + div rv) eee (3-8) 


which can be obtained by. the partial integration from (3-1). 
According to this Lagrangian density, we have 


eee Pres : 


where the relations in the canonical variables are interchanged. The alternative choice of 
the two forms of the Lagrangian depends upon the convenience for the problem in ques- 


tion. Hamiltonian density is 
D= Digs B= pete ol, 


a 


and denotes the energy density as expected. {5 becomes 


— 1 7 oh \.2 i 1 ee 9 ign ; 
= 3 Ps(VO)+ PFS) (Fp) a “pet ag Oey) (3-9) 
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i . . . ~ 
n Reus of the canonical variables. If the total Hamiltonian is used, the canonical 
equations are 


= os 
o= a ’ P=—- tae! 
P; , Oo (3-10) 
8S OS 
(= ; P= r 3- 
oe (3-11) 


Note that : 


09 En OD) 0006 8 ( 0D ) 
OP, OP 06 ab * x; \ 0(0G/Ax,) 7” 
It will be easily seen that (3-10) and (3-11) are equivalent to the equations (3-4) 
and (3:5) using the relations 


Pige2 Og Pa O4 (3-12) 
Remembering (3-2), (3-11) and (3-12), 
pave de Put Tape : 
0 
and 3 
Amel: 
t= _ 7 -f 
} BP, p : 
or equivalently, Dyu/Dt=0. Then we get the same result as (3-5). 
; : Less > aU 
eh aa (9. 
Se ee e ap 


In the similar manner, we obtain 


ge Fee eae \P (Fé - a ru) 


=—divpuv, 


that is, the equation of continuity, and 


becomes 


ep + div pa U=0 


which leads to DA/Dtf=0 on account of the equation of continuity. Thus we may rely 
exclusively upon the system of the canonical equations of this type instead of the only 


one equation of Euler’s type. 


§ 4, Thermodynamical consideration 


In the preceding section, we have met with the relation between pressure and internal 


energy of the same type as ‘the thermodynamical one. Thus we are led to expand our 
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discussions to thermodynamics and to explore whether Euler’s equation should be changed 
or not. The internal energy U is now not only the function of p but also of the entropy 
S. The parameter 4 and / is conserved along the stream line and we know that me 
entropy is conserved in the reversible adiabatic process. In (3-8), let us replace A by 35 
then we have the variational problem with two additive conditions, namely conservation of 
mass and of the entropy. The problem of this type was already treated by Zilsel” in 
his two fluid theory of liquid He II. One will see that the modified theory runs quite 
similarly as that of the preceding section and the thermodynamical consideration does not 
affect the equation of hydrodynamics. 
The variational principle states that 
t 


|| i0( : w—U(p, S))—9(-20- +-alv pe) 


to I 


—/ (72 + div pSe)| SEC EY < 


where @ and y play the roles of Lagrange’s undetermined multipliers. Varying p, S and 


v, we have 


Sey eer a0 Spee bee + Soe Seer peo s 
2 Op Of O¢ 
aU Op 
So aoe ea 0s 
Os Ot fs 


and 
v=—VG—AV p. 
Of course, these results and the two additive conditions will be obtained from the Lagran- 
gian 
Dp 
Dt 7 


8=p(— wv —UX{p, 5S) + aa +5 


by varying p, S, 6, # and vw. Then 
Dv =-7(U+p oe) + aU rs. 
Dt 0p as 


The total differential relation in § 3 now becomes 


BO. ; hE TT ce 

—a—a\ p +T7daS § ee 7 
dU—d(o ae) , ( se =!) 

aU OT. 
=—2. 2 ap—pa( 2— ) 

00 glee ( 00 
Bees 

ae 


Consequently we have obtained the Euler equation again. Canonical equations are easily 
obtained by replacing 2 in Clebsch’s transformation by S and taking account of the fact 
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that U/ is also the function of S, namely 


: 1 a P : 
honor w+ Svu-Vu4+ U4+—— ST, 
p 


tras 

Dt 

_o¢ +div ov=0, 
Ot 

eee lies v=0: 
or 
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(4-1) 
(4-2) 
(4-3) 


(4-4) 


The last equation for the conservation of the entropy may also be written as follows : 


(4:5) 


by means of (4-3). The entropy is conserved along the stream line, and we are dealing 


with adiabatic changes. 


A reversible process may not only be adiabatic but also be isothermal. In an isothermal 


reversible process the necessary condition is 
| oT=0 
corresponding to 0S=0 in adiabatic process. This amounts to hydrodynamically 
aT 


t 


L 


+7 T=0 


or by virtue of the equation of continuity, 


Opt din pTOo=0 ‘ 


If the canonical formalism in this case is worked out, there appear temperature 7 and 


free energy 7 in places of S and U respectively. Using the total Hamiltonian 


$=[o(2 w+ F) de, 
we. have 
P 
p 


+ ST, 


pa Ute Pps P+ 
p+oVu=—S, 


00 ue div pv=0 s 
Ot 


SP TO=0 : 
f 
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§5. Hydrodynamical relations 


From the fundamental equations in the preceding section, we can obtain various rela- 
tions in hydrodynamics. I think, these calculations will be necessary to support the adequacy 
of our standpoint that the system of canonical equations is fully equivalent to the usual 
formulation of hydrodynamics. 


Vorticity w is given by 


w=rotv=VpxVS, (adiabatic) 
or 

wart =Vy xVT. (tsothermal) 
Since 

Pipe bie Meet 
Dt DE 
the rate of change of vorticity is 
mes +(u-V)w 
Ot 


= (w-V)w—w dive + (VTxVS). 
Integrating over the volume 7, we have 
a < | we df=|ow-af+| (PT) x WS)adr, (sis 
Ot Jv 


where W is the total vorticity 


Ww =| wat 
‘ 


and df is the elementary surface vector of the volume. If we employ the kinematic 
transport theorem : 


Gage enn 2 
lwdcr= w a: weu-df. 
ap } at Ena stain) af 


Then (5-1) becomes 


PS wie= [ow-aft | (PTxPS)ae. 
az) J y 


The first term of the right hand side represents the rate of convection of vorticity 
through the surface, and the second term may be written by a partial integration as 


| WTXVS)dr= | 7rsx df 
S 
=—|sP7xdf, 
6 
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which is the rate of diffusion of vorticity. 
tions in isothermal process are used. 


By (4-1) and (4-2) 


The same result is obtained when the equa- 


ES 8 =e eee: 
Ot Ot 2 p 
etait i, 
2 
where A is Helmholtz’s “ extha/py’’. If the left side is independent of time, we have 
eee ey 8 SLES 
2 


where C is a constant and this is Bernoulli’s equation. More generally, the rate of the 
change of the energy is 


—<—{o( 0+ U)| = div jpu( : v +H). 


In isothermal case, we have 


Gi eG 
2 


2. \¢ (— ey F) = —div \r( = w+ c)h 


where G is Gibbs’ “ thermodynamical potential. Of course, these results have been 


and 


obtained by many authors" using Euler’s equation directly, thermodynamical conditions 
being taken into account afterwards. In this paper, the thermodynamical condition is first 


assumed and hereafter the field quantities are related with this. 


$6. The equation of sound 


Let us now consider the small deviations of the density and of the entropy from 


their uniform distributions. These quantities are written as follows : 
i) 
p= Pot C> 
/ 
See Sys 
where » and S, are constant over the whole region, but p’ and S’ are small quantities 


compared with /% and S,. Substituting (6-1) into the equation of continuity and neglect- 


(6-1) 


ing the last term which contains go’, we have 
280 _ o div(Po-+ SPH) =0. 
ot 
Upon differentiation with respect to 7, it becomes 


FE — padi (G+ Sp) + SP u— ph S}=0. (og) 
Ot” 
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Using the relations (4-1), (4-2) and (4-5), then we get 


= (v-P Sry 


Op = div {P( 2 ars U+ 
ies 2 e 


~797S+(v-Pp)PS\ =o, 


where the quantity 
(ue VPpyVS—WwVS)Vp 


becomes —Ux (rotv). 


Thus the terms in the divergence of (6-2) will be calculated as follows ; 


7 AP oP 
ace a ) V Si = 3 ae oe € )rs' 


——_Po'—TVS'+ ihe (rot ¢’) 


ate ee + : (22) rst u.Pe. 
00 Poo OSmEP 
The last term can be neglected when we assume the velocity to be small of first order. 
Now we have 

oe _( (27) ap Es oP ) 4s. 

or ae 
Only under. the isentropic condition where the entropy is constant everywhere and hence, 


also constant in course of time, the usual wave es will issue : 


In isothermal process, where the temperature is held constant as in the foregoing Se 


we have 


§ 7. Remarks on quantum hydrodynamics 


Landau has given the idea of quantum hydrodynamics in his paper on the theory of 
liquid He II where he asserted that ‘ phonon”? might be associated with the quantised 
gradient field and “vozon’’ with the rotational field. Of course, the positive support ee 
this idea has not yet been obtained till nowadays, especially for the existence of “ rofon’ 
He laid down the commutation relations among 9, & and rotv, which were calculated Be 


London® in somewhat different manner. London concludes that the velocity field cannot 


be represented by whatever linear operator. By the preceding results, we can construct the 
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commutation relations among the field quantities and discuss these problems from the 
view-point of the field theory. Comparing with the ordinary theory, there arise some 
difficulties in this case, one of which is that the operator p appears in Lagrangian or 


Hamiltonian as denominator, as we have seen in (3-9). However, if the vortex field 


does not exist, there is no difficulty in this respect, because the kinetic energy can be 
written as 


009)" 


2 f) 
and no field quantity appears as denominator. Difficulty appears when the vortex field is 
considered. 

Although the current does not play so much essential d role as in the theory of 
London or Landau, it may be written as follows using the operators 
J=—pVb—70 ph  (g=pS) 
ot in the symmetrical form 


009) + Fb) _. 9PA+ Cry 
yeaa 2 


5 as 


which is still manageable. The velocity is defined by 


(Le [o> Vp 
oO 
‘ 


or 


nV) = Fl) 7} 


v= —Vo— 
ae ; 


This has a significance only when ¢ has not eigenvalue zero, and has the reciprocal eigen- 
value of that of p. In this respect, we favour London’s assertion. 
While the detailed study will be left to the future, commutation relations are easily 


written down by assuming all the canonical variables as the operators. 
N/ > h AN) > 
fod), $(8)]= 20k, 8), (UR), 2(8)]=-4 aR, 8), 
Z 


[o(#), OCS) J=0, [pC), 7(S)]=9, 
[e(R), e(S)]=9, [o(#), wCS) ]=0, 
[uCR), #CS) ]=0, [e(), #(S) ]=0, 
[y(), 7S) ]=0, [y(dt), ¢CS)]J=0. 
It seems unreasonable to quantize the entropy as it stands. However, we may regard it 
merely as a geometrical parameter which plays a role to produce a vortex line in Clebsch’s 
transformation. Accordingly we now understand it as a dynamical variable to describe the 


motion of fluid. In any case, the “entropy ’’ is equally qualified to be treated quantum- 


mechanically as the density which is also a macroscopic quantity. 
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Now we must examine the gauge invariancy of these commutation relations. The 
invariancy first of all holds for the Lagrangian density. A gauge transformation for the 


Clebsch’s transformation is of the form 


Ch eens 
Oy 
pe Oe (7-1) 
aed 3 asl’ 
pte Ow 
at nis errs w 


as obtained in § 2. Remembering that p= ps u=vw' and (7:1), the Lagrangian density 


becomes 


, 

a ba w= U (i, oF 
Ot 2 

Se 19 ' ow ee ow) Ow O- Raa 0S" 

Ot * aS’ 3S! bu Ot Deo 


H(S4 (BZ (BY Letoaetn 9 


=e aoe Sr) +e S'S aie ad 


— re —pU(p, $1). 


In order to secure the invariancy of the Lagrangian density, S should not be varied. Thus 


we have to restrict ourselves to the following transformation formula, instead of (7-1). 


‘Sv Se 

ese es Oz | aoe : 
as” (7-2) 

ip Ow 

=$4 $2 —w 

Poe e : 


where zu is the function of S only. Expressing (7-2) in canonical variables, they run as 


follows : 
n' =n, ) 
Ow 
pee If 
=f p 


7] 
p =o+ 7a 


Le. e], [y, 4] and [e, 7] remain untouched because of the invariancy of p and n. “The 


relation between o and @ is 
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[oCR), (S)}=[ HB), §(8) +968) 22 (8) —2o(8) 


Ow 


On 


=[p(R), 9(8)]+| pd), (8) 2 (8) —w(S) |. 
The second term of the last formula will vanish if we assume that o has the nonzero 
eigenvalue and 1/p is commutative with p and 7, because zy is a function of 7/p. Simi- 
larly, the invariancy of the other commutation relations is certified under the same condition. 
Now, the commutation relation between and j or 7 and jf is calculated respectively as 
follows : 7 


[p(R), #(S)]=p(R) 7,8, S), 
Zz 


[n(R), #(8)]=n(R) P,d(R, 8), 


where Prat eB singe os +k Be: 
OX R OR OZ R 


The vector product relation between the current components which was given by London 
is also obtained. As for the z-component of the vector product of j(#%) and j(S), 
we have 


Ie( B) J, 8S) —I, 8) Fi. 4) 


= p(B)" 9H) o( 8) 
OX Rp 


OS 30 ua 
(8) HS) 
Laces 2. o(S) +74) Doan ES) 


— 12-98) pT) 2 9) 0S) 9S) B) 5 wR) 


a) fe) 
a 4% ul S)\o( R)+—46(R) —7( 8) ——_ #8) 7 (B)—— pO) 
WS) 2 1S) pT) 2 9) 9) 1 Sn 
which will be written as 


(| 2-98), (8) |,” 9(8) +70] SF 


fo) ; 
Basing 7 
)| aye LOS) 


a ‘ror -#(R), 5 | 


5 HR) + flee 


3B S) =f *_ pCR). 


TR 


iy 
Zz 


By the relations 


[2., pS) |=- 4 2 ah, 8), 


LR 2) ORR 
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EZ n(8) |=-—4 5, OU, S), 
U R 


OX 


| 9x08) |=0 


OX OWs 
[ ap) _ ag(8) i= 
OX RE OYs 


We have 
Bade coe 
eae Sey oR, 8) 2 5 8S) tHE) 5 (fh, 8) —#(8) 


—9(S) OR, 5) 2-9) (9) — 3B, §) — pCR! 


R 


Considering the relations 


p(B) ° epee eee -#(S) 


* de CR) ag) 
SS fT A = A 
a (R)d(R, 8) yp ME 8 Ps ” 
=, ae ven eh S) 2 o(B) 9B), 
tn “R 
? 
pees Jes cee S) p(S) oe 8) 06S) 5, 909): 
O's 
and the similar relations on 7 and f4, we have 
Ja( BJ, S) —F, S)F, (A) 
= bing OEE SMA) ——F OCR, 893.08) 


—d(R, 8) (Gam ft) 5 dB) ) 


h fe) ° C > ye (oO 9 . 
Sct, S)j,(B)) -—2_-(6(R, 8)7.(8))—8(R, 8) (rot. (HR). 
z Or R OVs 
Symmetrizing with respect to # and S, it becomes 
J (R)I, (8) —i,09)7. BR) +5, S)7, UR) —7, R)I, GS) 


alee SID) (Go) 8)j.(8)) 


z OX RE 
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—20(R, 8) (rot f(R)).|=— "aCe, 8) (rot f(BR)).. 
Zz 
Generally, one has | 
G(R) xj(S) +5(8) xf(R)=——2_0(R, S) rot j(R) 
z 


which is the same result as London’s. 


§ 8. Conclusions* 


Although we have succeeded in constructing a Lagrangian formalism in hydrodynamics, 
the idea of “vo/on”’ has not yet been clarified in this paper. The commutation relations 
do not assume the validity of the standpoint of quantum hydrodynamics if our results 
come out to be the same as London’s or Landau’s. 

Fluid has of course atomic structure. The proper way of treating the behavior of 
fluid will be: first to treat the constituent particles quantum-mechanically and then to 
average the physical quantities over domains of semi-mictoscopic scale. Whether the property 
of liquid will be obtained or not depends upon modes of averaging or proper choice of 
wave functions. But since this way of treatment is very difficult it has a significance to 
proceed a short-cut way as the theory expounded here. The problems left to the future are 
that the somewhat mysterious relation between entropy and rotational motion has not been 
sufficiently clarified and that the ordinary wave equation cannot be obtained without the 
isentropic ‘condition. The solution of the former point will require a proof based upon 
the statistical or gas kinetic theory, and the latter leaves open the possibility of accounting 
for the existence of the “second sound” in He II from the view-point of one fluid theory. 
| The author is indebted to Professor Kodi Husimi for the suggestion and encourage- 


ment during this work. 
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Some Remarks on the Photodisintegration of Deuteron, II 
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Electric interactions in high energies are investigated on the photodisintegration of deuteron. The 
contributions of the proton current and the exchange effect are separately studied. It is found that the 
single particle approximation is not necessarily valid in the photodisintegration process of deuteron. The 
angular distribution of this process in which exchange magnetic interaction is also taken into account, 
is presented. It shows a fair agreement with the experimental data. 


S 1. Introductien 


In the preceding paper of the same title?*, we have pointed out that the large cross- 
section obtained by recent experiments” in high energies may be explained by taking into 
account the virtual meson effect, especially by its exchange magnetic interaction. In (1) 
the dipole type interaction has been used for the electric interaction of deuteron with 7- 
tay; and, as is well known, the interaction of this type consists of the proton current 


part and meson exchange current part”. Considering that the exchange magnetic interac- 


tion has an important role in high energies, it is of interest for us to investigate the con- 
tribution of meson exchange effects in the case of electric interaction. 

Moreover, as is pointed out in (I), the expansion of interaction term to multipoles 
fails away in high energies, and therefore, a more reasonable procedure seems to be neces- 
sary. One of this may be a treatment in which no expansion in multipoles is made—or 
a treatment of the interaction as a whole. In this note, we shall investigate these pro- 


blems, and the angular distribution of ejected protons which has not yet been presented 
in (I), is also discussed. 


§2. Treatment in high energies (electric process) 


At first, the electromagnetic interaction of deuteron with 7-ray is separated into two 
parts, the proton current part and meson exchange current part. As for the latter, the 
general treatment is rather difficult, and we have restricted the latter interaction by the 
following two conditions : i) the requirement of the gauge invariance, and ii) consistency 
with dipole type interaction due to meson exchange potential in low energy limits. The 
restriction of ii) may be implied from the viewpoint of the correspondence theory. But, 


it must be noticed that there remains yet some arbitrariness by this restriction.” 


* We quote this paper as (I), hereafter. 
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Thus, in the first approximation of ¢, the gauge invariant Hamiltonian is obtained as 
follows : 


H=icA (1/M) grad, + ie(11,* 1 o— I, Hg) [a ds J(", 6, 6) (1) 


where jas means a line integral and /(2*, 0, 6,) is nuclear potential. The first and the 
second term of (1) represent the interaction due to proton current and longitudinal cur- 
rent of meson exchange respectively, and actually agree with the results obtained by Ma 
and others” if one takes the low energy (dipole) approximation. 

As is mentioned above, we treat the interaction as a whole and do not expand in 
multipole terms ; in other words, the contribution from all the high multipoles are taken 
into accounts. This seems to be a rather consistent way of high energy treatment, 
but of course, only in nonrelativistic regions. Taking the Hulthén type potential with a 
finite range for nuclear potential, the calculation has been performed, where the final nuc- 
leon states are tentatively approximated by plane waves. As is well known, Born approxi- 
mation is not quite valid. However, we take this approximation on the following two 
reasons ; that is, (i) there may be no other practical way to take into account all the 
multipole terms at the same time, and (ii) the contributions of the proton current and 
exchange effect are essentially unchanged, because the nuclear potential affects only the 
restricted final states (/>1). For the ground state of deuteron, only the *S-state is 
corisidered and *Pstate is neglected. However, the contribution of */)-state is not. es- 
sential for the excitation function in high energies, and no considerable error would be 
brought into the results by this treatment. 

The details of calculation are rather trivial, so only the results obtained are presented 
here. 

a) Contribution of exchange effects. 

In Fig. 1, the contribution of exchange effects is plotted comparing with that of pro- 
ton current, where the exchange effect is significant in high energies and not so small even 
in low energies. The energy at which their contribution becomes comparable is about 40 


Mev. or less. This non-zero contribution of exchange 


10-2" may be due to the fact that virtual mesons have a 
role even in low energies, and is consistent with the 
\ meson theoretical calculation in the lowest order.” 
ae Sal ai aA It may be of interest to note that the following 
Ne _ Marshall 


Se ae Cath conclusion appears from this analysis : the single particle 


10~™ hae eee ot approximation is not valid in the photodisintegration 


" Schift process of deuteron. Ata glance, this seems to con- 


(dipole) 


1o-™ tradict with the well-known results of good validity 


of impulse approximation in the case of 7° meson 


production process by ;—/) interaction. However, 


0 100, 200 BOO 
— + £,(C.M) (Mev) 


there is a certain difference. In y—)—7’ process, this 


ea! Taal bods interaction can occur even if there is only one nucleon 
1g. i. otal cross-sectto: 


tou! i —P-—7°, ,—N— 7° ile 1 isintegration 
to electric interactions ; Ro: P—T°,7 VTE 5 while in the d g 
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case the correlation of two particles plays an essential role. In fact, in the disintegration 
case, the definition of so-called “collision time” is very unclear. Furthermore, some res- 
trictions may be given by the requirement of gauge invariance. Considering this point, 
if one remarks only the significant contribution of exchange magnetic moment, the validity 
of the impulse approximation may be quite doubtful, and thus the break-down of impulse 
approximation in this case seems not to be a surprising matter. ** 

b) Effects of high multipoles. 

Contrary to our expectation led from the invalidity 
of expansion in high energies, the contribution of high 
multipoles is not so large. (Fig. 2) However, this re- 
sult does not mean the validity of expansion, but in- 10-4 


dicates that the effect of high multipoles is cancelled 


away each other only for some accidental reason. This 10-2 


Nucleon 


may be understood if one considers the case of magnetic Cia 


process where the high multipoles have a rather coside- : 
. . . . aes 

rable role.” The situation of cancellation of high mul- 

tipole terms depends on the feature of deuteron po- 


tential, and therefore some remarks would be necessary 9) 100 200 300 
—+> E;(C.M) (Mey) 


Fig. 2. Cross sections due to 


“é 


for this point, especially in the treatment of ‘“ quasi- 


deuteron” in nucleus (deuteron model), where the bin- ae 
ding energy of “ quasi-deuteron”’ is different from the eee 
real deuteron, because of the positive energy of particles in nucleus. 

Anyhow, as far as one considers the energy region where our treatment is valid (non- 
relativistic region), the expansion is not so bad. And then, one may expect that the result 
obtained here may be in agreement with one calculated by taking into account the higher 
multipole terms of expansion series with an interaction form of dipole type. Marshall and 
Guth” have calculated this by taking the square-well type potential with zero range and 
obtained a rather large cross section. But their treatment may overestimate the cross 
section in high energies on account of the square-well potential. In fact, correcting the 
potential to Hulthén type with a finite range, which seems rather consistent with high 
energy treatment, a rather sufficient agreement with our results is obtained. 


§ 3. Angular distribution 


The results of our analysis in (I) have indicated that the main contribution of the 
excitation curve obtained by experiments can be explained by the exchange magnetic interac- 
tion; and if this explanation is true, the angular distribution of ejected protons should be 
nearly isotropic. Experimental data on the angular distribution have recently been proposed 
by Littauer and Keck,” and is represented here with our calculated results. 


Strictly speaking, the impulse approximation is not yet correctly defined in the case containing 
the capture process. In usual, however, the word “ impulse approximation ” seems to be used even in these 
cases, and here this word is tentatively used in the meaning of usual sense, though not correct 
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E,(C.M.)= 2 
200 Mev. 


i: (CN. =280! Mew. 


ECM.) = 
100 Mev., 


6 (in C.M) 
Fig. 3. Angular distribution of ejected Fig 4. Angular distribution of ejected 
protons by electric interactions. protons. Experimental results is 
(Normarized at 90°) obtained by Littauer & Keck. 


Angular distribution due to electric interaction is calculated by the treatment described 
in §2; the result is almost the same as that obtained by Schiff and others in the case 
of dipole and quadrupole interaction. This is because of the cancellation of high multipole 
effects, as is already mentioned. In addition to it, slight differences appear in high ener- 
gies, which comes from exchange effects. In Fig. 3. the angular distribution due to elec- 
tric part is plotted. Thus the final result of angular distribution is obtained by simply 
summing up the effects of electric and magnetic processes because there is no interference 
between them, and is shown in Fig. 4, which seems to be in a fair agreement with ex- 
periments. 

In the above description, the contribution of */)-state has been neglected, but it may 
play some role in the angular distribution. We have roughly estimated the contribution 


of °/-state, which affects as improve the tendency better (give rise the forward scattering). 


§ 4. Concluding remarks 


In .summarizing, our treatment seems to be rather reasonable one explaining the 
photodisintegration process of deuteron in phenomenological way. And, therefore, to inves- 
tigate the validity of this treatment by analyzing the other reactions may be of interest. 
One of the example is the photonuclear reaction process in high energies. In this case, the 
high frequency part of momentum has an essential role and exchange effects may be im- 
portant. Thus, except the “ real meson effect”, the single particle approximation may be 
not valid, as is mentioned above. A first step to reconcile this defect in nuclear reaction, 
we should investigate this process regarding it as an ensembJe of two nucleon system inter- 
acting with 7-ray, or in other words, the quasi-deuteron model, which has been first developed 
by Levinger” in his elaborate work. The result will be reported in the forth-coming paper. 

In the calculation of this note, however, we have restricted the treatment in non 
relativistic regions, and then might contain some error in high energies. To obtain more 


definite conclusions, the relativistic treatment would be necessary. An attempt has been 


136 


J. Fujimura 


made recently by Villars! in the calculation of exchange current, but a further development 


on this point may be necessary. 
I should like to express my cordial thanks to Prof. S. Sakata for his kind interest 


in this work, and to Messrs. S. Ogawa and Y. Nagahara for their valuable discussions. 
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Note added in proof: A new experimental data is presented after this paper is set in press, (W. 
S. Gilbert and J. W. Rosen, Phys. Rev. 88 (1952), 901), where the angular distribution is rather different 
from isotropic one as indicated by Keck et al..2) This cannot be explained by our treatment, and it seems 
that one of the way is to adopt the isobar model, where the state may have a rather significant role. 

However, in view of the discrepancy of the two experimental data, it is supposed that a definite 
conclusion should be postponed until the precise experiment is performed. 
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The interaction of non-local fields is investigated using the S-matrix formalism given by Yukawa. 
In § 2 the self-energy of a local spinor particle interacting with a non-local scalar field is calculated in 
the second order approximation of the coupling constant. The result agrees with that obtained from 
the local theory except for a meaningless constant factor. The result is compared with those of Yennie 
and of Rayski, and it is pointed out that such an agreement is a direct consequence of the quantization 
rule adopted by Yukawa. In §3 the general feature of the Yukawa’s .S—matrix is discussed, and it is 
shown that it reduces to the ordinary Dyson’s S-matrix in the limit when the particle radius tends to 
zero. The appendix contains a calculation of the vacuum energy of a system composed of two non-local 


scalar fields mutually interacting. 


§1. Introduction and summary of the results 


In previous papers,” ” the relation of Yukawa’s non-local field theory” to the ordinary 
local field theory was investigated by the method of canonical transformation. It was shown 
that the two theories were equivalent in the sense that an irreducible non-local field under 
Lorentz transformations just corresponds to an irreducible local field. The appearance of 
the internal freedom was ascribed to the fact that the non-local field was a mixed field 


; ‘ M 1) 4 
with various spins.” y 


The present papér deals with the interaction problem between non-local fields, to see 
whether the equivalence is removed in the case of the interaction by introducing an interac- 
tion scheme which depends explicitly upon the internal freedom. An example of. the 
method of treating the interaction between non-local fields was introduced by Yukawa in 
the form of a .S—matrix.”» No other methods have been proposed until now, and the 
discussion of this paper is based on this formalism. In § 2 the self-energy of a local 
spinor particle interacting with a non-local scalar field is calculated, the result of which 
agrees with that obtained from the ordinary local field theory except for a meaningless 


constant factor. The situation is analysed comparing this result with those recently obtained 
by Yennie” or by Rayski,” and it is pointed out that such an ebrecmepe is 2 direct 
consequence of the quantization rule adopted by Yukawa which restricts the Bate raaiont to 
take place only between the parts of the non-local particles for which the internal coordinates 


are the same. In § 3, the general feature of the Yukawa’s S—matrix is investigated, and 
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it is proved that it reduces to the ordinary Dyson’s .S—matrix in the limit when the 
particle radius tends to zero. Yukawa has calculated the vacuum self-energy of a system 
composed of two non-local fields mutually interacting, and has obtained the result that it 
vanishes” even in the limit when the particle radius tends to zero, and he concluded from 
this fact that his S—matrix is of a different structure from that of the local theory. The 
discrepancy arises from the fact that the integral representation of the time ordering operator 
used in his calculation does not express correctly the required property. In § 4 a brief 


discussion of the further outlook of the non-local field theory is given. 


S$ 2. The self-energy probiem 


In this section, the self-energy of a local spinor particle interacting with a non-local 
scalar field is calculated as the simplest example of the interaction problem in the non-local 
field theory. Although the spinor field is chosen as local in our calculation, the essential 
part of our discussion is not altered by this simplification. In fact, if the spinor field is 
also considered as non-local, the result is just the same except for a constant factor which 
is due to that the non-local field is not correctly normalized. (As an illustration the vacuum 
self-energy of a system composed of two non-local scalar fields mutually interacting is 
calculated in the appendix II.) 


The interaction Lagrangian density is given in this case by 
L=f¢ug, (2-1) 
where ¢ and y denote a complex local spinor field and U a real non-local scalar field 
respectively. (2-1) is not charge symmetrical. But as remarked by Dyson in the case 


of the local theory, a correct result can be obtained using this unsymmetrized form if a 


suitable ‘care is taken in the actual calculation. Expanding these fields into Fourier series, 


= Ste peer ay pipxX 4 
Pe (Xn) =a | Pel ud er Ca)*, 
9M) = eae | eC nde-™ (ap), (2:2) 


UC PIS \ 1 (ys Lye"? &** (all) (dh), 
where X,, and /, should also be considered as operators. The commutation relations are 


Po Pu)s Ya Du')} = Pu)O(P'+ 12) 0(Du— Pu!) (7P— Was (23) 


an 
[ees ba) gly by!) J= 2 by) (8 +22) 3 (L294) Oy +1.) 9 By + by), 


where #4 denotes the mass of the ¢ field, x and 2 the mass and the radius of the U 
field respectively. 


* We use the abbreviations 


(dp) = (dp;) (apy) (3) (d/o); 
and AB =A UB. 
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The lowest order self-energy arises from the third term of the .S—matrix 


given by 

Yukawa ;” 

S=14+7{2} +2{LD,Li +.-.+-- : (2:4) 
where 

2} =|--| eal lay’) (ae) ae’), (2:5) 
and 

(4,|D. |) = et eo (ta aan) ) ’ (226) 
with 


1 if x, is time like, and x, is positive, 
Ene a4 | 0--1f 27,0 is. space™ like, (2:7) 


—1 if 6ey "is ‘time like, and 4, is negative. 
The (4,’, x,/’) element of the interaction Lagrangian density is given by 
(ty [Ll au) =P ay) Clay”) oy”). (2-8) 
Thus the required term takes the form 
4 ~- 
5O= _f? | MH (de) Gry) mT | 44) Py) 


x (4,|D4 |) P (Ly) (H5.| O|H,) (4) ) (2 . 9) 
which can be written, by using (2-2), as 
4 4 2 2 
S@ = —f2/(22) a I (dx,) II (dp,) (dks) I (dl) 
z=1 t=1 ¢=1 t=1 

x gi(— pitt ies + para—parat karat pata) O(4yp— Xo — fin) O (Hy — Xap — Loy) 

x P(Pi)@(Aips i) (pow) (4oy|D. |Z.) P (Pop) % (ows Loy) b (Pay) ° (2 : 10) 
Introducing a new variable eo by §,=4o,—4sp, and performing integrations over Hine Ware 
and 44, 

4 2 2 f 
692k f/(an)*| (d2) II (dpi) M (dk) II (dl) 
é=1 é=1 4=1 
x mtn tPDe x O(— Diy thin t+ Pap — Pout Poy + Pay) (9) 
x (Dw) P (ow) o Paw) (Pay) 2 (Ain, Li) u(Roys Ly) ea lh A+ pala) | 
| (2-11) 
The self-energy of the spinor particle is obtained by calculating the one spinor and 


zero scalar particle part of S°’. For the one particle part of the spinor field we have, 


omitting irrelevant terms which vanish upon symmettization, 


CAC $a (Pow) Ps ( Pau) %e (Paw) ) : 
Fr —ib (Diy) oe (Pow) p (Pu) 0 (Pou — Pay) —it'( Ps) Se (Pip) iy (Pop) 0 (Pip Pas) ’ 
(2+12) 
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where 
Spi = aie (e(py) £1)0( 2? +2) (i7p—B)- (2-13) 


As for the (/ field, it has already been pointed out by many authors?» that it is a 
superposition of local fields with various spins. Therefore, in order to make clear the 
correspondence of our calculation to the self-energy problem of a local charged spinor 
particle interacting with a local scalar field, we should pick up from (/ the irreducible 
part which corresponds to the spinless field. Then each w(/,,/,) represents creation and 
annihilation operator of non-local particles characterized by /, according to whether /, is 


negative or is positive, and we have as a zero particle part of the (/ field . 
(Rips Lip)> 2 (Reps lou) o=td* (Ry) O(4?—4) 0 (At,) 0 (4, +42) 04h), (2-14) 
where 
B°(4,) = Si (ely) £190 4%). (2-15) 
Using (2-12) and (2-14), Sj, is reduced to 


Si==/*/(2m)*| (48) I (dps) - (dhs *HVED, EM" Ey) 


x {P (Pin) S* (Dow) P Pin) +9 (Pou) S> (Dr) PPow)} 
x je (Z,2>—A?) 6 (Aydy) O(L, +4) e~2 At) (dl,) (dh). (2-16) 


The first integral is independent of /, or of /,, and the effect of the non-localizability of 
the C’ field is condensed into the second integral. After integrations over /, and /,, 

joq?=2) 0 (yh) 0,4 Ly) e~24*4) (d,) (aly) = 201 /x. (2-17) 
Therefore, 


Sw = — (274/x)f?/ COMIC] (dpi) (dh, eX Ati th)s 
i=] 


x 1b Gee (fy) {P(Ay)S* (PP (Pu) or $ (pow) Si (Pin) (pu)} y (2. 18) 
This is identical with that obtained from the local field theory except for a multiplicative 
factor, which is ascribed, as pointed out before, to the fact that the non-local field in the 
form used above is not correctly normalized. To make the identity clear, we construct an ~ 
equivalent expression of (2-18) by changing the variables at the beginning as 


Lope Von. Pin — Psp» Poy — Pip» Ay — lop - 


This yields 
Sty = — (272/x)f?/ (an)"| (dé) H (py) « (dh, ert + p0)$ 
t=1 


x Ds (Fu) 4 hn) {8 (Pin) S> (Pau) Pu) +P (poy) S* Pin) P(Po)}.  (2+19) 
Averaging (2-18) and (2-19), 
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SO = (271 /x)f?/4( 2n)*| (dé) Il (dpi) + (dh, et Art tee) § 
t=1 
XP (Dip) Se* (Pou) (Pra) be By), (2-20) 
where © 


Sr*(D,) =4e*(2,) Gr P— 4), 


and 
4,* (py) = (A+e* (E..) € (A.))O(f+ LP). (2221) 


Here it is obvious that we can replace e*(&,) by e(¢,), since e*(€,) appears always as 
a product with 4(%,). Then (2-20) reduces, except for a constant factor, to the 
familiar form 


FN $n) Seip —42p) Dr rn Hp) Pap) (des) (ale). (2-22) 


Similarly the self-energy of the U particle agrees with that obtained from the local field 
theory. Moreover we can show easily that these results are not altered even if we take the 
interaction Lagrangian density as 


Wi oe Usp 
instead of (2-1). (Appendix I). 


Recently Yennie’) and Rayski’? have succeeded in eliminating the divergence of the 
self-energy problem by introducing somewhat different type of non-local fields from that of 


Yukawa. The essential difference lies in the quantization rule. They used 
[2 (hus fy), ey’, Ly’) J= eh, Oe + #)0(ky + h,') 0(P—#) OCA) 
x 0(12 —#) 0(K'1') (2+23) 
instead of (2-3). Then, after a similar calculation as before we have, instead of (2-16), 
2 . 
SiP= =P /(20)*| (48) (dps) (ae) PED, ES" Ea) 
i=1 

x (PCpin) S* (Pon) $ (Din) +2 (On) S~ (Pn) PP} 

x | 0(12—2) 0(4,L) 00 —#) 0 (A, 1, e+) (dl,) (dls) . (2-24) 
Contrary to the previous case, the second integral is calculated to give 


[ BRB) BEL) AEF) ICH eG HD (Al) (le) 


(2-2 9s) 


sin A VAY? / P= ) 
ee see ag Be 
ay, (“p;) if Saat 

It is clear that this term is relativistically invariant and serves as a cut off factor. The 
result is interpreted as follows: In Yukawa’s theory the interaction takes place only between 
the parts of the non-local particles for which the internal coordinates are the same (see 


figure 1), since the commutation relation (2-3) involves a 0-function of the internal 


i (2ni/x)*( 
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coordinates. Therefore, we can not expect the averaging out 
of the high frequency parts of the intermediating waves notwith- 
standing the introduction of a finite extension for the particle. 
On the other hand, in Yennie or in Rayski’s theory the 
interaction is averaged over the surface of a three dimensional 


sphere. This averaging yields a cut off factor (2-25). 


§ 3. -The S—matrix in non-local field theory 


Yukawa calculated the vacuum self-energy of a system 


composed of two non-local fields mutually interacting using 


Fig. 1 


(2-1). Obtaining a vanishing result even in the limit of A—>0 
in contrast to ordinary cases, he concluded that his —matrix is of a different structure 
from the ordinary Dyson’s one. But it has been shown by Koba” that Dyson’s S—matrix 
can be written in the form (2-1). Koba’s proof is based on the fact that the interac- 
tion Lagrangian density at two world points L(,) and L(4,’) commute if +, and 7,’ 
are space like to each other.* Now it is a general demand imposed when generalizing a 


local field V7(x,) into a non-local field V(+,, 7,) that it should satisfy 
Vis o> Vie 10 (ho) (3 : 1) 


in the limit when the particle radius tends to zero. Therefore it should be 
ase (tw ry) D Meme Ka) jase) (feo Ft, 0 (7y) O74") (3-2) 


as A->0, where D(x,—-,’) is the usual Jordan-Pauli’s function. Yukawa’s non-local 
field of course satisfies (3-1), and (3-2), and therefore we may expect that (2-4) is 
reduced to the ordinary one in the limit of A->0. The cause of this discrepancy lies in 
an inappropriate nature of e*(2,) function which was used in Yukawa’s calculation. In 


Koba’s theory, ¢*(x,) is defined by 
1 if x, is time like or on the light cone and x, is positive, 
e*(47,) = 0 ~ if x, is\ space like, (3-3) 
—1 if x, is time like or on the light cone and 7%, is negative. 


Yukawa used as ¢*(x,) an integral representation given by Yennie” ; 


which is transformed, after a simple calculation, into 


tide \ ; or {sin J) (4 +7) +sinf,(%—-x)} dp, 


(4= Vap+ tetas ) 


Although Koba’s proof is a general one involving the derivative coupling case, we consider here only 


a simpler case where such couplings do not appear. 
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oe if x, is time like and 7, is positive, 
— if 4, is on the light cone and 1, is positive, 


if x, is space like, (3-5) 


if 7, is on the light cone and 1, is negative, 


| 
Pepe CO NH RF 


if x, is time like and x, is negative. 

Thus, Yennie’s e*(2,,) does not agree with Koba’s on the light cone. As expressed most 
clearly in the infinity value of the Jordan-Pauli’s function on the light cone, the most 
parts of the interactions propagate along the light cone with light velocity. Therefore, 
the interaction along the light cone gives the effect of the same order of magnitude as 
the whole one which propagates inside the light cone, and therefore the difference between 
Yennie’s and Koba’s e*(%,) can not be ignored although the difference occurs only in 
the zero measured region. If Yennie’s e*(x,) is replaced by Koba’s, all results agree 
with those of the local theory in the limit of 40. (see Appendix II.) 


$4. Concluding remarks 


In §2 we saw that Yukawa’s theory does not improve the situation in the divergence 
difficulty. The cause was the appearance of the 0 function of the internal coordinates in 
the commutation relation. This term also played a decisive role in deriving the commu- 
tation relation from that of the local theory by a canonical transformation. Thus, we 
may conclude that the non-local field which is characterized by a commutation relation of 
the form (2-3) is an equivalent dynamical system to the ordinary local field, and fails to 
express the essential feature of the non-local field. To remove this equivalence would be 
essentially important for the further development of the non-local field theory. Although 
Yennie or Rayski’s theories succeed partly in avoiding this difficulty, their theories lack 
necessity in the way of the modification, and a more radical consideration seems to be 
indispensable for the ultimate solution of the problem. 

With all these unsatisfactory features in the present form, however, the concept of 
the non-local field seems very interesting to us. First it is in connection with the non- 
local interaction. Recently, Sakata et al.” and Stiickelberg’” classified the interactions into 
the first kind for which the renormalization can be performed in a closed form, and the 
second for which this is not the case. The interactions of the second kind necessarily 
lead to the non-local interactions. To dynamical systems with non-local interactions, 
however, Hamiltonian formalism is not applicable, and it seems quite dubious whether the 
traditional local theory can be adapted to include them. The second view-point is related 
to the mass spectrum of elementary particles. Nambu'” pointed out that the mass of 
elementary particles measured in the unit of 137. (electron mass) take integer or half 
integer values. The existence of such a simple regularity between the mass strongly sug- 
gests the notion of “ Urmateric”’. That is, we may suppose that the present elementary 
particles correspond to various energy levels of the internal motion of this Urmaterie,: and 
it seems to us likely that the field that describes the Urmaterie is nothing but the non- 


lolal field, 
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Appendix I. The use of another form of the interaction Lagrangian density 
We shall show in this appendix that the result obtained in § 2 is not altered if we 
change the ordering of the field variables in the interaction Lagrangian density. Taking 


for example the interaction Lagrangian density as 
L=fPyU, (A-1) 
we get 
(zu L)a) =o @¢ Ge’) ye (Oz). (A-2) 
Thus corresponding to (2-11), 


4 9 z : 
SQ) —1?/(2n)*| (dé) Il (dp;) IT (dk, ) IT (dl,) + 2 +79) (E+) DP, (€,) 
¢=1 t= t=1 


x Ot, +h, + po pot ho+ Di) (Pin) P (Pou) P (Paw )O (Pau) Ayes Lin) (Rous fou) ‘ 
(A:3) 


The one spinor and zero scalar particle part of this expression is calculated to be 


SP =—/*/ (22)? \¢ (8) I (al pr) - (dhe AVED, G,) 


x {ds (Pw) S : (poy) d ( Pi) + (Pou) 35 (Ain) () (Poy) } 4 : (hy) 
x | O(2° ae #°) O(ky!, yer —fithy+ fo) 4, (d/,) ; (A -4) 
which is further transformed, after a similar symmetrization as before, into 


Siy=f?/4 22)" | (a8) II (dps) (dye eh +2998 


xP ( Pin) Sh Dou) } (Din) 4e* how) 
x [8 Ue) a HL ell —MHAHANK (ah), (A-5) 
In (A-5), €*(5,,) appears always as a product with ¢(#,) or with e(%,). But. for 


any function of ~, or of %, which does not diverge more strongly than quadratically in 
Pp. ot in. hy, 


JAAD aA A) Oe Eden) re dp) = 52 | LOE (ayy, 
e RAS 


JP) 8st +2) be Gy) eC) (at) = 2 [Ed __ (ay, 
Cone SE efor 


(€ is a small real positive number. ) 


Thus, terms in the bracket in (A-5) become effectively Solin eek of €,, and an 
integration over oy yields a factor 
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O(—fiy + Riy + Poy) : 


Therefore, the characteristic factor of the non-local theory 
[OG 2) aL) AA HAYA (at, 
‘is again reduced to a mere multiplicative factor 27//x, and (A-5) agrees with (2-18). 


Appendix If. The vacuum self-energy of a system composed of two non- 
local scalar fields mutually interacting 

Denoting by U, V, V* the neutral non-local, charged non-local, and _ its conjugate 
fields respectively, we expand them into a Fourier series as before ; 


U(X, P,) = \ 1( hy, Lycee * (ab) (dl), 
V(X Pa) = [en ee" (dg) (dl), (A-6) 


V*(Xus Py) =e (a, £, eo" e#" (dq) (dl). 


Each field variables satisfies the commutation relations* 


[2 (Bus Ly), (hy! Ly!) |=—e (hy) OE +107) 0 (Fat by) Oe FL) Pr Rys ey)» 


fot (Qu dy.) U(Qus 1) j= (qu) O(Gu 4%) 9 Gu— 9p") 9 (Lah) Py (Qu Ly) 5 
(A-7) 


where we have used abbreviations 
prClas Ip) =8(P— 28) 8(BD)s rr (dus bp) =2(g?— Hy) (qi). 
As the interaction Lagrangian density we assume 
tig OY. (A-8) 
Thus, corresponding to (2-9), 
Sis P| Il dx;) (45, Vie) (2, ( ieee) (43,,| V |\4ay) eoAtae |¥sy) 
4 
x (45, V*| ry.) (oy|U Zin) Ful V\y)- (A-9) 
In order to make the comparison with Yennie’s result easy, we perform the follow- 


ing substitutions ; 


ae Beer ad fo 

Cae re ai re ’ Vy FX +1 4p, ’ 

, St tr 

Sip Sasa We Ga, 

Qu B + Qu» BL ad: (A. 10) 
i 4 Bie ey ) APY 

Keys ; Vy 4, Vu ’ 

eo / Ye =X Wey. —f 

XqyF4y AES Se ips (a 


It should be noted that the (%:,, op) element of V’* is written as | 
(Zi V*| toy) Sole — 4+}, + Xm) a Lad @7 (7) EAA LL 


Thus, substituting (A-6) into (A-9), 


* Xu, Avy ¥V> and Ay denote the mass and the radius of the / and J” fields respectively. 
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“6 4 2 - . 
SO = -s*| (az) (dx"") IT(adr;) I (d9:) I (ahi) D (al 1) 
=i 7=1 t= 


x expz{(—gt4i+ 2) % + (—93+ hot ga) + (= 9% t+ Bie 921s ss 
—hots— 94%) /2— (hot 47s) } 
XU* (Gis —Kiy)¢ (ips You) V(Gops Yap) U* (Gos —74,)t( Loy, rsp) V (Gays Yen) 
(A+12) 
As a simplest example, we calculate the vacuum self-energy. First we obtain 
( (dips —T1,) U(Gous You) ot, Coss —F1,) v (Gay ) Yop) Jo 
=—4° (9) 4* (Gon) Pv (ips M1) Pv (Qous sy) O(Giu— Gan) 0 (Gou— Fay) 
x O (Wt ae Tey) 0 (Fay + Yan) : (A “4 3) 
and 
(Rips Yop)» ¢ (Rows Psp) ) = 24* (hip) Pu Pips Yon) 8 (hip + Lop) O (op + Yop) « 
(A-14) 


Substituting (A-13) and (A-14) into (A-12), and performing required integrations, we 
find 


SO =i(2n)4f? | 48) Ite.) (dg) (dk, el —nt4t+n)§D, (E,) 


* A (Gin) 4* (Gon) 4* (Aap) Pv (rps Tin) Pv (Gous Yap) Our Rims Yop) 
ey ee ge ae +15) 


Therefore the integrations over 7,, 7s, and 7, can be performed independently, yielding 
| er (ops rm) (dry) =2Aay [xy , (A: 16) 
er (op rsp) (drs) = 27d, /xy , 


ce Tin) (Bro) = 2A g/ Xq (A-17) 


Thus the non-localizability of the fields Pecomes meaningless, 


and we obtain a usual result 
again except for a multiplicative factor. 
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The possible irreducible representations of Lie algebra of the transformation group which leaves 
the fundamental quadratic form, 
(a) 24 (a2)2 + (a3)2— (2) 2+ (5)2— (28)2, 


invariant, are investigated. Three invariants which commute with all the elements of the algebra are 


given and every irreducible representation is characterised by the values of these invariants. 


§ 1. Introduction 


Several years ago Snyder” has considered the quantization of space-time on the basis 
of the infinitesimal transformation group in five-dimensional space and given one direction 
to the theory of non-local field. A little later Yang” has proposed the similar operators 
related to the transformation group in six-dimensional space. In this case the operators 
constitute a Lie algebra, while Snyder’s were not. T hen Tokuoka® has examined the equa- 
tions given by Snyder from the view point of reciprocity, and also taken the infinitesimal 
transformations in six-dimensional space, of which the fundamental quadratic form was 
different from Yang’s in the sign of one term. This type of operators was, then, taken 
up by Segal, in his work on “A class of operator algebras which are determined by 
groups’. Here he emphasizes the following four points: 1) An analogue to the square 
of rest-mass is automatically obtained. 2) The analogue to the angular momentum auto- 
matically includes the spin angular momentum. 3) The space associated with the particle 
is discrete. 4) The Lie algebra of the group is not a limiting case of any non-isomorphic 
Lie algebra. We shall add a little about the last statement, as the others are shown in 
the course of constructing representations. The fact that one Lie algebra 1s the limiting 


case of another is visualized by the following example, which he gave in his paper. We 


take X,=7, X,=ig and X;=7/ ([p, =oD, then the Lie algebra generated by X% 
has the commutation relations (XG; Xan de (Xi, Al=(X y,]=0. Now the Lie 
algebra of the group of transformations which leave invariant #7; +/,—/; has as bases 
(V;, V2, Ys), among which hold the commutation relations [V;, ¥.|=2Y;, [Y,, Y,J=22Y., 
[Y, Ys]=274Y;. These Lie algebras are not isomorphic and when /—>0 the latter tends 
to the former. In this sense the Lie algebra under consideration is not a limiting case of 


E any non-isomorphic Lie algebra. (About the proof, see the last paragraph of his papet. ) 
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Therefore, if we can construct the theory of elementary particle on the basis of this Lie 
algebra, we may expect this to be the most fundamental theory, provided that the relativistic 
wave equations are intimately related to some group such as the inhomogeneous’ Lorentz 
group. 

On the other hand Schouten” has called attention of physicists to the conformal 
geometry and thereby stated at the outset of his argument that the Maxwell equations are 
invariant not only under the Lorentz transformation but also under the conformal transfor- 
mation. Now, the group under consideration, if the value of the fundamental quadratic 
form is kept equal to zero, has the conformal group in Minkowski space as a covering 
group”. Therefore, they have the same Lie algebra. The conformal group in Minkowski 
space contains as a special case the inhomogeneous Lorentz transformation, of which Wigner” 
clssified the irreducible reprsentations and then Wigner and Bargmann” have applied them 
to the theory of relativistic wave equations. 

Our intension is to form a theory of elementary particle on the basis of the conformal 
group in Minkowski space or the orthogonal group in six-dimensional pseudo-Euclidean space. 
Of course, the wave equations will appear in non-localizable form. Here, for the time 
being, we publish the result of classification of the irreducible representations of the above 
mentioned Lie algebra, since it may have some merit by itself. Amd in the next paper we 


shall interprete the result in a rather simple way and obtain a mass spectrum tentatively. 


§ 2. Structure of the Lie algebra” 
We take as the fundamental quadratic form, 
FS (21)P+ (2°)? + (a*)?— (4°)? + (4°)? — aby. (2 1) 


The Lie algebra of the group of transformations which leave (2-1) invariant is of order 
15. Let y denote an element of the Lie algebra G. 


¥= (7 1e) ha) ieee ay); , (2-2) 
where @ denotes parameters contained in the group element, i.e., in 
p=u%,(a) x. (2.33 


Corresponding to each y, we shall introduce the differential operator 


BT OA ne) 
t=) ae (2-4) 
Then, 
: Ay=Lyy, or Ali, (2-5) 
As X(/°) =0, we have 
Ly + j= 0. 


We define /,, by 


(Ly x)= 0; 4, — 0%, Xy, (2-6) 
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Fifteen 7,, which correspond to Z,,, can be taken as the bases of (. 
The commutation relations for /,, are, 


[Lis Ly |= — Six La +£inly—fa Ly +252 Lin. (2-7) 


Next we shall consider the related spinor group. Following Cartan’s procedure we 
first represent six-dimensional vector (x') by the matrix _Y. 


+i? 84-2 2) 0 
( 0-F ) Ge a eet Ae OS ey! G c ) 
— _ F== 2°8 
> e 3 
F fa) a — 76 0 eal cm ie — 73° — x? ; 


0 x = eis — x 4 x x + 1x" 
The following relations hold, 
XX= {(2')24 (2) )*= (2)? + (2) (YE 
B= (C84 (2)? (2)? ("24 (8) (294 


The rotation in the six-dimensional space can be Soe by the equation, 
eae: : ae )( 0 a) W-*—20 ) 
(3 =’ 9 w=) Eo Gi Ww * }, (2-10) 


Ba WEwFrT (2,11) 


where IV is a certain unimodular matrix of 15 parameters. We shall decompose //” in 


(2-9) 


or 


the following way : 

Wai RRS Ree (2-12) 
Here R,, A and A” are rotations in (1', 7°, 2°, 2°)-space, +°—x° plane and +'—x° plane 
respectively. The desired forms of matrices can be easily obtained if we consider a rotation, 
for example A", as a result of double reflections by two planes, whose normals lie in the 


a°—x® plane. The result is 


eR Epa O cos sint cosh sinhy 
ee — pF ~ u* o* —7* a oe —sin€ RM sinh coshy 3 
—7*—d* u* ft sin€ cos¢ coshy sinhy 
—d0 ;y-—P 4 —sin¢ cos § sinhy coshy 
(2-13) 


(au* + BB* + 77*4+ 00*%=1, 4d*—u*d=fy*—B*7). 


Further the matrix 2, can be decomposed as follows : 


cos & sind cosy zsing e” 
cost} sind zsing~ cose e 
—sin’? cos’ cosy —zsin”’ e 


—sinv) cos —zsing cos Y e 
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cos sin cos0 isind cos ¥ sin 7 
. ha \ . 
cos —sing\{zsind cosd cos7¥ sin 
sing 7a on eee 
Sears Step 
—sings cos ¢f cos0 —7sind —sin7 cos 7 
sin ff cos # —isind  cosd' \—siny cos 7 
The group composed of above J)’ and our original rotation group are locally isomorph, and 
so they have the same Lie algebra. If we apply an infinitesimal transformation 7 to both 


forms of transformations 


y=w(a)r and H=WEW™, 
we have 


Ly=L,y and LW=M,W, (2-15) 
where J/, is a matrix to be determined : 
LH= (LW) EW 4 WELW). 
To compute 4//’~'*, we use the decomposition (2.12), i.e., 
WU Re 

then from (2.13), 

Cp at ei eee ee 
Therefore, 

LW ah OER OL) =k (GRAD) Vy SRO 6) A Oe te ee 
= YM 

where ¥(U,R'1U,) =M2(U,RU,).. And we get 

tH=M,H+HMy, (2-16) 
of which JZ, can be obtained and found to be 


= 
2 
3 — x — Zyl? — x i P14 7838 ytd Ax 4 x 8l 4 7? ee i Oe 
See x” si i se Pi ae ix? — x8 — x Be ix? — x ah Pa a x? =e 3 = x =e 7x72 — x5! a's ax 
: — x8 a. ix? x8 782 p6B___,80___ 85 oe x3 3 — x6 ae rx? ay ae x0? x! — 7x3 
x97 4 4 60__ 38 + x68 0 ge — 5 __ 7% gy? + 1 7x3 x8 — 8 __ 78 


er here YS dan) Se oe aed re (2-17) 


Corresponding to %,,.we have 7, and with the aid of these matrices we can write as 
follows (cf. (2.13), (2.14) and (2.17)) : 


R,=exp(20M,,) exp(29M,,) exp(2wMy) exp(2¢1/,) exp(201Z,,) exp(2pJZ,,), 
2-18 
RY sexp(26M,), R=exp(27My), 
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and the corresponding elements of the original algebra are the same forms, JZ, being re- 
placed by 74. 
. One parameter subgroup is written as a(/)=exp(ty), and its representative matrix 
U,=U(a(t)) is, according to Stone’s theorem, exp (—7tHT,), with a selfadjoint operator 
FT,. As is easily seen the commutation relations among // are 
[Au Hg | =t'Oa6 fy; (2°19) ; 

if [Ya Ye|=c£iz.. Therefore the structure constants are determined from a pe BA arene 
Bake 2c): Writing Ge ee M,, Pi Ge Po WG 15253) for ted ge LT jp; Lies; Fins leks Ls 
Ff,;, the commutation relations are as follows : 

LX. El eX Be L,J= —iXy LX, L,J=0, LX, Po|=0, (Xi, NV |= — Py 

[Dis LiJ=ip, [Dis L,\= —tpy, Lis LijJ=0, [fr AJ=(M, |o, VJ=— 

[M, L,)=iM, [M, LJ=—iM, [M, LJ=0, [M, pl=—ip» LG, N\=0, 


LX; X)|=—2d4, ao, ds ev =| aXe |= 0, (2-20) 
[o., X]=0, [X, XJ=[Lo L]=iLe 3 
[M,, X)]= —iX,, pi, AjJ=4, MJ=—iLy 

[Xi DiJ=205N, [pir Mi)=70i5h,, [X,, 17,|=720,,X, 

[Xo Dl=—-iN, [hy VJ=—2%X, [X, VJ=—p. 


This algebra is of rank 3. We take Z,, X, and f, as the elements of Cartan subalgebra 
and in accordance with notation used by Weyl, we form the following bases besides the 
above ones (this is because the following bases are convenient in constructing representa- 


tions, as we shall see later). 


1 tes ion 
ieee oe) Teaver eee iXy)s 
Neer ey fa ee eX, ae Naren aa DEED ey 
By igiatiherin—p. AN pg Coe (2-21) 


Py A aap) Bee (Mt bid +p.) 
(_‘) ce i +7, — 1p; +p.) (9). rare 1 at 2p; ‘bs) 


ay Sone 
cra Hey ates eee ‘M,—~,+-iN). 
X x iM,—p,—1V), Hei ae eas pPstilV) 


Further we put 
A,=L; Fh= Xs, F1,= fo. (2.22) 
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Then the commutation relations become 


(Hi, H;\=0, els Ea\=a,Zes [Lees E_a\= sulle [ Ee E3\=Nas Eg +5: (2- 23) 


ay . Fi L 
Here the subscript % is a root and means (a). The last commutation relations are, ex 


plicitly written, 
ay Ecyl pak) Aye) a2"0) 

(1) 4() a8) 2) ave") 
yy z 8 Gy By pa) 

Ey A Cayl= mae LZ (2): Agilnan ee (4) 
7a red ed aa EL 

(ay 2( l= (1) Eyal a9") 


(2-24) 
Nex=N_a-3 and WV,, is zero if a+ is not a root. 
This algebra has three invariants, of which one is the so-called Casimir operator : 
QO=1P°+X°+p,-—p’— W-— X77 —- NN’, (2-23) 
and the others are 
Re (L-p) X.— (LI) N— XL; py + My p.— Mi fj); (2. 26) 
W= (L-X)’—(L-py— (L: MY +S fy + MG pi-— MP)" 
; + SUGLN+2,X;—-£:X) 
SU LN+ Xi 2X)? SLX + MXM) (2-27) 


§ 3. General forms of the representative matrices 


In the following argument, the first procedure is almost the same as what Thomas” 
has done in his “On the Unitary Representations of the Group of De Sitter oree a 
So we shall state briefly. 


Two subalgebras composed of H,+//,, and H,.—A,, E 


1\ fas +1 = 
| Wye) yy * 
spectively are commutative with each other. Among them hold the very familiar commuta- 


tion relations, for example, 
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[4,4 A,, ae 4J=2F. 
1 


AG) 


Therefore the following representation matrices are obtained : 


A Wada ve big ee j= 22 on, poorer ae H,+fH,). 
ee Gyan) Ohigs, eae 


0, 


(m,| H+ /7.|m,) =m,, (mm,| 1, — F1y| mz) =2myz, 
(m,|Z () |\74,—1) = ae fm 
me 2) |7.— 1) = V (Jo+ Mo) SEE 
es |77,+1) = V (Jy—™,) (J: +141), (3a) 
een 7g em) Got mist 1): 
f=; = Leh PA Jes fa 1 pong ; Le eee 


Then from the commutation relations 


|, +H,,£ I J=£Z£, ? 
et) ) 


]=0, 


OPT eT ts Pete eae Bop 
a Ae (St) a ey) 
an 


[é [Ainy, 2 0 l=——-£ p> 
G) (Gy 272 () 


()“@) 


poe 


1 ead 2 0\» [E a4 fi shar? == 05 
(a2 fy Ma 


1 


=—1\ 9 
(4) 
we get the following relations : 


: ae 1 Rates 
Oe Ag tes ey Wcirpes VJ \-— m+ 1 tA; 


Rufcat Pal Cag Ameaerees ae 
BL slag oy eer MEI AY ft tt A, 
1 


; atest 1 Rican ease 
Otte | eee aS arene larga ib; 
1 


where A and / are certain matrices. In this way using all the commutation relations 
except such ones as [H,, £.\=* and [Zy, £,)=* (4-0, B.+-0), we find the similar 


relations as above, and combining these results we have finally : 


154 


(JF My, Wy 


( ” 


( 
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4 I 1 1 1 
E | 7,4 fot—y 4 — —, 2 +#—) 
a LE BIR yPa eal es 2 


= V(ji— m+ 1) (jo+ M+ Lf (J Jo) , 


; ieee 1 
” Gimiecas Cp eae ” 
| lA; 3 J a ) | 
= V (fy +) (Pr M2) fo J Jo) 
‘ (eo 3 
” Sif ” 
| lh 5 if z ) 
mz wy, +m) (fe+ My+1) fs (Ji Jea)s 
f a a 1 
er lf Z »J2 ey ” ) 
= V (fit ms) (fo— ms) fa Jr Jr) 
|Z 


1 


Ph aes, Bad 1 1 
a Ae fe eit ee 
( ae 2 J2 2 1 2 oe 


= iV (J, 4m, +1)( fot m2+1) ACU fe); 
1 


z bine ee 
” +> le ae. ? 
71 > J > ) 


ety, 


ees 


=—1V (fit +1) (fr— ms) fal fs Jo), 


; Ws 1 
= fo ” 
1 2 Jj2 ) 


2 


=iV (j,—-m,) (Jot m+ Ls Che) ’ 


ie 1 
1 2 »J2 = ” ) 


a= Nea (Amy) Ce Ms) Fs( Ji» Jo)» 


; Livi. 1 1 1 
E +—, fot —, M,——, mM.— — 
| (7 me - SRS 0 


=1 cae; —m,+1) (Jo— Mg + AG Je) , 
‘ 1 


5 1 
| ” ioe ect ” ) 


AS bi 


) 


= iV (J,—m 41) Got mf Jr), 


eae 1 
pat »” ) 


=iV¥ , a my) (j= M+ 17 Ga Jo) ; 
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: < ae i! 
| »” Vim has > ) 


=—jVv (A+ my) (Jo+ Ms)fs (Jv Jo)» 


bees i 1 1 
sh +, Jo, + —, 4+ —, M.—— 
| Bye 2 J2 > ie 2 >? 


=—v Ch +m, + 1) (f~— M+ 1) filJu Js) , 


a ib ae 
| ” ela ae 7, ” ) 


a VO +im,+1) (fot Ms) fos 9.) , 


s i bast ul 
” sae cee ais ” 
| lA 5 J2 5 ) 


av iis Mt;) (Jo— Me+ 1)fs(i a) 


Oe pees ” ) 


a Vv (j,—m) (jo+ CO NAGHED, ’ 


a teens 1 ik if 
i > S~) My——, Mo — 
Py es ares aT, 
41 
e V(j,—- 1m + 1) (fo— m+ 1) Za Ju Jo) (3-2) 
é hae 1 
3” +—, Meiger) 2? 
| lft 2 J2 5) ) 


= V (f+ 1A je mM) &3( Jr» Jo) » 
p A be hs 1 
an Sa | +=, 9 
”? ls 2 j2 2 ‘ ) 


= V (fit m) (fot mt VY S2lJoJ»)) 


|» lac DARKS ) 
Le aval pe x ” 


HV (ft) (fmm) SFr Jo 


- ears 1 1 1 
|B inmate vere m,— 5! ms——-) 


2 


(.:) 


=iV (f4—m+ 1) (Je Met 1) FACE Je) 


F Ls il 
| ” ites? ”? ) 


=—1 ae my +1) (fot Mo) 8's (Su Je) 
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3 1 © 
% Jive ? ) 


5 oie : 
( ” | »” Bicewer mare ” ) 


= iv (A; + 7;) (Jot Ma) & 1 (Jv Je) , 


Stra See 1 u 
5-H ae ) 
( ” |Z ade aie tags ites oz. 


a) 


= iV (j++ 1) (Jo+M2+1) £4(Ji5J2)> 


( > | ed 


; Deak 1 
LOR ” ) 


SAA htmy+ Yiz— Mts) &5( fur Je) , 


: hem 1 
” ” er et ot—, ” ) 
( | li Seis 


=u (, =) (jo# M+ Lea Gide) , 


E Lek: 1 
( ” | ” ie ieee ” ) 


=tV (J,— my) (fo— 2) FJ» Jo) 


( >? |Z 


Si 1 ee aT 1 1 
jz +—, Jo# MWt,+ Mo— 
ee tary teat aa 5? 


—] 


SS VW fit M,+1)(Jo—Mto+1) Fi Gide 


3 ieee 1 
> ” =) Dien D ” 
( | i ok seg ) 


a V (fit + 1) (Jot Ms) 83 (Jp Js)» 


pe ok Ab | ; 
( ” | ” Times Ite »” ) 


ea. Wie My) CJ My+1 VAC Ey, 


( ”? | ” Rimes t aang x ) 


=-—VGi—m) Git m ei Sy> 


where 7;, 2; are certain matrices. 


Next we shall take up H,. Being commutative with fy andy, 
nalized. We put 


it may be diago- 
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(Al ,\2) =4, (3-3) 


then the non-vanishing elements are (A| f;(7;,72)|4—1) and (A|g;(/;,72)|44+1), which 
we shall write as /;(7;, 72,4) and g;(7;,7>, 4) hereafter. 


Of the remaining commutation relations, we have to consider only 


ie ee J= H.-H) 


(1) ee BY OD 
and Lay Zcayl= Bepe G y= 0, 


the others being deduced from them. Whee commutation relations give the following rela- 


tions among /; and g;: 
Bhi Betty = At Geatoshs)> Ses -Es Se fe Birt Sse 
RA Setety=RtD et oh), tb -Eih=—-hsitsrte 
A SeBat bID= At (A SetEshs)» fobs 8a fr= Si Set Sal 
Phe betSsfO= PPV Ant Ssfe) feSs-Ssh=hbst&sfo 
figsafBilv A&s=8ehy Se Sx= foto Le8s=8ilo 
Gaia fer ile Oa ee eee se 
thi f= (At Vfefe Ai 1)81 82h S28 (3-4) 
Gofeh=Ptfife Gt S2Si=81 8» 
fohifi= (Pot Vfl © (e+) hr 83S 


(In, (Jot 1) ets Mo Atl ) hls + {Mz Chi +1)—m, yeas: 
+ (in, (fot 1) — mf ts for Ws Jot M2 fs Is fi= 


{mms (fot 1) +m( 7+ L)ieehik + {iy ( fp +1) —M Jo} 2382 
+ (mt, (Jot 1) — Me fi} $2 &3— {My Jot MoJis 81 £1=9, 


(At m+1) (frm t DA 8 oi — (fm t+1) (fot My) fo & o— (fi— m1) (Jo Ma + +1) f83 
+ (fy— 1s) (fot meV & 
tm) pads fit Amy) (Jot my +1)Zofot+ (j;- +1) (Pe My) So's 
—(fi-— 4 +1) (at Mot Defra me AYE. 


In these relations 4, or gi, which stands at the head of a term, has always the arguments 

(js Jo 4), and then those of the following matrix are automatically determined, if we 
Les 

consider (3+2) : for example, /, £; means Tat Saye: WO eee ae A—1). 


By (3-1), (3*2), (3-3) and (3:4), three invariants Q, R, and IV can be expres- 
sed as follows ; 
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Q= 21 (A ats 1) ot 272( Jot 1) +444A— 24 71 Is rane Jy ( Jo Wie Chi +l VE &3 Is 
ete (at 1) (Jot 1) $4 Sal; (3 : 5) 


= 2); CA +1) -- 272( Jot 1) +7°—42— 2 eds 84 — Fi (Jo+ 1)/s 3 ‘GF i 1)jofe 82 
+ (it1) Get DA gil G5) 


R=—(ji-s2) (Aits+1) (A+2) +2°( Ii —Jol (4; +1) (jp lL) osfs—hi de 3 fi] 
+2? (Zz +Jot+ 1) [As ( Jot 1) £9 fo— Chi a1 Ye ear EX 6) 


= (4-7) Fitjetl)(—A4-2) —2(f-—DEG AD At I Se ea 
—2°( 4, +Jo+ 1) ee (jot 1 Vs Ire (7; = 177s rage (3: 6’) 


W=(fitfotl) (Ap — P(A: At 1) et 1) A £14 S4F) 
+7; INS: Lat Eih) ] +2°( Jitjs+ 1 yL ‘G? he VWjA ts Sot L2Ss) 
yi (A+ 1) (3 23 +£0f>) | 


+257, (7,41) [C+ 1) (24 fat fos) —falOhit Bf) A+ 1)/ 


aH 270 Jot DLN +1) (Sif +£3f3) soih +£5fo)— = (A+ 1) Ff 


— 2° CA +1) (27,43) (Pet Ss So—So Sahih (Got VD SeSa—fo SiS} Cee) 
+fi (2-1) (pat So hi—fefifsh {Pet VS fo—J2 S31} 
+ (jot1) 243) (At Sih Sef (At D Ssh £1 fat 
+J2(272—-1) {Ait los Er Se} {Git Mesh Sei} |. 


4. Classification of representations 


Now the preparation is ready and we are going to classify the possible representations 
using the relations (3-5), (3-6), (3-7) and the last equation in (3-4). Before that, 
however, we shall discuss about the proper values of //,, H, and 4. Since the proper 
values of H/, and f[o are 12,+ Mm, and m,—m, respectively, they are both integral or both 
half integral. As to the proper value of fT, we consider, returning to the expression 
(2-18), the subgroup of two parameters exp (20%,.)exp(2E%,,). To this rotation 
corresponds the matrix 


sin’) cos —sin€ cos () —€) —sin(#+ €) 
cos! sind cos€ sin€ cos(h+¢) sin(#+€) 
—sin’? cos? —sin¢S cosé e —sin(J +6) cos(#+6&) 
—sin’ cos’! \sin€ cos ¢] sin (+ ¢) cos(a—E)/} , 


Therefore a(t, s) =exp (/%,,)exp(s%,,) becomes an identity when f=s=27. This is re- 
presented by exp(—7tH,) exp(—isH,), and so 27(7f,4+H;) must be zero, modulo 2z, 
i.e., the proper values of /7, and //, have to be both integral or both half integral. 
Therefore the proper values of f1,; Fy, Hy are all integral or all half integral. SC Ebys 
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property can be found, in the finite dimensional representation, out of consideration of the 
behavior of weights under Weyl reflection. ) 


From now on we use P=/;+/» and g=/,—/» instead of 7, and 7. Then 
O=p( £42) 4+ 9 +4 44-2 (P-—P) Er fhi— (04-9) (0-942) 8 2fe 
— (p—9) (P4942) osfat (P4942) (9-942)8sfi], (4-1) 
R=—(p+1)q(A+2) +2°g[ (+942) (0-94 2DEih- P-VM8ih] 
42°(p+1)[(P+9) (P—-94 DE ofo— (P—-9) (P4942) 8h], (4-2) 
and from the last equation of (3-4) we get 
(P+ g41) (P94 Whi S1= 81 fit (P—94 2) S2fet (P+ 94FDSsSs 
+ (P4942) (2-94 2S fi— | (PFA+2). (4-3) 


These relations are to be understood as those of operators which are applied to f(P, g, 4). 


Making use of them we can express {o/s £3/s and 2, fi by £1» as follows : 


BH ppd 1) (p—94 2) 2/0 ot A915} 28 
_2'(p—9) (AtgtDi(Pta—Deht P-atfss, (4-4) 
254 (p—g+1) (P+9t DEsh=PiP+ A+gt1)—5—Q} +24 
—2!(pt+q)(p—at)) {(P-9-DEi ht Ptgt VA > (4:5) 
2'p(p+9+1)(p+94+2) (P—-9+1) (p—9+2) 2 fr=P(P+1) {(P+2) BA+24) 


4 Rg — Qt +2gR42'(p+9) (P4941) (p—9) (P—-9F D(A Bi- Hifi - 
(4-6) 


As £20, in every representation there exists the minimum /, say fy). Then /, / (Dor 9 4) 
and £, f(y gr 4) are zero, if g is equal neither to ~, nor to— py. Therefore we find 
from (4:4), (4-5) and (4-6) 


rete : agi eit Ug bly Oy ek a 5 qs A), (—p, <9) 
Sf L Po 0 =" 85, (p44 941) (fi-9 +2) 


(4-7) 

Leg she | _ pipet A+et1)'—5— 9) ges g, A); (—pyq < po) 

® Bela Kt 4 2°, (fo—9t1) (A+9 +2) ( 
4-8 


pol fot!) {(~) +2) (3p) +24) +#—¢'—Q} +29k f(Pw % Ay. 
2s Por g+1) (fo+9+2) (f-9t 1) (f—-9+2) 
(—fpS¢L po) (4-9) 


(We suppose here fy--0.) We need not the value of g» fs for g=— fy and that of 2°; fs 


for g=fy; because, if we form vectors in the representation space, which are proper func- 


gist Por QD A)= 
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tions of operators H7,, /7, and //, and belong to (/, g), starting from a definite vector, 
we have to multiply an appropriate factor shown in (3-2) on f, f ot fy f, and this factor 
is zero for g=—/, in the former case and for g=/, in the latter case. The corresponding 
expressions for /, 24, fo%» and f, g, can be obtained by changing the signs of / and R 


in £4 fn £3, and gf, respectively, for example, 


! )4 fy — 22) +22—o'— OF =-29R S 
Gee fog DD ee ae LF Des Gi Ads 
2 Po Po+¢g+1) (Do+94+2) (fo—-9t 1) Po-9+2) . 
(—AS9Sp). (4-10) 
Now we apply /,(f,+1, 9, 441) to both sides of (4-9), 


Fleeaages A+1)2s( fos q A\fs(Do+1, gs A+1)f( py, qa; /) 
~ Pol pot) {(Po+2) pot 24) +8 GI + 29K ey a, go, A 1)f Po os Ad 


2! py (Pot+9t+1) (+942) (A-¢tl) (4-942) 


We denote 4.(f,+1, g,44+1)f, which, multiplied by an appropriate factor, is a proper 
vector of A,, A, and Hf, (of proper value 4+1) and belongs to f,+1 and g, by 
IK(fo+1, 9,441). Thus we have 


Soeaf ots 9, 2) = Pu PrtL (ty t 2) 3 fy + 2-2) + A=1)*= gO} + 29R 


2! p, (Prt 941) (A+ et2) (fy—-9+1) (A—-94+2) 
S(GH+1, qs A). 


Similarly from (4-10), 


24 p.(po+a+ 1) (f+9+2) (Po-9t 1) (f—-97+2) 
FT (P41, 9, 4). 
Using these results we can find, by means of (4-4), (4-5) and (5-6), the expressions 
for ¢5 fo, &3f3 and g, f, as operators applying to f(7,+1, 9,4). Following in this way 
we can get the similar expressions for P=f,+2, ~)+3,---°:: . And from ‘the first few 


cases we can perceive the general forms, which are legitimated by inserting into (4-4), 


(4-5) and (4-6) ; 
Ei f( fot 5) gs 4) 


£1 f(ft oo A\= Po(Po+1) {Cho +2) (opp 2A—2 et (A+1)*—7—Q} 29k 


ti s(Py+1/2(s+1)) 
2" Pol Pot 1) (Pot ats) (A+a+s+1) (A—9+5) (H—-G+s41) 


{3 Do( pot 2) + (s—1) (24,4543) —2041) (A +543) 4+ U41)*—7-O} —29R) f, 
is ho fl pots, qs A) 


ae (Art 9) (A—-9+1) 
2°D)(Ay+1)(A+9+5) (Atg+s+1) (A—9+s+1) (A—-9+s+2) 


*|Po(fo+ 1) {po — 25py—s(s+2) — 3+ A—G+1)°—Q} —2(py+s+1)RIf 
(4244) 


[2.( fo+1) 
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. es Tok Pots qs A) 


= : (Wi-7) (A+9+1) 
2° p)( Py +1) (fo—9 +5) (fo—-9tst)) (At g+54+1) (fto+54+2) 


x [Po (Po+1) { pr —25f,—s(s +2) —54+ A+g+1)°—-O} +2(H+s+ AIS 
Sif I pot 5 qs A) 


i: (s+1) (fp+1+5/2) 
2'D, (P41) (Aytatst1) (A+at+s+2) (M—-9ts41)(H—-9+5+2) 


x [Po (Dot 1) (3A) (Po+2) +5(2po+5+4) +24(fy +542) +2 —G—Q} + 29K] f- 
The cortesponding expressions for f, 21, fo2/fs 3 and fy gy are obtained by changing the 


signs of 2 and R in gy fy £3fs Sof and g, f, respectively. 
From (2-21) and (3-2), we see that 


Sips q 4) and (P41, 9, 4-1), 
Fo(p QA) and —¥2(f, 9+1, 4-1), 
Fld, q 4) and —g5(p, 9-1, 4-1), 
ilps g A) and gi(P—-1, 9, 4-1) 


are Hermitian conjugate with each other. Therefore, forming scalar products of both sides 


of (4-11) with /(~,+5, 9, 4), we have, 
(Poe s—1s gg AAD (Dot 5 1 DIP=aulss 9 DIS Po+s a AIP, 
IfolD+s,9-14+1)//( » et Gere) | ems 
fePots.gF1,AtVY/C — » 
IA(p+rstl, 4+» 


) ) 
) ) ) 
) ) ) 
Page 50 RAG inc ITC on ee 
) ) ) 
) ) ) 
) ) ) 


7 to 
| 

= 

b 

TESS 

S 


Ioo( Pots, g+1, A—1)/( ” 
lgs(Do* Ss gi; A—1)f( » 
gs Pots—1, 9; A—1)f( o 


I’, 
|": 
We simplify the expression for 9; and p; by introducing two constants A and B& related 
to Q and RF by: 

Q=2 (2+ fy—2) + AB, 2R=P)(fy+1) (A+ 4). (4-13) 
Then o, and p; come to be as follows ; 


s (Poe 1/2(s+ I) Gts—A2—C@+AVGtF)1  —— (4-14-1) 
2'(Pot gts) (Pot gtst1) Pr-g+ ho 9tst 1) 


=r € 0 


0,(5, 9,4) = 
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_ (po+9)(H—94 DIQ—4—1)°— (fots+14+ 4) (po+s+14+4)1 
ss 2 (p++) (Pyta4+st1)(f—-9ts+1) (fo—-94542) 
(4-14-2) 


F4( ”? 


_ (W-9) Pot ot DLGt2 41) fot st1—A) Pot st1—F)) 
ae 2(py—g ts) (Pp—9t+ 541) (A+94+5FV) (A+94+542) 


(4-14-3) 
( (541) (fot145/2)[ Go+st44+2)'— 9-4) 9-4) ] : 
MA D3 py gt stl) (Pr + 94542) (D—9tS+1) (A —9 F542) 
(4-14-4) 


ee (s+1)[(o+1+5/2)[ (Aot+s—44+2)'= (9+ 4) (9+8)) 
— Bp bgtst1)(fy+a4ts4+2)(f—-gt+s4+1) (A—g4+s4+2) 
(4-15-1) 


y i Cho 2) Pog eg eee 1) al Pact SE at Ste 
2°(A,—945) (P—9+541) (fy+94+5+1) (A+94+54+2) 
(4-15-2) 


<< (P49) (A—-94+1)L(gt4—-1)°— (fy + s+1— A) (A. +54+1—4)] 


04( ”? 


Po oe] 


oe 2°(py+9+s) (P+a+s+1) (f—-9+st1)(A—-gtst2) 
(4-15-3) 
a 4, jae Smt 264 tet? AGB) are ay 


2(po+e+s) (fo+gt+s1)(Po—9+5) (Pog +s+t) 


At first we see that always (i.e., for any value of s) —f,<g<p,. Then except o¢, and 
0, for s=0, it depends upon the expression in the square brackets, whether o; or (; is 
positive, negative or zero. 

We first consider (4-14—2, 3) and (4-15-2, 3) for a fixed s. The existence of 
S(f.+5, 9, 4) being assumed for some values g and 7, we may construct other vectors by 
applying 25, 23, fo or f; on f(g, 4). From the condition that ¢; and p; can not be 
negative, there arise restrictions for the dotnain on which f(g, 2) exists. We see that 
these domains are necessarily limited by a boundary-line g+A=const. or g—A=const.. 
From the consideration of a, and ~, we have the following three different cases. 

1) (f+s4+14+A4)(A+s4+14+B) <0 of (A45414+A4)(fA4+54148) <1 
(when g+:2 is even). In this case a, and (is are always positive and starting from any 
vector, we can form other vectors of which q ranges from—j, to f,. (Fig. 1) 


2. (fp+s+14 A) (A+s+14+B8)=(¢-1)’, t>0. 
Let a, be zero for g—A=¢ and positive for g—A=¢+2, then (f,+5+14+8) (p,4s+1 
+£)=(¢t—1)* and ¢>0, For g—/1 = 2, py is positive and the allowable domain becomes 
as such one shown in Fig. 2a. Similarly let 9, be zero for g—A=?' and positive for q— 
A=t/—2, then (#,+5+1+4 A) (fp+s+14+8)=(¢'41)? and <0. For g—ASiz, a, 
is positive. Putting ¢’/=—+ we have the same condition as above. (Fig. 2b) 


. TT , 2 . - A A A 
On the Group of Transformations in Six-dimensional Space 163 


3. (fy+s+1+4 A) (fp+s4+14B)=1, g—4=0. 


In this case 6,=(.=0 and 7(g, /) can exist only for g—A=0. (Fig. ae 


Fig. 1 Fig. 2a Fig. 2b 
In the same way from (4-14—-3) and (4-15-3) we have three cases as to the behavior 
of f, and 2s. 
VY. (fptst1—A)(Ap+5+1—B#) <0 of (A+5+1—A)(A+s+1—Z) <1, 
(when g+4 is even). 
2’. (fp+s+1—A) (A+54+1—B) =(r—-1)*, 7 > 0. 
3’. (f#p+s+1—A) (fp +54+1—B)=1, gt4=0. 


Combining these results we have nine cases in all. (1-1’, 1-2’, etc.) Now we shall annul 


the inappropriate combinations examining the behavior of vectors under the application of 
Sn £1 Is and £,. 
1) (fp+st+14+A) (fp+st1+F) <0, (f,4+54+1—A)(fA+st 1—£#) <0, 
or (fot s+14+A) (A +5414) <1, (py+s+1—A)(fo+s+1—B) <1, 
(g-+/ is even). 


In this case, since o, and , are always positive the domain (—~fpX¢Shp — © < A 
<4) is extended from p=f, to P< +. Therefore above condition must be satisfied 
for any value of s. But it is impossible with definite 4 and 2B. This case should be 
excluded. This is the combination 1—1’. 
2) (A+st1—A)(fptst1—-B)= 1)" 
and (A+st+1 + A) (fy ts+ 1+ 4) <a), 
(rv is positive odd integer), 
or (fy +s+14+ 4) (fy+s+14+4) <1, 


(7 is positive even integer ) . 


For p=f, +5) vectors are supported on the domain qQtrAZr or qth <=r, We shall 
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consider the former case where the domain is g+A = 7; the latter case is treated exactly 
in the same way. In this case a, is always positive and if /, is not zero on gt+4=r7, 
the domain comes to be limited by g+4=r7—1 for P=f,+s4+1. But such a situation 
can not continue without limit, since the domain g+A4 <7" (7 <0) is not permissible 
for any s. Therefore p, must vanish for =~,+s+%, on g+A=r—k (y>k = 0). But 
such an equation can not be satisfied as 1 and B are compelled to satisfy only one equa- 
tion and an inequality. This case should be excluded too. This is the combination 1—2’, 


and 1/—2 is treated similarly. 


3) (fpts4+14+A) (454148) <1, (A+5+1—A) (fH4+54+1—4)=1, 
gti=0. 
If a, or p, is not zero for g+A=0, we have as a domain g+4=1 or g+A=—1 for 
p=pfy+s+1. Therefore, if possible, the domain has to be confined in the plane J=/,. 
But, for s=0 o, and p, can not be made equal to zero on g+4=0, without.. destroying 
above condition. Thus the combination 1—3/ is also to be expelled. The same about the 


combination 1/—3. 
4) (A+54+14+ 4) (Ap+s+ 1 +B) — (¢—1)’, (fy+s+1—A) (A +s+1—B) =1, 
g+4=0 and ¢ is a positive integer. 


The same argument as. was made in 3) shows that the domain is to be restricted in P= 
fy). In order that o, and p, vanish on g+A=0, A and ZB must be both equal to 4, +2. 
Then from the first condition ¢=2(~,+2) and g=f,+2. Therefore the combination 
2-3’, and similarly 2’—3, are excluded. 


5) (fy+s+1—A) (A+st+1—B)=1, (A+s+1+ 4) (fHtst1+B) =1, 
g=hsv: 
s must be zero and 4+2=0 and AB=1—(f,4+1)°. But as in 4) A must be equal 
to 4, and as f,=0 this can not be satisfied. This is the combination 3— 3’. 


Thus we have seen that all the combinations except 2—2’ are to be excluded. In 
the case of 2—2’ we have the condition ) 


(A+s+1+A)(p+54+14B)=(—1)*, 
fand 7 are positive integers. 

(fy) +s+1—A) (4,+5+1—B) = (r—1)”. ; 

The domain of vectors is g+A=r, g—A<—¢ or g+ AS —r, g—A=Sz. Since this is the 

only possibility remained here, the similar condition and the similar shape of the domain ~ 

must be maintained for any value of s. From the simple consideration of above equations 


we see that d=Z and when s changes by +1, ¢ and 7 change also by-++1. We take 5 to 
be zero, then 


At+1+d=+4(%—-1), p~+1—A=+4(r—1). 


Thus there are four possibilities for the choice of signs. 


eM 
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a) (+, +). In this case t+r=2(f)+2), 2d=t—r. As to the values of a, and 
(1 we have the following result ; 
on g+td4=—r, o,=0, 
on g+4=r, a,> 0, 
on g—A=4, G4=0; ~ p;='0, 
on g—A=—7, a,>0, p,=0. 
(cf. Fig. 4). When s increases the similar situation continues as is seen from (4.14—4) 
and (4.15-—4). 
b) (—,—). This should be excluded 
since 2(~,+1) =2—/—r <0 appears. 
c) (rs Se 2(f+1)=t—-r, 
2A=t+r—2. 
on g+A=—-7, 0,50, (=0 if r=1), 
Pr> 0, 
on g+4=r7, Cye05 
0h == 0 abi tye 


on g—A=f, 4,=0, p> 9, 


on g—A=—4, 64> 0, (pO: 


Fig. 4 
In this case, therefore, y=1 and ‘=2p,+3, ie, A=f,+1 is the only case to be taken 


into account, but this is included in a). 


d) (—, +). Similarly as above the permissible values are ¢=1 and r=2py+ 3s 
ie., J=—(f,+1) and this is included in a). 

To find the value of IV’, e.g., in the case where the domain is gt+asrr, q—hat 
for P=py, gt AS —r—1, gQ—AZt41 for P=Ay+1,-°°* , we apply (3.7) to the vector 


fp=hy=— t+r—A), I=) (t—r), las (¢+r)), (when |¢—r|<2,). We get 
the following result, | 


Wa (t+r—2) (e474) (047-2) (t+r—4) +2(¢-r+2) (¢—-r—2)]. (4-16) 


When |f—r|>2f,, the values of ¢ and r are forced to be 4=2P, +3, 7=1 oF (= 1, hi 
2p,+3. And if we apply IV on K pu 9=Po, A=Ly— 0) or on f( fo 9=—PLo A=p—-7), - 
we see that the result is nothing else the special case of (4.16). 

If vectors are confined in the domain g+4=r, g—AS—t for p=p,, the value of 
Wis the same as above. Because this case is obtained from the former by changing the 
signs of A and exchanging the role of ¢ and 7 (this comes to be A>—A, and KR>—K 
and so fi SpSoSots&oJ18a ate replaced by 24/5 3 Js £2 fo &r/1 tespectively and vice 


versa), and thereby the expression 1 (3.7) is seen to be left invariant. 
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Now we shall study the case #,=0. In the same way as before, starting from 
O=2?—44—2' f, o,=R 444-28 24 f ss 


(Q being considered as an operator on /(0, 0, 4)) we get 


a — #420(5+2)4+5(s+4)—-—O iy (s+442)°+ 4 Ah ae 
aw rk ey, 0, A) 25(5-+1) (s-4+2) 2°(s-+1) ai G,/; 


#—2A(s+2)+5(s+4)—QO -_ (s—A4+2)'+ A _ 
2°{s+1) (s+ 2) : 28(s-+1) (s+2)" A, 


AEiKs, 0, A= 
So S0=hs Ss=8 frv= Ss f,=9, R=0 and g is always zero. (We put Q=—4—A’ in the 
last expression.) There are three cases as to the value of A. 

dL \teaecle > 0. 
In this case o, and p, is positive for any s and A. 

ZY RO zea =k 
Only when 4 is an odd integer, o, and p, is positive for any s. 

3) Ae a FON 1G 25 re os ae 


In this case the support of vectors, to which both /, and g, are applicable, is confined to 
s—AS—(¢4+2) or s—AZz, and similarly for f,; and g, the support is s+4 =f or s+ 
A= —(f+2). Combining them we have for the domain of vectors, to which any operator 
can be applied, the following : 


a) s—AL—(¢4+2), b) s-AS—(¢42), c) s4+AZo, s—ASo, 
(only for t=0). 


In these cases IV is obviously zero. 


§5. Summary 


We write down all the permissible values of three invariants and the range of the 


proper values of /7,, HZ, and //, in each case. 
IL Q<—4, Ve: 
Fit Jo, Ws 255-22 »Ji—Jo=0, A integer (— co, 400). 
I 4 Oe se Rao 
Sitfo=0; 1, 2500 » Ji—Jo=0, A integer (— co, 400), 
se Tits; odd integer. 
PALL Ost? AS t=O hie Pe ence k=W=0, 
Ntss=0) 1 ) 2 
iss 3] t+4 
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i 2 
Il’ Q=2?—4, ¢=0, 1, 2, 3,-----, R=W=0. 


Ji*72=0 1 | 2 
CIDEACHOICs 1,.—7,=0. 
ERA (i r¥5 0) Gaon aed) aaa ae 


IVa O>=—4 R=W=0. 


N+Jo=0 1 2 
eiateatets ; ' —7,=0. 
A=0 )—1, 1) —2, 0, ; KEES 


V. o=1|2 (¢+r—2) (¢+r—4) + (¢—r+4) v-r—4) | 
R=—(-r) (t+r—2)(t+r—4), 


od . ; | 
Wa * (tr —2) (44r—4)| (47-2) (C474) 4200-72) C-7 -2) f 
as RR 2 ily ee oe ig — 9 Gy Ic pat co (f+r7 25). 


A A 1 . 1 1 
+fo=—(t4+r—4)) —(¢+r—2)) = 
Jats a. ) mie ) pe?) 
ie—fotiZr | r+1 r+2 
Rife 4§ St —(¢+1) /—(¢+2) 
, . 1 
aie ; Avl SG +r 4). 


Vv’. OQ, R and W are the same as above, 


fthed err) FU+r—2) e+) 
ede Seen) fry) tS 
Apt Zt t+1 t+2 

domain of vectors to which Z, applies, all the 


Though we have said little about the 
In fact using (3.2) and (4.11) we 


necessary arguments are stated in Bargmann’s paper. 
can write 
Ser =. SP oe 
Eaf jose M4) Mx, A) =X Ghiies My, My; A| h*| 7 » Jo» my, my 1’) 
fs fe my, My' LO 


((A|z|B) =(B \A| A)*), and f span a Hilbert space, which is invariant with respect 
to @. And the classification of them furnishes that of the irreducible representation of 
G- We have not tried: to extend these representations to those of the original group. 


We shall do this in the course of application to physics, if it demands. 
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On the Natural Decay of the Free Neutron 


Sho TANAKA and Moté ITO 
Institute of Theoretical Physics, Nagoya University 


(Received December 29, 1952) 


The natural decay of the free neutron is investigated where the beta-transition of the nucleon is 
considered to be caused by the intermediation of a boson field. The results are compared with those 


of Fermi’s theory, and the problem of whether the f-coupling belongs to the interaction of the first 
kind or not is discussed. 


§ 1. Introduction 


As is well known, two different theories of the beta-disintegration have been suggested, 
that is, the theory of Fermi’s type and that of Yukawa’s type. .The former theory 
consider the f-transition to be caused by a direct interaction between nucleons and leptons, 
while the latter theory by the intermediation of a boson field. However, in the theory 
of Yukawa’s type there exists a familiar and serious difficulty concerning the competing 
process between (7, #4) and (7,¢) decays, when this boson is considered to be identical 
with the z-meson. On the other hand, as the direct interaction belongs to the interaction 
of the second kind, the theory of Fermi’s type seems to lie beyond the limit of the ap- 
plicability of the renormalization. 

In order to get rid of these difficulties, we assume here the existence of a new kind 
of boson which intermediates the beta-transition. By treating chiefly the natural decay of 
the free neutron, we shall analyse the connection between the theory of Yukawa’s type 
and that of the Fermi’s type. In the last section we also discuss the problem whether 
or not the 8-coupling can be explained only in terms of the interaction of the first kind. 

As the elementary process of the /7-transition we take the following one which is the 
same process as treated previously by S. Sakata” 

IN ES EXE [558 
Hae OG; (a) 
where WV, P, e~ and (v) denote neutron, proton, electron and antineutrino respectively and 
B* express the positive and negative boson. 
The Hamiltonian density of this interaction is given by 


(x)= 3), (x) (1.2) 


with | 
H,= RU*+ comp. conj. , 


FT ,= R'U*+ comp. conj. , 
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H,=S,0,U* + comp. conj. , 
Hj=S,'0,0* + comp. conj., 


where : 
k= ¢ i cae ¢, 
R'=/' G75 9; 
Sy=E/*P ths TPs 
S'=g'/*G 7.75 9 
(scalar or pseudoscalar theory ) 
or ; 
H —_ SS Jab *) 
4=1 
with 
H,=M,U,* + comp. conj., 
H,=M',,U,* +comp. conj., 
Lig 110, | Og») + Omip..cony:, 
AH 4=T"',,(0,0,*—9,U,,*) + comp. conj., 
H,=1/¥ n,n,(44,4+ M’,) *+ MS), 
HH =A pity Loy lop) Chey. + ney is 
where 


M, =f p et fp taYs 
Rises d ts im Y, 
Tiv=E/eg rs fg, 
Py y=8/49 75 PMG, 
(vector or pseudovector theory). 


Among these expressions, #, ~, 6 and U/ describe the nucleon, neutrino, electron and boson 
field respectively and y,' denotes 1 or 7; for scalar and vector or pseudoscalar and pseudo- 
vector boson theory respectively and further 7, is a time-like unit vector. 


§ 2. Qualitative discussion on the effect caused by the boson field 


In terms of mathematics the deviation of the theory of Yukawa’s ! 


type from this of Fermi’s type may be expressed by the non-local 
interaction between the Dirac particles caused by the propagation 
function /* of the boson field, and the effects of the derivative on 
the /-function, which arise from the derivative-coupling or the com- 
mutation relation of the boson field. At first, we obtain a general 
equation by which we can estimate the deviation effects caused by é é 
the /-function from the case of Fermi’s type interaction in such a Fig. 1. 


* This interaction differs from the one treated by S. Sakata by 2(Vop-+ Pou) Cane pe 


ia? et ey 
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general Moller type interaction of the four Dirac particles via the virtual boson. (see 


Fig. 1.) 


In the general case, neglecting normal dependent terms, we have the interaction 
Hamiltonian density : 


4 % F : 
(2) =SfulP roa 7 2) (8) U* + comp. conj. (2.1) 
t4,k=1 


where 7g, denotes a some product of 7-matrices, and suffix « refers to the boson-type 


nee ae ae 

and ? to the derivative operator, while zt is t-spin matrix of these four Dirac particles. 
The second order .S-matrix with the vacuum value of the boson field for this process 

is written as follows, 


co 


(62) re —1/ ie) [ares Sf fa Feats HD) 


—-o 


x (Bl xa) rar &(%2)) L" (By, Bs) (PO (a1) 0 **" (a2) ) ae 


ao 


= =1/ (2nhe)*| [dred fafa GO)Ta® HD) 


—co 


x (¢ (42) Ferpit $(%2)) pe (On Oo) Cu (D/P (a — +») (2.2) 
where 


1° (Oy, Bo) = L'5(91) Ln Be), 
(P(U*(2,), U**" (x2) )vac=1/ (20)°CM" (01/2) Fa 2)" 


Further (2.2) can be transformed into an integral of one space-time coordinate x. In 
fact, 


© (U (02) vue — (2e [he)? 32, dx GO) ra# 12) 


x 7 (9,8) G (LI) C* (8/*) (GP ) Fait PL2)) (2.3) 
where G(—7”) denotes the Fourier transform of /*(x) and G((_}) is defined as follows : 


COvwM=[, 4x Osea hades 


ok 
x \ St Fx (Cy/22) eg (Aexp (shut) Bh (2.4) 
|A|>% m=1 
where f(7,) and g(#) are an arbitrary function of x and its Fourier transform respecti- 


vely, /, denotes the coefficient divided by A of the power series expansion of G(—f’) 


i izati i ion /,=1 is satisfied. 
in —p’/x and A isa normalization constant in order that the relati ‘ 


* F(x) is to be a function of 4? in order to be scalar. 
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Using (2.3) the transition probability per unit time for the process, where particles 
of i’s and #’s kind with the energy-momentum of / and p change into particles of 


Z’s and m’s kind with that of p and p”: 
P,(p®, 2? = ~©, p™) == Papelt! (p®, 29 p, p™) A* | G(—p™ — p) ‘e 
as 1C (: 3 )e (: : ) ‘ (2.5) 


where Px, whose explicit form is given in the next section and called hereafter the reduced 
direct interaction part of the transition probability, determines the reduced direct interac- 
tion type between the Dirac particles, and the last two factors refer to the retardation 
effects caused by the virtual boson and the one from the commutation relation. 


Applying the above consideration to the elementary process (1.1), 
AF (C1) =[14 {0/027 log (1+ (J/#)} /9/02* log x"] 


and the energy spectrum of the created electron is given by 


41 . 
Wr Lo) (2 VO De cos a cos O 
x | +8/da" log (1—(2(B— Ay) (f° p 008 0) +.%52)/#°} /8/92" log 3°) 
x {Oas+ (Ga—Pa) (9s— Ps) /® 1 Pars + (Gar— Par) (951 — Por) /*} (2-6) 


where the last two factors appear only in the vector or pseudovector theory. In the ex- 
pression of (2.6) f,, g, and @ denote the energy-momentum four vector of the electron, 
neutrino and the angle between their momenta respectively and further x, denotes the 


elec tron mass. 


Considering that the approximate value of [ | in the above expression can be 
written as 


[1+2{2(p,—-2y)) (Po—p cos 0) 42,7} /#] 


provided that we take a legitimate assumption that x>x, and the value (Gu—2,) is of 

the order of x,,* we can easily conclude that the effects of the f-transition in the theory 
3 a a 

of Yukawa’s type are divided into two parts, that is to say, the reduced direct interaction 


part IV, and the correction part, whose dimension is of the order of (x,/x)? compared 
with the first part. 


§3. The type of the 8-coupling 


In this section we investigate what kinds of types of the five §-couplings of Fermi’s 
theory arise from the theory of Yukawa’s type. This analysis will be equivalent to deter- 


- This is due to the fact that, from the conservation law of energy and momentum, 7 and the maximum 
value /y of fy in the laboratory system are given as follows : 


co=xn(fo—A0)/ (Gots cos 0—xy), Lo= (xy2— xp? + x9?) /2xy. 


AL ee a Bd 
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mine the explicit form of the reduced direct interaction part given in the preceding section. 
For this purpose it is sufficient to eliminate the derivatives in the interaction term of the 


boson field with the nucleon and lepton field through a certain unitary transformation in 
the Schrédinger equation. 


This will be done following the analogous method as in Case’s paper. Then, 
neglecting the terms higher than the second order in the coupling constant and. those 
independent of the /-transition, the Schrddinger equation becomes as follows, 


fic 6) 4 F(x) (0) (3.1) 
da(x) #1 
with 
Hf ,=9 RU*+comp. conj., 
H.=g' R' U* +comp. conj. 
where 
={ f—g/*(%e—€ ny) }; 
PHN fl +g [xe ms 
(scalar or pseudoscalar theory) 
and 
f 1 for scalar theory, 
a= 


—1 for pseudoscalar theory, 


or 


tc #O_ > (x) $(0) (3.2) 


Oa(#) 41 
with 
H,=f M,U,* +comp. conj., 
H.=f' M’,U,* + comp. conj., 
H,=29/*{ Ou t_75 ¥ — 75 tA, $}U,* + comp. conj., 
A =29'/*\ 0, B75, g—$ Ts. OuP }U,* + comp. conj. 
where 

SF} f-2g/*(%»+é xy) }> 

f=aif'—29'/* E ee 

(vector or pseudovector theory) 


and ° 
[ 1 for vector theory, 
e= 


—1 for pseudovector theory. 


From (3.1), (3.2) and (2.3), we can easily find that the reduced direct f-couplings 


are: (1) scalar or pseudoscalar coupling for S(S), PS(PS); S (Vy and PS(PV),* (@) 


* Hereafter, we denote the scalar boson theory with the scalar coupling as S(S) and so on, 


¢ 


174 S. Tanaka and M. Ito 


vector or pseudovector coupling for |(/”) and PI7(PV), (3) vector or pseudovector 
coupling and a coupling of the new type containing the derivatives on the spinor field 


for V(T) and PV (PT). 


§4. The calculation of the energy distribution 


Using the completely covariant formalism of Feynman and Dyson and neglecting the 
electro-magnetic interaction of the created electron with the proton, we can reach ‘the 
following expression for the energy distribution of the /-coupling of the free neutron in 
the assumption x%>x,.** 


(I) Scalar or pseudoscalar boson theory. 
W( py) =1/ (27)* | gg! | °/ ic)? Py — Po)? PD o/ Kee, 


x | fet € x) —x%, } {1 + 1/20>(— ye 


: (<5) axe ah ys Ege ‘ p= 


~ (Ahr) {22 +2 P/t0+3/PPS(—1)" 


(ae ices hy (Pot Pe hie 1] si 


2z+3 


In this expression x,, %y, ~, py, and p= (*y —%,°+4%,") /2zy denote respectively proton, 
neutron mass, the momentum, energy and maximum energy of the emitted electron, and 


further A*=x’—z,". The reduced direct interaction part of the spectrum becomes 


Wr( pp) =1/ (27)? | 9g! 


*/ (c)* (PoP) Ppo/ Kxxky 


x | + € %)°—x3— (Ay) (2,+ 2 #/0) | (4.2) 


From the aboye expression we find that the first term in (4.2) becomes the main 
term for the scalar theory, but this term becomes comparable with the rest terms for the 
pseudoscalar theory. 

(II) Vector or pseudovector boson theory. 
G)e eV) or PVP), 
4 


GRD See IPP / he)? (Py Dy)?/ Bey 


** Here the laboratory frame of reference is taken in which the incident neutron is at rest. 
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x | - (1 +x,7/*) {2(¢ %p—Xy+P) PPy+ = 1/xy+ 4(éx)— tw Po) 
R? 


x (A—hy)P (3p, +7") +4(~ Dy) bP [Kay P +2,") 


2 Gr—A,) +2)(% xy + Pity) /#(2 ie 2k ty 2) — (ay + ta ) 
i 


2 
x, —%y 


“1 (A—-L) = ve Dy + Dy Po xy/2*} 


x { Pp +4( Pr—Pr)p/3K°(3 py +P) } 
+ {2xyfy+ (xy /x") (x) — xy) pod+4 (Py—D.) Pp /K*) } 
4 2B (P| p+ P/3) 48 ADO P+A)/K) Ih AY 


where we have neglected (x,/x)* comparing with 1. 


The reduced direct interaction part of the spectrum is given by 
Wath) =4/(22)° | ff" |2/(hc)*#* (Ps—Pr) Pr for V(V), (4-4) 
Wp py.) =20/(27)* | f f'?/ he) xy — Po)’ PPo for PV(PV). (4-5) 
8). V(T) ot PV(PT). 


It is remarkable that the main terms are cancelled for vector theory with tensor 


coupling. The reduced direct interaction part in unit x1 becomes as follows, 
Wal f°) = (28+2.6/ (2)? K*) xy] 99'|°/ (he)? Po Po)” 
x [pBp2+P)—6(Py— 2h.) Phy (Pr— Po)? BA + P*) (Pv— 2A0) | 
oie (a 
Walp?) = (2*/ (22 PK") |99'1'/ (Ac)? (Py—Pv)” 
x [1.85p2)+ 1.24 (Pp— fr) PBA? +L) — 0-50 (Py —~,)p—(fy— hr) Pho 
~0.25(fy— 2s) "Py 1.27 (Py 2h) PP] 
for PV(PT). (4.7) 
§5, Alternative theory of B-transition 


As is well known, the renormalizable theory is restricted only to S(S); PSChsp 
and neutral 17(7). theory. But as shown in the preceding section SCS) PSS) 
theories give only the scalar and pseudoscalar f-coupling, but not tensor-coupling. 

Therefore, it may be desirable to look for the another theory, which is at first re- 
normalizable and further able to give the various Fermi’s f-couplings.” Such a_ possibility 
may be found in the early works of Y. Tanikawa,” where the boson field was considered 
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as the charged scalar or pseudoscalar, and the corresponding Feynman diagram of the 
A-transition is shown in Fig. 2.* However, in this case Fermi’s five types appear simultane- 
ously in the same weight apart from their signs. In order to eliminate this defect, it is 
sufficient to introduce (I): the neutral scalar or pseudoscalar boson, or (II) : the neutral 
vector or pseudovector boson, besides the charged scalar or pseudoscalar boson and to choose 


the both coupling constants adequately. Then, we can select the ej iP 
yie— end 


various combinations of the Fermi’s /-couplings. Unfortunately, 
however, this theory, due to the neutral boson, necessarily leads to 
such a process as denoted in Fig. 2 with the same order as the 
process of the (transition and would not explain the stability of 
the nucleus. ** 


However, this difficulty is also saved by the somewhat unfamiliar vA VEN] 


; P 
assumption that the neutral boson field is described by the complex ie. 
field operator and has a vanishing charge.*** Oi ee 

In this case the interaction Hamiltonian density is as follows, 
H(2)=3) H,(2) (5.1) 
4=1 

with 
H,=f, G7; Op U+ comp. conj., 
H,=f.$ 7) by U+ comp. conj., 
H1,=f; 6 ¥3; $pU,+ comp. conj., for (1934 5a2) 
H,=f.' 75, ¢-Oy+ comp. conj., 

and 
H,=f, 075) dr U+ comp. conj., 
F=f Or OO = comp. conj., 
Hy =f'b 7; ¥p Ye U,+ comp. conj., for (11),- (5:39 


M=fll rs 7.9 Oo + comp. conj. 


where (/, (/* and (,, (,% are the complex: field operators which describe the charged and 
neutral boson fields, and suffix #4 ‘denotes the four components of the vector or 
pseudovector. 


ree cas : : 
Using the Fierz’s identity of the 7-matrix? and neglecting those terms which are 
independent of the /?-transition, the second order S-matrix with the case (1), 


(U(©)) vac= al ates x Lap Se (d(x) A*o(x,)\(G (4) A*P ye.) Ara, — 49) 


+ p2(2) CV AACLED A*¢(42)) (bp (4) A*hy( 4%) ) A? — 45) 5 (5.4) 


* Here we mean the process expressed by letters in brackets in Fig. 2. 
** We are indebted to Mr. E. Yamada for indication of this point. 
*** See note added in proof. 
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4 k ta + iL Ly} . 
- rere A*(L=1, 2, 3, 4,5) describe (1,7, 7°", 7°"",7,) according to the Fierz’s nota- 
tion, ~,(£), po(k), and €(%) are defined by 


Die AT = 0 (k A=, Bere, fot. ye =)5- (scalar re : 


(—1)**'A* for 7,/=7, (pseudoscalar theory), 


(5.5) 


and 
tee CO, Feo, 


1) forth 1040-95 


c(@) =[ 


—1- for -£=2,.3, (5.6) 
and further 
(PU (2), 0*(#)) c= Ae 2"), 
{P\U U.* (2! On 2 SI ey ees, 
(PU (4), OF 4 )) vac => Ana 4 ve (S32) 


Analogous expression of (U7 (cO))ya- for the case (II) is obtained in the approxima- 
tion (x,/x)°=0, when only 7.(%) and A*,, defined by (5.5) and (5.7) respectively are 
replaced by p./(£) and A>; 


Bitar ee th i. 4 A for, he 1 
—2 A 2 
0) 3 
Dee 4 
—4 A 5 in the case 7,/=1 (vector theory), 
(5.8) 
ty for ek 
—2 A 2 
0 3 
2 ii 4 
4 A’ 5 in the case 7,/=7, (pseudovector 
theory), 
and 
P ; he (» Oudy 
(Pa), Te) rw = (Bur OMe #), C9) 


), we can obtain, for the five coefficients of the spinor products 


From the expression (5.4 
the values expressed in the following Tab. I. and Tab. IIL., 


referring to £=1, 2, 3, 4, 5, 
where we have neglected the difference of the space-time coordinates of spinor products. 


* C is the charge conjugation operator defined by J. Schwinger 
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| Type of bone Coeficiente of yah products Prd 3 
“charged | neutral | S@=1) | (=) | 7(b=3) Po(h=a) | Ps(h=5) 
GS cio Oey ee oa 2G 1s 856. REE ee 
(B) ] RP; | Ps | Seo ee eee —G-Gy | CLG, 
(C) | TES AS Gag —G—Gy G—Go pak Go | G+Gp 
(D) | s Ps GEG ee Gace fren Reena 
Tab. I. The coefficients of spinor products for the case (1), 
where G=/\foApr,; Go=/3 fg vr. 
: yee of boson | F Coefficients fpinw piadinats : 
| charged | neutral | S(#=1) | V(k=2) T(=3) Po(b=4) Ps(k=5) ; 
(A) 5 cee C4+4C%y | C426", } CG | G+2Gy | Gee 
Bie Pee epi M yeabaer la eden 2 —G+2Gy | G+4Gy 
(C)’ ae eee.” Spey Se GACY hl =< GEaer | c L—643¢7 | G—4Gy! 
(D)’ ss epi Ae G—AC", | .G+26¥ = Ean G4 26f A Fees 


Tab. II. The coefficients of spinor products for the case (II), 
where G=/f Az, Go =f3/ fal A 


Considering the above Tab. I. and Tab. II., we can expect that; (i) it is generally 
possible to obtain the well known five §-couplings in Fermi’s theory but with the restricted 
weights of their five coefficients and (ii) if we assume the relation between G and G, or 
G and G,', we can obtain the various combinations of the (couplings from among five 
types according as we adopt the different types of boson fields which are distinguished by 
(A), (B), (C), (D) and (A)’, (B)’, (C)’, (D)’, in the Tab. I and Tab. II. Namely, 
for example, we can select the several combinations under setting a simple relation between 


Gand G,. or -G and*G,°: 
i)...(S, PV, PS) faz G=—G,,in the cases:« (A), (B). 


eV aed) is. G=G, $ : (A), (B). 
iit) = (Soo VARS a Ge a == (Gye oye 
iv).2" (BY, T) »  G=G, “ soo CSC LD ye (5.10) 
eto esos) “ ees 55 : (A)’, (D), 
GIG, 5 SEC Gr KG) 


§6. Summary and concluding remarks 


In §2 and 3, we haye obtained simple results for the /-transition of Yukawa’s type 
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that the effects of the /3-transition are divided into two parts, that is, the reduced direct 
interaction part and the correction part, that the dimension of the latter is of the order 
of (%,/x)” comparing with first part, and that the reduced direct (-coupling consists of 
(i) scalar or pseudoscalar coupling for S or PS boson theory, (ii) vector or pseudovector 
coupling for V(V) or PV(PV) theory and (iii) vector or pseudovector coupling and the 
coupling of the new type containing the derivatives on the spinor fields for V(T) or 


PV(PT) theory. 


Arbitvary scale 


1.0 


2.5 
as 


Fig. 3. Energy distribution of the electron in unit of x»=1. All curves 
are written to coincide on the portion /y/%9=1.75, numbers affixed 
to curves distinguish the following cases : 


S(S) equ. (4.2), 


Pavgeces S(V) 43 ” 

5 Se VC ibe 4 4s sneer te V(T) equ. (4.6), 
PV(PV)», (4.5); 

2 eACPSCPS), 23 (4:2) 5 = Agee: PV (PT) equ. (4.7), 

ware PS(PV) 0 


and further © indicates the experimental results of Robson. For 
V(T) and PV(PT) we have made numerical calculations only 
at the points with circle. 


In §5, we have an al- 
ternative theory of the (+ 
transition. It is characteristic 
for this theory that this inter- 
action (except the spin 1 
boson theory) belongs to the 
interaction of the first kind* 
and gives the five ?-couplings 
in the Fermi’s theory and that 
if we choose the magnitudes 
of the coupling constants 
adequately, then we can select 
the various combinations of 
the Fermi’s /-couplings, as 
given by (5.10). 

Hitherto, the importance 
of the linear combination of 
five f-couplings has been dis- 
cussed by many authors”’”. 
It is noticeable that the recent 
experiments of the nuclear 
beta-decay process also suggest 
the existence of such linear 
combinations. 

Recently, Petschek and 
Marshak”, who have analysed 
the RaE spectrum, have point- 
ed out that only the linear 
combination of tensor and 
pseudoscalar interaction can be 
regarded as giving a satis- 
factory fit of the RaE spectrum 
and explain its forbidden shape. 


However, we can not draw 
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any decisive conclusion about the magnitude of the ratio of the admixture of two inter- 
actions before we have more accurate information about the nuclear matrix element of Rak. 
On the other hand, due to their thoughts, “ the O0— 0 yes transition which is indicated 
for RaE cannot decide whether the S or V interaction must be also added to the (T, PS) 
combination ”’. 

According to the above consideration, (S, T, PS) given in (5.10) seems to be con- 
sistent with the results of the analysis of the RaE spectrum given by above authors. 
Further, in our theory the ratio of the linear combination of scalar, tensor and pseudoscalar 
interaction is uniquely determined corresponding to the different types of boson fields as 
follows : 


(155 11) 23h forthe cases( A) (Be 
3 oa Bone —1) 27) eo) oe) (C)’, (Dy: 
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continual guidance and encouragement, without which this work would. not have been 
possible. They are also deeply indebted to Mr. E. Yamada and to the members of the 


research group of the theory of elementary particle in Tokyo for their valuable advice 
and helpful discussion. 
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Note added in proof: In §5, we have introduced the neutral boson field described by the complex 
variable. In this case we should notice the fact that the neutral vector theory is not renormalizable since, 
when using the Glauber’s formalism, we cannot eliminate the derivative term of the boson field. Thus, (A)/, 
(B)’, (C)’ and (D)/ in §5 can not be obtained from the theory of the first kind interaction but from the 


theory of the second kind one. While, irrespective of the above circumstances, we have considered the problem 
from the viewpoint of the general treatment. 


* See note added in proof 
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Difficulty of Divergence of the 
Perturbation Method in the 
Quantum Theory of Field 


Ryoyu Utiyama and Tsutomu Imamura 
Osaka University 
January 31, 1953 
Let us consider a system of a neutral scalar meson 


field g(r) with a non-linear and non-local interaction. 
The Lagrangian density of this system is given by 


1 
TG) = ma [eu(x) gp (x) + 2g? («)] 
& Tyee) é yee 
+ Elo o me elaalda”, (a) 
and the S-matrix can be written as 
een Gaa2) 


S= so |For 24)" U(anIn 2m) $7 X 


n=0 n\ 3n 


Tl¢o (2) Yo (1) 2) (2) ea!) (4) Yo (In) 0 (zn) ] x 
Ax AX yAyy-- Andy Ln; (2) 


_ where go(x) is a wave function of the free system. 


In deriving (2), some assumptions concerning the 
property of the source function U and those of the 


so-called adiabatic procedure have been used. Since 


each term in the right hand side of (2) is finite by 
virtue of U, we shall investigate the convergence of 
the series (2). To do this it is sufficient to make a 
study of the convergence of the Green-function G (x, «/) 
of the one-meson problem. It is seen, however, that 
the convergence of ( shares the fate of that of the 
mass operator JZ. 
The mass operator 4/7 has the expression 


ies} 


M(x:—Vom42) =18? DE amir x 
m= 
Im +2 3m +2 
“awe \ WT Ulxjy723) UW Gol(€s—23) x 
graph(prop.conn) ¥ j=1 Cis 


diy: dk ym gd V2 WomysEr A249 3) 
where- 


Go(x) =tAF (x) 25 £ AQ).(ar)-+ de (4) ACxy}, 


and Crm ro 


The variables €,:- &3,,49) %1°--73m42 ate a set of vari- 
ables derived from the set (19:-:%am42) V1°°am+1y 
2,°-*2m42) by some permutation. In permuting the 
set (%y°-/y-°24°--2m 49), however, we must determine 
(€y:-+, 7---) in such a way that each term of (3) 
corresponds to a proper self-energy diagram. The 


notation 2 in (3) means that we must sum up all 
graph 


the terms corresponding to every possible choice of 
the set of variables (&,---, 4:--). 

The eq. (3) can be written in the momentum 
space as 


co 
Mh) =ig? 2s ee CmAam®) > (4) 


m=0 


where 


foo} 
An(4)= DD ims Uy Amar * 
— co 


graph 


2m +2 8m +2 


ue O(h5lj) a Go( pi)» (5) 


and U(k,Z), Go(p) are the Fourier components of 
U(x, x/,x"”) and Go(«) respectively. The notation 


214 has the same meaning as that of (3). ‘The vari- 

Sites fi---Lameo in (5) are the energy-momentum of 
each internal line, 4, 2j are those being incident on ° 
the j-th UV, and gy°--Gm+1 are the linearly independent 
variables chosen out of Ay>--Dgm+2- 

Suppose now that 224-m*>0, then we can trans- 
form the 4-th component of each gj in (5) into the 
imaginary variables without any difficulty concerning 
the displaced poles. Let us assume that UV is a de- 
finite function. Then we have 


Q 
An I> 3 J pean HCG) 


graph (prop.irred) -Q 


IT Go( pi ) = (Go) 8m? ( [C7|)2mt2p7mniV,,, (6) 
7‘ ries (ic z 


where, the domain of integration is restricted within 
a four dimensional sphere with a large but finite radius 


Q in a four-dimensional Euclidian space, and >} 
graph 


means that we must only take those summands which 
correspond to proper self-energy diagrams not includ- 
ing self-energy parts or any branches inside them. 
Go, |U| are the minimums of Go and |U| in this do- 
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main of integration; /” is the volume of the sphere 
stated above; WV, is a number of diagrams just 
mentioned above. 
Now the necessary and sufficient condition for the 
convergence of (4) is 
lim C,,a7-LV ,=0, (7) 
mPa 


where a=Gy3|0 |? V 22. 


Unfortunately, (7) can not hold for any a, that is 
to say, the series (4) has no non-vanishing radius of 


convergence. This can be easily proved by analysing 


the Eqs. 
1 3M(x,¥) 
x, ,2) =U (x,y, 2) — — 
POIs) So 2¢ 8¢y(2)) 
and 
M(x,y) =2ig? {os PRU Gal) 
Cally”) P yyy) dx!dcldy/ady" 


without using the explicit expression of /V,,. Since 
the result we obtained essentially depends on the 
character of Boson fields, it is quite doubtful to consider 
that similar result will be obtained in case of Fermion 
fields. 

The detailed explanation of this letter will be 
published in this journal in the near future. 


A Note on Many Particle Problems 


Tatuya Sasakawa 
Department of Physics, Kyoto Oniversity 


February 1, 1953 


In quantum theory of many particle systems, the 
system wave functions are represented by determinant 
or quasideterminant, which is replaced by plus signs 
what is to be assigned by plus or minus signs when 
one wishs to construct ordinary determinant, so as to 
make the system wave functions always antisymmetric 
or symmetric in particle coordinates according as the 
system obeys Fermi-statistics or Bose-statistics. 

In field theory, this determinant or quasideterminant 
is automatically derived, as Dyson!) showed in the 
case of two electron system. For example, in the case 
of Dirac electron, Lagrangian is 


Sano 0 
L=—-Dteb| tus a tui) d- (1) 


a OX, 4 


the Editor 


Field equations are 


0 ; 
SH te ax. +i) o=0, (2) 
a pes? ie) a 
, Og ?) 
>> ,—pid )=0. (3) 
=( OX, ; Tv Hil 


The general solution of (2) is 


é 
$40 =DhdWe #Aa*, (4) 
A 


where 4, are operators independent of 7 and *. 
Covariant commutation relations are 


[4,*, 6u*]4=0, [4, du*] =dan, 
(5) 


b, and 4,* stand respectively for absorption and 


[a5 by] +=0, 


creation operators. 
Vacuum state VY is given by 


5, Vo=0. (6) 


Now consider. a system with #-electrons in state 
¢1:°°'Ynsy all other systems being empty. Then the 
state of the system is given by 


Y= b,*b,*b5%---b,,* Vo, (7) 
A v-particles interaction operator is assumed to 
be giyen by 


Oe wit 
V=— “| ldsndye den (O* (OO) ag 


n! 
(Y* Gn) bn) ) VY (8) 


where //’ is any potential between 7 particles. 
When these w-states make transition to a state 


P= bry On so*bng* ---Oan* Vo, (9) 
matrix element of VY becomes 


M= ( Lo" bonbon—1" Ons4 Vb;*65* ---b,* Wo). 
(10) 


Substitute (4) into (8), then contribution to JZ 
come from the ~!2 terms in /” proportional to 4;)5:-- 


Onbns i Onso*-+-bo,*. Using (5) we find the value 
of 


(P7*b1b9--- On bng1*bnpo™ ---Oon* Ue) (11) 
is 1) 2w=4m, +1, 
2) .z=4m+1, —1, 
3) n=4mn+2, —1, 
4) n=4m-+-3, +1, (12) 


m being any integer. 
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Parities of other (7!2—1) terms are given by 


Feo Sas ae (13) 


where /, /’ and /” stand respectively for the parity 
of (11) given by the rules of (12), the parity of any 
permutation (4;45---4,,), and that of any permutation 
(nai*ngo*--b2n™). 

Hence we can derive the determinant form 


1 
M=— 3 (-1)PP ET Pim?’ ims X 
l,m 


nippr 
| bem bams dx (14) 


where P and /” stand respectively for permutation 
operator redistributing the 7’s among /’s and ™/’s 
among 7’s. 

In the case of photons, one can show in the same 
way that, 


1 
M=— >a; (+1)?/tP IT Pi; Pt eas 
on et in m lim/ 


\dem*bem/lV ads. (15) 
Combining (14) with (15), 


il 
{eee = (+1)P/tP WeP nL ine 
i 


a\ppr 


Mm 


| embod ’ (16) 


+: for Bosons, 


—: for Fermions. 


So far the writer described the field theory gives 
determinent or quasideterminent for 7-electrons and 
n-photons, only in the same way as Dyson did for 
two electrons. 

Now consider the calculation of (16), with the 
object of which this letter has originally been written. 
To do this, we may devide the above expression in the 
following way as Kirkwood,” the sum over ? and 2’ 
may be arranged so that the first member contains all 
terms in which P and P/ are the same permutation, 
the second those in which P and 7’ differ only 
with respect to a single pair of particles and so on. 

Clearly this procedure corresponds to divide 7! 
terms to families of cycle form, though not ‘ classify ; 


the symmetric group in the strict sense, that is, 7 


unaty cycles, one binary cycle plus (~—2) unary 


cycles, one ternay cycle plus (7--3) unary cycles, 
"(u—4) unary cycles plus other all possible cycles, i.e. 


one quartenary cycle or two binary cycles inclusive, 
and soon. To effect this design, the following con- 
siderations can conveniently be used, that the number 
of terms belonging to the family of (#—s) unary 
cycles plus other cycles total letters being s, which is 
designated as (7—s) family, is given by 


s§ 
Pa ae s-t,Cs 8 Ps; (17) 
= 
for s=1, (17) being always zero. 
Out of these terms, the number of those terms 
which have even parity is given by 


uM $s F ‘ 
> {BD Pet (Dest (Hf, 
(18) 


and the number of those terms which have the odd 
parity is given by 


2 fox—net, [Pi (SiN) ms-(-1)5] nCs- 


4=0 


(19) 


In fact, when (17) are added from s=0 to s=n, 


one obtains 


n 


s 
SYS (—1) 977.03 sPi=2 !. (20) 
s=t7=0 4 


Of course, these mathematical formulae, which were 
derived recently by the writer, are proved by the use 
of mathematical induction.®) 

The above method may be more convenient than 
conventional way using the idea of class of symmetri- 
cal group. For when one follows the latter one, one 
ought first to find the all possible solutions of the 


equation 
Cy 4-20, +3Cg+ +: +nCn=", (21) 


and after that one must calculate the order of the 


class using the formula : 
4 =n Cy" 202C' 303Cg!---2nC,! = (22) 


and consider the parity of each class.) This method 
is thus very troublesom when 7 is great, and. over- 
necessary for the present. purpose. 

The above stated is directly applicable, for example, 
to the calculation of the partition function of almost 
classical assemblies,2) ». or many body problems exerted 
with many body forces in general, on which the 
writer shall report on some future, and may facilitate 
the further attack of problems already done to the 
half?) ® 
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On the Relativistic Two-body 
Problem 


Shoichi Hori 


Institute for Theoretical Physics, 


Kanazawa University 


February 21, 1953 


In the previous paper,!) we have derived the 
formula which connects the wave functions in the 
configuration space at 6 = +-co with those at == —co: 


ude 5, Dj, Qn) = \ (K3,P 3, Qn S ha’, Pi, Ur’) X 


OKs’, pi, qx) Mdk /Mdp;j/Mdqy’. (1) 


On the other hand it turns out that the integral 
equation for a bound state is given by 


u( Ps, Po) = \(P» P2|P Py’, Po’) X 


“( Py’, Po’) tp,’ ap’, (2) 


where R=.S—1. The other elements (1, 70°: 
|®'p\/, ps’) should vanish in order that the system 
becomes stationary. This will give a further restric- 
tion for the energy eigenvalues. 

It is a merit in the eq. (2) to show clearly the 
relation between the bound state problem and the .S- 
matrix and therefore the renormalization procedure. 
In this respect the author is indebted to Mr. C. 
Hayashi for his kind instruction. 


1) S. Hori, Prog. Theor. Phys. to be published. 


On Gauge Invariance in Electro- 
dynamics and the Self-energy 
Problems of the Pheton 


Osamu Hara and Hisaichiro Okonogi 
Institute of Theoretical Physics, Nagoya University 


February 21, 1953 


Although the gauge invariance in electrodynamics 
and the self-energy problem of the photon have been 
discussed by many authors, the situation has not yet 
been fully cleared. For example, satisfactory answer 
has not been given to questions such as what is the 
consequence of the gauge invariance, why the inter- 
action of the electromagnetic field must be introduced 
in a gauge invariant way, or how this requirement is 
related to the self-energy problem of the photon. It 
is the purpose of this short note to try to throw some 
light on these problems. 

The first thing that we want to point out is that 
the gauge transformation is a transformation which, 
conserving the transverse waves, alters the homogene- 
ous parts of the longitudinal end scalar components 
of the electromagnetic field. Therefore, the fact that 
the whole scheme of electrodynamics is invariant under 
gauge transformations is another expression of the 
requirement that all physically significant results must 
not depend upon these parts of the electromagnetic 
field. ‘The situation will be made clearer by secondly 
pointing out that the gauge transformation can be 
regarded as a sort of canonical transformation, and 
so the homogeneous parts of the longitudinal and 
scalar components lie within the arbitrariness of de- 
scribing the field which is allowed by the canonical 
transformation. This is even the case when the 
electromagnetic field is treated as external, where a 
suitable canonical transformation applied to the particle 
system just reproduces the gauge transformation. 

Thus, although it is generally believed that the 
self-energy of the photon must vanish by the require- 
ment of gauge invariance, this conclusion does not 
seem compelling to us. We think that there are 
insufficient points in the current discussions of this 
problem both in the analysis of the induced current 
and of the theory of relativity. Indeed we can show 
the existence of a gauge invariant and still non- 
vanishing induced current by a straight forward calcu- 
lation. Of course it is true that we can not avoid 
mathematical ambiguities inherent in present quantum- 
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electrodynamics, but these ambiguities can be reduced 
by attributing small mass to the photon, which enables 
us to us® its rest system in the actual calculation. 
The continual approach of such field to the electro- 
magnetic field has already been shown by Glauber." 
The induced current thus obtained is 


07.= (quadratically and logarithmically 


divergent coefficient) 


1 
a (4n-2- ca), 
: 


where x is the rest mass attributed to the photon. 
This result is obviously invariant under a generalized 
gauge transformation, 


Ay Ap te OnA 
(L1-x?) A=0, 


and satisfies the conservation law of charge on account 


of 


(LJ—x*) 4u=0. 


The important conclusion that can be drawn from 
this form of 67y is that the additional term to the 
interaction Hamiltonian caused by the interaction 


185. 


between 0/4 and 4y can never be interpreted as giving 
an alteration to the rest mass of the quanta. In 
order that such an interpretation is possible, 074 must 
be of the form (const.) x tz, which is in violent 
contradiction to the requirement of the gauge invariance 
of O/u. 

Thus, the condition of gauge invariance imposes 
a severe restriction to the physical interpretation of 
the interaction energy, and we are faced to a serious 
difficulty in confronting with energy which is hard to 
interpret. The only way out of this difficulty seems 
to renormalize the light velocity as proposed in our 
previous paper. In fact, if we reformulate Lorentz 
transformation following this idea, all difficulties con- 
cerning with the self-energy problem of the photon 
can be solved very naturally. We want to consider 
this fact as a proof of the necessity of renormalizing 
the light velocity which might seem rather strange at 
first sight. 

Details will be published in a later issue of this 


journal. 


1) R. J. Glauber, Prog. Theor. Phys. 9 (1953), 
No. 3, in press. 
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Remarks on the Formulation of Quantum Mechanics with Classical 
Pictures and on Relations between Linear Scalar 


Fields and Hydrodynamical Fields 


Takehiko TAKABAYASI 


Physical Institute, Nagoya Untversity 


(Received December 15, 1952) 


The formulation of quantum mechanics in terms of the picture of trajectory ensemble or of the 
hydrodynamical picture, developed in a previous article, is further supplemented for some points. Indi- 
vidual trajectories for some typical non-stationary state are explicitly obtained, illustrating that they 
generally show complicated fluctuations due to the action of quantum potential. Next, emphasis is 
placed on the fact that the Schridinger field admits a mechanical model. Also the Klein-Gordon field 
is represented with a quasi-irrotational flow under some additional scalar field, This representation of 
Klein-Gordon field suggests its possible generalization to include the vortical motion. Such treatments 
of interacting Klein-Gordon and electromagnetic fields involve the formalism of Dirac’s recent classical 
electrodynamics as a limiting case. Some remarks are given on this Dirac’s theory. Finally, the picture 
of trajectory ensemble is generalized so as to represent wave equations with sources. In an appendix 
criticism is given on the attempt to interpret quantum mechanics in terms of Markoff process. 


Introduction and summary 


Quantum mechanics, since it was first found out by Heisenberg through the ‘Um- 
deutung’ of kinematical and mechanical relations, consists of a kinematics essentially 
different from that of the classical theory, admitting no classical pictures as real thing. 
Nevertheless, it is possible to let some classical pictures formally correspond to the 
Schrédinger equation of quantum mechanics” by separating a part of essentially kinema- 
tical effect so as to be able to regard it as due to dynamical action where Planck’s constant 
plays the role of the coupling constant. This enables an alternative formulation of quantum 
mechanics in terms of the classical pictures within certain limited range of applicability ; 
and on this formulation we have developed a detailed analysis in the previous article” 


(hereafter referred to as FQM). 
Now the purpose of the present article is twofold, that is, on the one hand to provide 


some supplementary remarks for this formulation of quantum mechanics, and on the other 


(though formally in close’ connection with the former) to represent complex scalar fields, 
such as Schrodinger field and Klein-Gordon field, including the interaction with electro- 


magnetic field and also the interaction due to source, each in some mechanical picture, 


investigating the implications of such representations. 
First we briefly recapiturate the above-mentioned formulation of quantum mechanics 
for the simplest case, together with miscellaneous remarks for this formulation (§ 1). 


Further we explicitly obtain the individual trajectories belonging to an ensemble for some 
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typical example, in order to illustrate how the trajectories deviate, due Fe fer | sere 
from purely classical ones, generally showing very complicated fluctuations in non-stationary 
cases (§ 2). In this connection we shall criticize the attempt” to interpret quantum 
mechanics in terms of Markoff process (Appendix B). 

We started from the fact that the original Schrodinger equation corresponds to a 
picture of trajectory ensemble or to a hydrodynamical picture. This correspondents wae 
extended in FQM to the generalized Schrodinger equation of more general Riess a 
quantum Bose fields, leading to the representation of a quantum-mechanical motion of such 
system with an ensemble picture. 

Now the above correspondence can also be extended in another direction, i.e., to the 
cases of wave equations with sources. Here the ensemble picture must be subject to 
some important generalization (§ 7). This extension is in connection with the re-examin- 
ation of the consistency of the ensemble picture in general cases (§ 3). 

Further it is emphasized that the original correspondence of the Schrodinger equation 
to the ensemble picture implies for the Schrodinger field regarded as a classical wave field 
to admit the hydrodynamical model (Appendix D). Generally a linear field such as is 
accepted to describe some sort of elementary particles is essentially different from a hydro- 
dynamical field, which implies motions of some mechanical continuous matter, to be 
described with density and velocity variables. Nevertheless, for a /inear complex scalar 
Jield we can let it correspond to certain hydrodynamical motion. Here the first clue is 
given from the correspondence between the charge conservation for the former and the 
matter conservation for the latter. 

For such hydrodynamical representation of wave fields, we must remark the following : 
The interactions in terms of external potential, which retain the linearity of the original 
wave equation, enter the picture merely as the corresponding classical potential ; whereas 
the interaction, which acts as source for the original field and thus destroys its linearity, 
requires an essential generalization of the picture, (due to what was stated in the forego- 
ing paragraph). 

Next, we are on the other hand required also to re-examine the applicability of the 
statistical formulation for the case of Klein-Gordon equation (§ 4), the treatment of which 
in FQM was insufficient. For this purpose, we first explain the classical relativistic mechanics 
for a particle in general scalar field. We can then identify under certain condition the 
Klein-Gordon equation (represented in terms of amplitude and phase), with the ‘ Hamilton- 
Jacobi”. equation in some additional scalar field and the equation of continuity. 

This analysis also verifies that the classical Klein-Gordon field can be represented in 
a relativistic hydrodynamical form. Here continuous distribution of charged matter flows 
quasi-irrotationally both under electromagnetic interaction and also certain internal scalar field. 
The latter is now taken as a particular density-dependent pressure potential or as due to 
internal mechanical stress. In this representation further we can describe the interacting 
Klein-Gordon and electromagnetic fields solely with matter’s variables. 

The hydrodynamical representation also suggests a fairly natural way of generalization 
of Klein-Gordon field, ie., the inclusion of the vortical flow. This leads to an essentially 
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new type of non-linear field equations. We do not investigate whether such field might 
have any analogue in the nature, yet we may suspect that it might perhaps be of use to 
describe mesons. In these equations we can again eliminate electromagnetic variables by 
means of the generalized Clebsch’s transformation. In this connection the similar generaliza- 
tion of non-relativistic Schrédinger field (proposed in FQM) is somewhat supplemented 
(Appendix E). 

The above formulation for the interacting Klein-Gordon and electromagnetic fields, 
which is so to speak a sort of ‘electrodynamical hydrodynamics’, involves the formalism 
of ‘new classical theory of electrons’® recently presented by Dirac, as the limit of 
vanishing quantum potential; and we give some remarks on this theory of Dirac (§ 6). 
As a generalization of this theory, we also formulate a classical theory of mixed fields 


where the source is considered as mechanical continuous matter, (Appendix G). 


§ 1. Introductory remarks on the formulation of quantum 
mechanics in terms of classical pictures 


We begin with summarizing the formulation of quantum mechanics associated with 
classical pictures for the simplest case of a single particle without spin under the force potential 


(a) : It is based upon the simultaneous equations of motion : 


OS 1 5 z AR 
eee (VS) VO, 1-1 
Ot Zang ) 2m R Oso 
aP : > pe 
of +div (PV S/m)=0, (P=), (1-2) 
is 
which are derived by inserting 
p= hea: G5. 5,-ereal) (1-3) 


into the Schrédinger equation, 
{" 9 4 (2, “r)hy=o. (1-4) 
NRE TZ 


We can let the following picture correspond to eqs. (1-1) and (1-2): We regard P 
as the density of the probability distribution for particle position, and .S as velocity potential 
in the sense that it yields the velocity to be taken by particle reaching the point # at 


time # by 
v(m, t) =V S/m. . (1-5) 
Then from (1-1), by taking the gradient, we obtain 
at 2m RK 


Eqs. (1:1) and (1-2) are now regarded as representing an ensemble of particle trajectories, 
which belong to single velocity potential S by the relation (1-5), and are determined 
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by the classical dynamics assuming the external potential ” (a) and moreover the extra 
‘quantum’ potential [7/=— (%°/2m)dR/R (that is in turn dependent upon the density 
distribution of the ensemble). Here eq. (1-6) expresses the Newtonian equation of motion 
for individual trajectory. 

If we are given the initial velocity field v (a, 0) ¢rrotationaily, S(a, 0) is. determined, 
by (1-5), up to an arbitrary additive constant, (which does not enter (1-1) and (1-2)), 
and if in addition given the initial density distribution P(w, 0), then their later distribu- 
tions U(a, 7) and P(x, 7) are uniquely determined by (1-1) and (1-2) (cf. eae 

Such ‘ gauge-invariancy’ of the picture holds for the case of a particle in general 
electromagnetic field (4,4). Here the Schrédinger equation, 


{' x + (47- A) ++ V1 Y=0 (1-7) 
272 2 c 


is transformed, with the substitution (1-3), into the form: 


Sa SAY op yea eee (1-8) 

21 a) ee 2m R 

P+div{ P(FS— & A)|n\ (5 (1-9) 
\ ce VE 


By imparting to the gauge invariant quantity 
v(a, 1) =(7S—*£ A) |m (1-10) 
c 


the meaning of particle velocity, eqs. (1-8) and (1-9) are considered to be the equations 
of motion for an ensemble of trajectories under the actions of Lorentz force and 
quantum potential (FQM § 3). Another gauge-invariant quantity 


E(m, t)=—S—ed | (P5103 


represents particle energy in our picture. 


We come back to the simplest case, (1-1) and (1-2). These equations are also 
written respectively as 


aS eee eat a5 A OR 
ete oy fe era rS Si V+ i> >, Se foe fst 
at 2m VS) 2m OR ( ) 
Tes SOR ees 
eee ee (1-2") 
The latter is equivalent to 
"ae AoOry poate 
deg wae t= AS/m 12) 


which means merely that in the velocity field 2, the volume dz of a small portion of 
¢ > . . . 

the ‘cloud’ varies ‘substantially’ at the rate div2, and shows that the cloud is locally 

either extending or contracting according as JdS=0. 


Fu Eek, Rates 
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We shall next remark the following: The Limit of vanishing quantum force 
(47/2m) |P (AR/R)|/\PV| > 0, (1213) 


which is somewhat more general than the condition of the simple classical Limit, 4-0, 
does not immediately reduce our picture to that of classical particle mechanics ; because 
the effect of quantum mechanics still remains in the statistical blurring of trajectories, 
although each of which is now purely classical. | 

In place of the statistical picture thus far considered, the foregoing equations can also 
be understood in a hydrodynamical picture. Here they are regarded as representing an 
irrotational flow defined by the velocity potential S in a compressible perfect fluid with a 
particular pressure potential — (%°/272)4R/R, or with the mechanical stress tensor 
Oy= (hk /4m)PI (log P)/dx,dx, (see FQM § 3 and Appendix A). 

In our pictures the density field reacts upon particle with the quantum potential lV’ 
=—(%#/2m)4R/R, where Planck’s constant % is regarded as playing the role of the 
coupling constant**? ; indeed % occurs in our fundamental equations (1-1) and (1-2) only 
here and moreover solely in its square. This is partly due to that we have chosen & for 
the unit of the phase in the substitution (1-3); but as a result, % appears in the /rs¢ 
power in the subsidiary condition 


paS= nh, (7: integer) (1-14) 
which is required corresponding to the single-valuedness of # (see FQM, § 7). Thus in 


our formulation Planck’s constant must play the parts of coupling constant connecting the 
particle to its density field, and of the ‘ guantum of modulus’ at the same time. 

Next, in the statistical formulation the ensemble can be reptesented in pase space - 
by a density distribution P(a) on the curve p=VS(a) at each instant (FQM § 7), 


so that it has the definite particular distribution function : 
I(x, Pp) = P(x) 0(p—Vl S(a)). (1-15) 


The picture evidently stands upon simultaneously determined position and momentum of 
particle that mean ‘ hidden variables ’, and was capable of representing the quantum-mechanical 
equation of motion (Schrodinger equation). But it leads, as to the problems such as the 
probability distributions of various physical quantities (other than particle position), to 
different results from those due to ordinary quantum mechanics, as long as we merely 
adopt the values that the picture directly yields (see FQM S§ 5-8). Such a circumstance 
is, however, quite generally valid for any theory involving hidden variables, according to 
what was proved by von Neuman. Thus in order that the statistical formulation should 
attain the agreement with ordinary quantum mechanics as to probability distributions, it 


becomes necessary that we distinguish, for physical quantities such as momentum, the value 


* For stationary state this condition reduces to 
(42/2m)|AR|R|/|E—V|>0. (1-137) 


** This was remarked to the author by Dr. T. Inoue. 
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to be observed from the ‘real’ value, by some reasonable theory of measurement. Bohm” 
was, in fact, led to such a procedure for the statistical picture. 
The substantial rate of change of the distribution function in phase space (1-15 Jeis 
given by 
A = —fdiv p/m=—fdS/m, (1-16) 
at 
which is analogous with (1-2'). This relation replaces the Liouville’s theorem and shows 


a difference of our ensemble from Gibbs’ one where «///dt vanishes. 


§ 2. Fluctuation of trajectories 


(a) In our statistical picture the particle on its individual trajectory is acted on by 
the additional quantum potential, — (#/2m)4R/R, which, in general non-stationary states, 
explicitly depends on the time / and so the individual trajectory is of non-conservative 
classical system, even though the system is originally conservative, ie, 9//d/=0. Thus 
its energy 


2 S Vi 4R ; 
Hp, 2, p= 7 Z-1)? 
a: ) 2m 2a R ( ) 
varies along the trajectory by 
aH, meelel ate ee e) (2) (2-2) 
at Ot 2m at\'R 7’ ‘ 


which means the energy law for individual trajectory, to be combined with the momentum 
law (1-6). The avarage value of /7, over the ensemble of trajectories naturally conserves, 
in agreement with the quantum-mechanical mean energy, (FQM §5). As the result of 
such time-dependent quantum force, a trajectory of particle will generally show a complicated 
fluctuation, 

When we explicitly know any possible solution (S,P), we may further obtain 
individual trajectories belonging to this ensemble by integrating the differential equation : 


dit dt= (a, ¢) =P S/m. (2°35 


We can in this way get the trajectories of number of co* belonging to a single ‘ elementary ’ 
ensemble (S,/) in the form (a, 7¢), involving a parameter #), the initial value of 
position. **? 


Usually, in practice, we first get the wave function ¢ by solving the Schrodinger 
equation, and then obtain S by 


* Hp, &,?)p=vs(a)=L(a,¢%). Here EGr,¢) is defined by (1-11) or FQM, Eq. (5-6). 
** For a stationary state (of energy /), we have S=S/(ac)—Z¢, and v=p.9//m which does not involve 
¢ explicitly, so (2-3) takes the form 


dxldt=v(ax) =p S/|m. (2-3)7 


4 


rey 
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S= (%/22) log (b/¢*), (2-4) 
and so w by 
v(x, t) = (4/m) Im (Vd /). (2-5) 


We can say that a problem in quantum mechanics is perfectly solved by obtaining 
S and R, without requiring further to get the individual trajectories belonging to this 
ensemble explicitly by solving*) (2-3). which is generally a very complicated mathematical 
problem ; yet it may be very illustrative to carry it out for some typical example. 


Now, we shal! solve (2-3) for a typical non-stationary state in free space, 
p=, +a, (ave ;-4, 0: real) (2-6) 
produced by the superposition of two plane waves: 


, i ise : 
();=exp i( tee Ake t), C= ike 2) (2 -7) 
201 


each of which means, in our picture, an ensemble where particles move in constant velocity 
v, or UV, with U;=%k,/m. For the state (2-6) the equation of trajectories becomes 


du __ th Im( rey = he k,+¢hk,+4(ky +k,) cos oo (2-8) 
at m p um 1+ 2+ 2u cos € 
where 
E= (hk, kb" (hg — kD t—0. (2:9) 
2 


In one-dimensional case, (2-8) can be integrated into 


sin € + es re + apo (4,4.@h) i} =const. (2-10) 
20. m , 


This is an equation of Keplerian type between & and 4, and is solved to be 


4—#,=0t+— : a eet) Aco s)sin (nee), (2-11) 
+a“ 


bi—ky M=1 


O= aes BS (h,—hy)*, and /,’s ate Bessel functions. 
1+u0 ies See PAL? 


#) from the solution (5, 2) corresponds to the transition from the 


* To get the trajectories a (X5), : 
In order to get the latter solu- 


Eulerian solution to the’ Lagrangian solution in the hydrodynamical language. 


tion (Xp, %) directly, we are to start from, in place of (1-1) and (1-2), the Lagrangian equation of motion : 


A2. AR 
Pose Oe (Ge wm nat 4) i906) 
O¢ Oxo OX 0% , Dit wk 
0 > /5 3 
NOES Ae SRS 
0 (053/020) 


under the subsidiary condition: S\[Vo%% * Vovz] =0- 
b 
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Eq. (2-11) means the motion of constant velocity 7 superposed with oscillating fourier 
components of frequencies vw. Thus in the ensemble produced by the superposition of 
two constant-velocity ensembles, particle fluctuates rapidly about the motion of constant 
velocity (that is equal to the weighted mean of two component velocities), the amplitude 
becoming smaller and the frequency larger, the larger is the difference v,—7»- The 
fluctuating part of motion represents how the trajectory deviates by the presence of quantun 
potential from purely classical one (which must, in free space, be a motion of constant 
velocity). This is what we referred to as the ‘ interference ’ of two trajectory ensembles 
(FQM § 7). For special cases for this example, see Appendix A. 

(b) In our statistical picture particle trajectories generally take very complicated 
fluctuations in non-stationary cases due to the time-dependent quantum potential, as was 
illustrated in (a). On the other hand, since it implies conceptual difficulties to interpret 
this potential as some r¢v/ interaction within the density distribution of the ensemble, it 
may be natural to inquire into the possibility that such effects might be attributed to some 
external action. Thus Bohm” directly assumed this potential as the external force field. 
But this interpretation seems to raise another difficulties (FQM § 4). Instead of doing 
this, it might also be conceivable somehow to deduce the fluctuation of particle trajectories 
due to the quantum potential through a mechanism similar to that of the Brownian 
movement ; that is, we regard the fluctuation as produced by the random action from the 
outside medium. In this viewpoint we must then postulate a virtual medium (or, so to 
speak, an ‘aether’) ; and therefore, ‘hidden variables’ are introduced not only as the 
simultaneously defined particle position and velocity as in the original statistical picture, 
but also as the freedoms of the medium. 

It is, however, not expected that such a mechanism of stochastic process would be 
able to result in the ‘ quantum-theoretical’ fluctuation of particle trajectories ; because this 
fluctuation, though may be very complicated, is not at random but is perfectly determined 
Jor each individual trajectory, and must be, at any rate, of such type as is produced by 
the force (4°/2m)V (dR/R) ; whereas in a stochastic process the particle is acted on by 
a fluctuating force, wucorreluled at every successive time and naturally again independent 
of the probability distribution P. . 

Nevertheless, as is well known, quantum-mechanical motion has some resemblances to 
the diffusion phenomena as the result of the formal similarity between the Schrodinger 
equation and the diffusion equation. Starting from this analogy, Fényes” recently attempted 
to interpret quantum mechanics as some Markoff process. But both theories are essentially 
different in spite of some resemblances, and we can anticipate, from what we above stated 
using our statistical formulation of quantum mechanics, that such attempts would not 
succeed. We show this point more explicity in Appendix B. 


§ 3. Consistency of the ensemble picture 


In FQM we called the action function S, in case of the statistical picture, as 
‘Hamilton-Jacobi function’. It is true, as pointed out by Halpern”, that Bq. (121) “is 
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not perfectly the same thing with the Hamilton-Jacobi equation originally treated in clas- 
sical mechanics, because the function R defining the extra potential is related with .S by 
the other equation (1-2). But this circumstance implies no more difficulties for the 
statistical picture, than that an individual trajectory be modified by the extra potential 
determined by the very density distribution of the ensemble. (Difficulties in the ¢nfer- 
pretation of this latter fact were stated in FQM § 4). 

When we solve the simultaneous equations (1-1) and (1-2), surely the same inte- 
gration constants «%;’s generally enter both S and 2, and yet we can put (1-5) as in the 
original Hamilton-Jacobi scheme. Indeed we must not further put 0.S/d;=const. ; never- 
theless, by integrating (1-5) (ie. (2-3)); we can perfectly obtain individual trajectories 
of number of co* belonging to the ensemble defined by a set of values of w,’s, as was 
illustrated in § 2. For convenience we shall still call the S-function as ‘ Hamilton-Jacobi 
function’ occasionally*). In exceptional cases where the quantum force vanishes, the 
S-function is a genuine Hamilton-Jacobi function, which coincides with the classical one. 
These cases were treated in FQM §S 14. 

The consistency of the statistical picture based upon equations (1-1), (1-2) and 
(1-5) is evident in one-body problems’ from its correspondence to the hydrodynamical 
picture. To make sure, we shall further explain this point for the general case treated in 


FQM § 11 (a): We consider a system with Hamiltonian // quadratic in each momentum 
Pi? 
=>) 27 (Gig Pi Dj 4 PiPi4i3) + 27 (6: Pi +fi0;) +V,, (3-1) 
ij é 


where each a;;, 3;, and 7 may be real functions of coordinates g;'s. Then its quantum: 


mechanical equation of motion is written in our formulation as 


(3 +H +94 9:8, ) +V' [RC 9°) 1=9; (3-2) 
eres (= i ( oes) 
Meee |P( anes Sao (Opes 303 
l 3 +330, ahi ee) Ba, (3-3) 
where 
Yaa FS eB AR+ BAAR) (3-4) 
ij ; 


Here we assume the .S-function as the ‘ velocity potential > in the sense that from S 


be derived the velocity components in configuration space, dg,/at, through the relations : 


* The substitution (1-3) means a sort of phase transformation for ~. If we take the genuine Hamilton- 
Jacobi function for the shift of phase S in (1-3), the ‘ density’ function “——which is no longer necessarily 


must satisfy 


a real quantity 
aR? /A¢ + div{ R2 (7 S—eA/c) Ju}=7(4/m) RP?R, 

in place of (1-9). In this separation of the Schrédinger equation, we have an alternative picture in terms 

of ‘quantum source’, (77/7) Ap?X, in place of the quantum potential. This procedure can also be applicable 


to the Dirac equation. 
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2,=3;S, (3-5) 
and 
ayy. =) (p53 + Ain) Pg +O A (3-6) 
at j 


Then, by integrating (3-6) with the substitution (3-5), we can determine the trajectories 
belonging to a S-function (which in turn is obtained by solving (3-2) and (3-3)). We 
have thus the kinematical picture of ‘irrotational’ velocity field in the configuration space 
corresponding to a S-function. The time-rate of change of the quantity /, along a trajectory 
is given by 

ap, Op» a9; 

oft E+ Sif (3-7) 


Now, differentiating (3-2) with respect to g,, and employing (3-5), we obtain 


“be + D105 Pils + Aj (OiPe Dj + PAs Pe)} 
t aj 


a) 
+1016: Pi + G9: Pr) +O,V+0,V'=9, (3:8) 
which is further transformed, by using (3-6) and (3-7), into 
— Pt SS Dyers Pipyt Dd Pot DV EBV (3-9) 
C a a 


Here we see that this equation, together with (3-6), coincides with the classical equation 


of motion* for the system with Hamiltonian 


H=S aii pipj+ di bi pit V+Vi=H+V’, (3-10) 
aj Zz 
namely, 
dq, __ 0H _ 0H (3-11) 
at Op, Ope : 
iby OTF (3-12) 
at 0%: 


Thus the kinematical picture which we have let to correspond to (3-2) is understood 
dynamically, i.e., it just represents the ensemble of classical motions, referring to single S- 
function, of the system with additional quantum potential (3-4). Furthermore, taking 
into account (3-5) and (3-6), (ie, (3-5) and (3-11)), eq. (3-3) is identified with 
the equation of probability conservation, with P as probability density of the ensemble. 
In the above procedure the additional potential [”’ is determined only by the density 
function P, but we also encounter the cases where [// depends upon the S-function, too. 


It is possible to generalize the picture so as to fit to such cases. The examples are the 


* Eq. (3-9), from which are eliminated i's by the use of (3-6), is regarded as the Newtonian equa- 
tion of motion for such system. 
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case of multi-component wave function referring to spin which was already treated in FQM 
§ 11 (c), and the case of inhomogeneous wave equation (though here the wave function 
does not mean a state vector) which will be treated in § 7. Also cf 


Appendix B, eq. (B-10). 


the case of 


$4. Ensemble picture for Klein-Gordon equation 


As was explained in FQM § 11, our statistical picture for quantum mechanics loses 
its applicability to electron when relativity, spin, and exclusion principle are taken into 
account. The explanation for the case of Klein-Gordon equation (FQM § 11 (d)), taken 
up as a relativistic modification of one-particle Schrédinger equation, was however partly 
incorrect, and so will be supplemented in this section. 


The Klein-Gordon equation : 


(2 a,—+ Ay) + ie} p= 0, (4-1) 
2 


c 


(where A, is electromagnetic potential, 0, = (V7, 0/dct), and w= 1, 2, 3, 0), is transformed, 
by the usual substitution 


b= Ren (4:2) 

into 
( (0,S—eA,/c)?+u°e?—hOR/R=0, (4-3) 
0, {P(a"S—eA*/c)} =0, (P=k’). (4-4) 


Here, it is not allowed simply to regard eqs. (4-3) and (4-4) as the relativistic 
‘ Hamilton-Jacobi’ equation under the additional scalar potential —2°LJA/R, and the con- 
tinuity equation with the rest density P, respectively. This is because, for the solution 
(.S, P) of the simultaneous equations (4: 3) and (4-4), the quantities w”= (0"S—ed* /c)/m 
do not satisfy the condition to be 4-velocity : 


Ui =e, (4-5) 


unless [JR/R=0; furthermore, in this connection, the quantity P= PROS ea c) far 
is not positive definite, and so cannot be regarded as a density function”. 

Now we shall find Hamilton-Jacobi equation for classical relativistic motion of a particle 
~ moving under a scalar field (/ as well as the electromagnetic potential 4,. Here the scalar 


field affects the motion as if it produced the shift of mass Om=fU/c, the Lagrangian 


being 
(ORs (m+fU/e) (uu —c) + (e/c) yA”, (4:6)*” 
fe 


* If 29 =(9S—eA|c)/m could be taken as the 0-th component of a 4-velocity, then w 2c, and 7° 


would be positive definite. } 
#* We might as well take the form, L=—(mer fU fe?) (—uyut)? + (e/e) li Ar. 
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where w,=a¥=sda"/de [cdc r= (—dr,dxty* | is 4-velocity, to be restricted by (4-5), 


wear be 
and f is coupling constant. The 4-momentum /,, conjugate to 1", Is 


> Vas 
EPP ae aya ba eee ne — Pua tAy!e | 4-7) 
Pu= eke (m+fU /c?)u, +eA,/c, ies, e Dey mf se ( 
The Hamiltonian is 
(Cpe =f ae /c)? 
sib we ERY Ce Re is + (mc?+f0) (4-8) 
ag eS 2 m 4fU/e f 
The equations of motion derivable from (4-6) (or (4-8)) are written as 
a OU age (4-9) 
ox" c 
der, 
ee (1 + nae da} =* tL — Ff OE, (4-10) 
ae mc c 
or 
( +f) a uf —f( pe 0,U + aU). (4-11) 
c c oe 


This is consistent with (4-5), since eq. (4-9) obviously has the integral 7,7"—=const., 
_as Z does not involve z explicitly. This const. is put to be equal to —c*. Considering 


this, from (4-8) we get the Hamilton-Jacobi equation : 
(0,S—eA,/c)?+ (mc +f U/c)’?=0. (4-12) 
From the solution S of this equation, momentum is given by /,=0,S, and so the 
velocity by x*= (0%S—eA"*/c)/(m+fU/c), which evidently satisfies (4-5)*. 
The equation of continuity to be combined with (4-12) should be of the form, 


8, {PPL =o, (4-13) 
mt+fu/e 


where /’, means the density function in the rest frame. 
Now in order that eqs. (4:12) and (4-13) agree with (4-3) and (4-4) respec- 
tively, we are to put 


* The Lagrangian (4-6) can be replaced by the Lagrangian of the three-dimensional form, 


=LA-v3/c?) = — (me+fU) (1—v2/2) %&+ (ec) Av—ed, (4-67) 
where v=do/dé is the usual velocity, and 4= (A, @). The canonical momentum is 
= (mt fUe) (Av) —%+ (ele) A, (4.74) 


and the Hamiltonian becomes 
H*={ (pe—eA)*+ (me+fU) 3 Leg. (4-87) 


The equations of motion to be derived from (4- -6’) or (4-8’) are found to be identical with the first three 
ones of (4-11), and also the Hamilton-Jacobi equation derived from (4:8/) to be identical with (Ciaite))e 


Remarks on the Forimulation of Quantum Mechanics £99 


fU=me (7-1), P.=7P, ‘ 
with ae tee 


r= (1—47LR/R) 2 ; A,==h/ me. 
In order the above form of U and 7, be physically admitted, we require 
ASLIR/RAI, everywhere. (4-15) 


This condition is not always fulfilled; for instance, it breaks down, when the rate of 


fluctuation of 2 in the space-time region of the order of Compton wave-length is not small, 


or when [JAX/R diverges in the region R-0. 


The 4-velocity is now 
(AeA) Cc) fit, (4-16) 


whose 0-th component 7/’ 


be satisfied. 


Consequently, the Klein-Gordon equation corresponds to the picture of ensemble of 
relativistic particle trajectories, in the additional scalar field, referred to single ‘ Hamilton- 
Jacobi’ function, under the condition (4-15); here the additional field (/ is rel:ted to 
the rest density of the ensemble through (4-14). The equation of motion for the 
trajectory, such as iS consistent with the ‘Hamilton-Jacobi’ equation (4-3) is obtained, 
by inserting (4-14) into (4-10), i.e 


, and so 7°=/,° are certainly positive-definite, provided (4-15) 


= 
#9 (OR), 
2my R 


mee (Gide oy Fey (4-17) 
at g 

The correspondence of the above picture to the Klein-Gordon equation is imperfect in 
that it fails when the condition (4-15) breaks down. Indeed, this fact does not immediately 
mean a difficulty for the statistical formulation of quantum mechanics itself, since the 
Klein-Gordon equation cannot, in fact, be regarded originally as one for the probability 
amplitude for a particle*’. But the ensemble picture fails also for Dirac equation, as was 
stated in FQM. 

Where the rate of the density fluctuation is small such that 4,” 


CIR/R| <1*”, the 


extra scalar field and the rest density reduce respectively to 
fUZ— (#2/2m) OR/R, P= P——AEROR, (4-18) 


, and in this case 


which correspond to the first approximation with respect to 4,|[1R/K 
the condition (4-15) is always satished ; further in the zcro-th approximation, (4-3) 
reduces to the purely classical Hamilton-Jacobi equation 


* For the Klein-Gordon field zs a quantum Bose field, its quantum-mechanical motion can be pictured 
as an ensemble of classical motions of the assembly of field oscillators urder certain extra potential, in a similar 
ay 2s was shown for cases of Schridinger field etc. in FQM. 

** This is also written as (22/m)|_JR/ A | <me, which means the limit of vanishing quantum potential, 


correspording to. the condition (1-13) for the non-relativistic case. 
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(0,S—eA,/c)? += (4-19) 


and P coincides with the rest density. 


$5. Hydrodynamical representation of Klein-Gordon field 


(a) Hydrodynamical form. Elimination of electromagnetic variables 


As was previously stated, a hydrodynamical picture can be associated with the Schrodinger 
equation ; this fact implies for the Schrédinger field regarded as a classical wave field to 
admit such mechanical model*®. This property of Schrédinger field is very remarkable 
in contrast, e.g., to Maxwell field which is well known to admit no mechanical model. 

The situation is similar as to the other linear complex scalar field, the one due to 
Klein and Gordon** : As was stated, we can associate an ensemble of relativistic trajectories 
under some additional scalar potential with the Klein-Gordon equation ; and this fact implies 
for the classical Klein-Gordon field that it can have such mechanical model, which is 
taken also as the hydrodynamical one (though in this case the model has real meaning 
only under the condition (4-15)). The detailed explanation for this point is given in 
Appendix /, but anyhow in the hydrodynamical picture, we consider a relativistic quasi- 
irrotational flow involving the stress such as to correspond to the internal scalar potential 
fU=me(y—1). Here the rest density*'* is P), and the term ‘ quasi-irrotational’ means 
that the velocity field is derjyable from S by (4-16), ie., it should satisfy 


Out, — 0,4, = —(e/mc) Furs (5-1) ***# 
where /’,, is electromagnetic field strength, and 
Uy =fuy= (O,S—¢eA,/c) /m. (4-16) 


The relation (5-1) implies that 7/,, referring to 4-velocity of matter, can at the same 
time be regarded as the potential of the electromagnetic field. 
Now the flow (4-16) with the rest density P, produces the current 


Ji =e era. 


This current is to be taken as the real one for the Klein-Gordon field, not only due to 
our hydrodynamical model, but also because it is derivable from (D-4) of the general 


* For this point further see, Appendix D. 


** As to a condition that we should be able to represent any wave field with a hydrodynamical field, 
see Appendix /’(d). 


*** We choose the dimension of ¢ such that the Lagrangian density for the Klein-Gordon field becomes 


I 4 4 AEE é 1 
Ae zs (Ss Oy + We A) ye (ae ae 4) b——= mep*d, (5-2) 
2 & 2 G 2; 


2m 


giving the current vector by 
5 eh ; a 
1 eater) (Y* Ong — POug*) ope 


which turns into the form ju=eR2(Ou- S—eAw)c)/m through the substitution (4-2). 


**** This is the relativistic generalization of the condition curl w= —eH/mc, (see FQM Eq. (3-6), and 
also Appendix C). 


& 
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theory. Then this current reacts upon the electromagnetic field according to the Maxwell 
equation : 


OF (eee. (5-3) 
that is, 
0,0,A”*—LIA,= (e/mc)P(0,S—eA,/c). (5:4) 
Eq. (5-4) and 
(0,5—¢cA,/c)*+ur?eP—KOR/R=0 (4-3) 


constitute the fundamental equations*) for ixteracting electromagnetic field and classical 
Klein-Gordon field expressed in a hydrodynamical form. (Here the continuity equation 
(4-4) is omitted because it is now derivable from (5-4)). These equations are 
derivable from the Lagrangian density 


ie 


2772 


Figg = (AR) 2 RB,S—eA/e)'/m+ me}. (5-5) 

Thus the interacting Klein-Gordon and electromagnetic fields correspond to a sort of 
‘electrodynamical hydrodynamics’, 1.e., to a quasi-irrotational flow of continuous charged 
matter, each portion of which\is mutually interacting by means of electromagnetic field and 
at the same time by an internal scalar field. This latter field is perfectly determined by 
the distribution of matter, without any freedoms of its own (differing from electromagnetic 
field), and is of a type fluctuating with the variation of density. Suppose we here replace 
this scalar field by some cofcsive one, then we shall have a system such as was considered 
to construct the model of the electron in classical theory** (cf. § 6 and Appendix G). 

The former set of equations ((5-4) and (4-3)) is also expressed, in terms of 7y, 
as (5-1,),-'(5-3), and 

igh=—yc=—0 + oe ce (5-8) 
m R 

This form represents the theory in terms of quantities such as velocity and field strengths, 
having direct physical significances, in place of their potentials S and ae 

It is however also regarded as the expression in the particular gauge where —A7/,= 
A,— (¢/e) 0,5; (k==mc/e), plays the role of electromagnetic potential***): That is, we 


take, as fundamental equations, (5-8) and 


0,00 — Oty =—roP My, (r =e / me’) (5-9) 


* In the usual representation this theory consists of the original Klein-Gordon equation (4-1) combined 


with the Maxwell equation 


(4p —0nd, AY = — (¢4 /2met) (P* Oud —POnd*) + (e2/mc*) Aup*. (5-6) 
They ere derivable from the Lagrangian density 
1 
La- Pet bx (5-7) 


with /u,=0(v4,}. By the usual substitution (5-7) turns into (5-5). 
** For instance Poincaré™) really introduced such scalar cohesive pressure. 
%** In the similar fashion we can elimitate the gauge variable also for the case of Schrédinger equation, 


(see Appendix C). 
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which is the form of (5-4) in this particular gauge. They are derivable from 


L=-1k,2—m|(@/2m) BR) Lea+e), (5-10) 
4 

~~ 9° a > ar — \o 
(where the first term is to be understood as — 5 hy == 5 ke (Oputyy)~) « 


We can consider that in this form the electremagnetic variables disappear, and the 
motion of the matter field, including the electromagnetic interactions, is described solely in 
terms of matter variables, R and 7,. The original Klein-Gordon equation was written as 


(5-8) and the continuity equation 
0, (Pa*) =0. (5-11) 


The latter is now replaced by (5-9), which includes (5-11) as a consequence, so as to 
include the motion of interacting electromagnetic field implicitly, We can in this way 
represent the gwasi-ivrotationa/ motion of certain charged continuum, including the mutual 
interaction intermediated by the electromagnetic field having its own freedoms of motion, 
merely in terms of matter variables, the formulation thus bearing the appearance of a sort 
of unitary theory.*? 

In FQM we tepresented the Schrodinger field in the hydrodynamical form and then 
tried to quantize it; likewise now the quantization of the Klein-Gordon field in its hydro- 
dynamical form, together with the electromagnetic field, is required. This will lead to an 
equivalent to the Pauli-Weisskopf theory (including the interaction with the electromagnetic 
field) which is the direct quantization of the Klein-Gordon field. 


(b) Generalization of Klein-Gordon field 


Again, in FQM § 13 we generalized the irrotational flow that corresponds to the 
Schrodinger field, so as to include the rotational; likewise the hydrodynamical form of 
Klein-Gordon field suggests to generalize its original quasi-irrotational relativistic flow to the 
‘rotational’. For doing so, we take, in place of (4-3) (ie. (5-8) and (5-1)), the 
equation of motion (4-17) with 7, as field variables, i.e., 


, - ahs 
mu ou" = ee iF HY + ES a ( zs 
€ 29 FR 


(5-12) 


that is the relativistic version of FQM (3-3), together with the constraint (5-8). We 
have besides the Maxwell equation (5-3) with /*°,,=3.4,). 

In this case, though 7, cannot itself play the part of electromagnetic potential con- 
currently, it is still possible to eliminate electromagnetic variables by means of kinematical 
quantities for matter 7/,, ¢, and 7 where the additional quantities ¢ and 7 refer to the 
vortical freedoms of motion. It is an application of the method due to Dirac”, and corre- 


sponds to the Clebsch’s transformation in non-relativistic hydrodynamics (see Appendix E). 


* But the Eq. (5-9) is a 2nd-order differential equation in My, at variance with a proper hydrodynamical 
equation which is to be first order (see e.g. (5+13))3; and accordingly the motion is not uniquely determined 
by specifying the initial values of ? and #,, unless we further specify Ov, /d¢ initially. 


"TU KE 


ve 


th cA 
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Now we shall briefly state the procedure: eq. (5-8) yields 7,0,7”= (4°/27) Ay Xx 
x (AR/R). Combined with this, eq. (5-12) can be replaced by 


Zt, (0°%’— 97") = ——° 2, FF, (5-13) 
me 
that is also written as 
@, f*"=0, or u,f*’=0, (5-13') 
with 
Av fl bara —o'ok); (L=mc/e). (5-14) 


which means roticity. This quantity on the other hand, since it satisfies (5-13’), can be 
written as 


Suv=9y(F9%) —9, (Fun) ee OX wyde. (5 -15) 
a) Canteen) 


by use of two quantities € and 7 satisfying 
WO js =U'0,7=0. 65-16)” 
Fundamental equations thus reduce to (5-8), (5-3) and (5-16), with 
pee 2G ys h(O"m’— O°"). (5-17) 
fe) i, 2g} 


They are derivable from the Lagrangian density (5-10) that is now to be regarded as a 
functional** with respect to XV’, 7,, €, and 7, on account of (5-17). | 
In this representation the potential A” is written, from (5-14) and (5-15), as 


(e/c\p" = A" + ki =Fd"7 +0", (S18) eo 
where 7” is the canonical momentum defined in (4-7). Further, by taking suitable gauge, 
we have 

AY + hi =€0"y. (5-18’) 
On the other hand € and 7 can be subject to the transformation €, 7 — €’, 7’ such that 


it leaves f¥” invariant, i.e , satisfies 0(¢’, 7’) /0 (, 7) =1. This is a contact transformation 
that is regarded as produced by means of a generator s*(y, 7’) such that — . 


Bos Oe ae os (5-19) 


On ‘ Ox! 


: } : ’ 
Considering this transformation to be combined with the gauge transformation Af —> A;" 
= AY +0"s*, the relation (5-18/) is left invariant. - 

It is to be noted that for the Lagrangian and Hamiltonian formulations of hydro- 


* This corresponds to (E-7) in the non-relativistic case. 
** The equations of motion can equally well be derived from the Lagrangian density (5-10) regarded as 
a functiona! with respect to 4, 7, §, and 7, through the relation “4,4 =r, 41 and (5-187). 
*** This corresponds to the Clebsch transformation (E-3) in non-relativistic case. 
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dynamics it is essential that we should introduce suitable ‘ potential variables’ such as 
€, y, and s (involving the arbitrariness of gauge), just as in the case of electrodynamics 
(further see Appendix E). 

The quantization of our non-linear field may be dificult*®?, and it would lead to a 
far wider theory than the Pauli-Weisskopf’s: Since the particular case of quasi-irrotational 
flows corresponds to Pauli-Weisskopf field, so the rotational flow must imply some other 
things (just as was stated for the non-relativistic case in FQM § 13). 

The above generalization of Klein-Gordon field to include the vortical motion is not 
any inevitable one, as it stands merely upon the hydrodynamical analogy, lacking any 
evidences to necessitate it. But perhaps it might serve to describe mesons ; and for this 


purpose it would be necessary to introduce the interaction with nucleon that acts as source 


(cha ye 
§ 6. On the Dirac’s ‘ new classical theory of electrons” 


We shall now take up the Limit of vanishing quantum potential for the theory 


stated in the preceding section. This corresponds to the ‘ WKB-approximation ’ referred 
to in FQM § 15. In this case, first, the Klein-Gordon equation reduces to 


(0,S—eA,/c)?+m'c’=0, (4-19) 


and (4-4), the condition (4-15) always satisfied. We have then the picture of a quasi- 
irrotational flow of compressible fluid with the rest density /, the velocity potential S, and 
with vanishing internal stress. The fundamental equations are (4-19) and (5-4), or in 
terms of /*’ and w, (the latter is now identical with 7, and so plays itself the role of 
electromagnetic potential ), 


Uy Ue = — "7, (6-1) 
Only — OU, = — (¢/mc) Fir, (6-2) 
Ont es (Ofc) Pad (6-3) 


This set of equations**) is nothing but the equations introduced in Dirac’s ‘ new classical 
theory of electrons’””, putting A=), and =mc/e. If one adopts this classical field 
of quasi-irrotational flow, which is the limit of vanishing internal stress for Klein-Gordon 
the reasonable representation of c/assica/ state of motion of clectrons, and expects the 
field, as reasonable theory of electrons in some proper quantization of this form of motion, 
it corresponds just to the Dirac’s point of view in his above theory. 

The simpleness of this electrodynamics is essentially due to the assumption to regard 


electrons as continuum and to restrict its motion to the quasi-irrotational, where the state 


* cf. Appendix E for non-relativistic case. 


** Tf we omit the Z%term in (5-7), introducing wy, = (0,S—ed,/c)/m and A=mR?, then we get 
P 1 gt hanes 
L£ = mF Fy? —> Atty? +e?) 


that is identical with the Dirac’s Lagrangian. 
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of motion of electrons is described with two continuous field variables P and S. In Dirac’s 
form the theory is further expressed in terms of quantities having direct physical meanings. 
This fact can also be regarded as choosing a particular gauge, and is of rather formal 
significance ; Dirac’s theory revises the model for matter, but introduces no essential alteration 
to the scheme of electrodynamics, at least as long as one remains within classical theory. 
As in §5 (a), we can further eliminate /“*” and express the equations solely in 


terms of matter variables XK and w,; that is, we take (6-1) and 


wo 
0,00 a= — 7, Puy. (6-4) 


Next, for the theory’ of Dirac, the generalization such as to include the rotational 
flow is a necessity, in so far as we consider the classical real charged fluid. We take then, 


in place of (4-19), the Euler-Lorentz equation 


21,0" = (e/mc) ul (6-5) 


that is the special case of (5-12), together with the constraint (6-1), and the Maxwell 
equation (6-3) with #,,=0;,4,; Recently, Dirac” himself introduced the rotational flow, 
where he has shown the way to diminish the variables (cf. § 5, (b)). 

As for the quatization of the theory of Dirac, it is to be remarked that this cor- 
responds, for quasi-irrotational case, to starting with the Klein-Gordon field which is 
transformed into the hydrodynamical form and then modified by the removal of the quantum 
term —A(IR/R, so it will deviate from the Pauli-Weisskopf theory ; and further that the 
quantizatian of the general Euler's non-linear field would again lead to a far wider theory 
than that of Pauli-Weisskopf’s type. 

The intent of Dirac was to propose an improved classical theory of e/ectrons with this 
theory, based on his view that ‘the troubles of the present quantum electrodynamics should 
be ascribed primarily to our working from a wrong classical theory.’ We do not consider 
this view of Dirac be fully legitimate; nevertheless the very problem of classical 
motions and their quantization of charged mechanical continuous matter interacting with 
electromagnetic field would be worth while to be fully investigated, and may serve to 
desctibe certain sort of states of an assembly of charged particles approximately. 

This theory is a Pure electrodynamics in the sense that it does not asseme the point 
charge and only treats continuous charge distribution without any non-electromagnetic inter- 
action, but on account of this it must bear also an wmstable character. In the classical 
electron theory that takes up point charge, one is led to the divergence of self-energy, 
which is now avoided in the stage of-and within the scope of classical theory by taking 
‘continuous model; but in the classical self-energy difficulty it is also involved that the 
stable distribution of charge is forbidden due to mutual electrostatic repulsion within the 
charge distribution, unless we assume some other cohesive force field. This same instability 
is taken over into the Dirac theory, and it is doubtful that this difficulty would be 
eliminated by quantization. 

A factor that would contribute to leading the theory to stabilization is introducing 


another charge of reverse sign, as nature is so constructed. In order to deal with this 
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charge consistently in the framework of Dirac theory, we should regard it also as a con- 
tinuum. When there coexist more than two kinds of charged matter, that are assumed 
simultaneously to occupy the space (contradicting with the classical principle of inpenetrability 


of matter), their motions are to be described by the following equations : 


4,0 ut =k; "u,b, (6-6) 
Uy = —C’, eae (6-7) 
a Aap ys; ele (6-8) 
Oc Awe, (6-9) 


with Fe al’), where 1,=e,P,; and 4;=m,c/c; Eq: (6-6) with (6-7) shows that 


each 4-velocity 1 can be written as 
huk=—A*+0"s,+€,0", (6-10) 
by use of (¢;,7;) satisfying 
utd6; =u" duni= 0. (6-11) 


Here the suitable choice of gauge enables only one of s,’s to vanish. Fundamental set of 
equations now becomes (6-11), (6-7), (6-8), and (6-9) for the variables (Ay, 4;, 5; 
E;,;); here /**Y and 1} are derived quantities through /*”=0'" A”) and (6-10) respectively. 
If one would consider A, as a derived quantity by one of (6-10) so as to eliminate the 
electromagnetic variables, it results in the useless destruction of the symmetry in the 
above set of equations. The equations of continuity (6-8) must also be retained, only 
one of these being derivable from (6-9)*’. 

It is also to be noted that such motions of several mutually interpenetrating con- 
tinuous charges in the interaction with the electromagnetic field cannot be reduced, even 
in the special case of ‘ equivalent matters’, £,=/,=-:-=/, to those of a single continuum. 

Finally, as a generalization of the Dirac theory in favor of stabilization, we may 


consider to mix a scalar field into the electrodynamics of mechanical continua (see 


Appendix G). 


§ 7. Wave equations with sources 


The possibility of representing a wave equation by the picture of trajectory ensemble 
such as was treated thus far depends on the linear and homogeneous property of the original 
wave equation. The picture of the same kind is therefore no longer applicable to wave 
equations with sowrces; nevertheless it is still possible to represent these cases with 
the similar picture generalized in such a way that there the distribution density no longer 


conserves along a trajectory and moreover the additional force to act on particle. explicitly 


* The eliminations of electromagnetic variables and of continuity equation are rather of a formal signi- 
ficance also for the interacting Klein-Gordon field stated in S5i(a)s 
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cig Se upon the velocity potential. The picture is just of similar type to the two-fluid 
picture for the case of wave equation with spin (FQM § 11 (c)). 

As an example*) we shall treat for simplicity the Schrédinger equation with source : 

ee ) 


y ep 
19s (a, *7)\ p=m, (71) 


This is transformed by Y=Rexp(¢S/Z) and n=pexp(ia/h) (ye, a: real) into 


aS 1 A See Re OVAL oO S—a 

Se EY LL Se) ale aly ae ee ole eee . 
( Of 2m ee 2m R R Ne es is) 
ee +div (PV S/m) =20R sin See. (7-4) 


Suppose we regard here as before S as the velocity potential (ie., velocity is derived by 
mv=VS) and P as the distribution density, then these equations describe certain sort of 
motion of an irrotational velocity field of matter; and this kinematical picture : further allows 


the following dynamical interpretation: First, the gradient of (7-3) reads 


dv n° AR 0” S—a -0 . S—o 
i = Sy v+r(~_=~) Ae Noose aa ence yay 
dt se aoe BSc ss or ewraay gurar ee area 
(7-5) 
Eq. (7-4) is understood that the density tield has source (or sink) 


Q=2pR sin =" P (7-6) 


which is proportional to the original source density for the Schrédinger field, coupled with. 
the fluctuating multiplier sin[ (S—a)/h] dependent on the velocity potential ; while eq. 
(7-3) shows that this sources reacts upon the particle through another new additional 


potential 


y= 8 coy SF = — Ff 2pR)*— OM, (7-7) 


which involves a ‘damping force’ (as is observed in CZ25 Vs) 


* Similar considerations are also applicable to the Klein-Gord6n equation with source. 
ded as some classical charged field that will be quantized later on 


** Here the wave function is regar 
etermined by the wave function of the field 


according to Bose statistics. The source function 7 is suitably d 
the latter naturally reacts on the former but we neglect this and consider 7 as 


that is interacting with ¢ field ; 
a given space time function. 
The kernel equation for the 
imaginary source only at a ‘single space time point ; 
to ¢ is determined by!” 
{(4/¢)0/0¢+ A} K(a, #5 Wo, 40) = (4/7)6(¢—%)) 6 (@— Ho), 


Schridinger wave function belongs to a special case of (7-1) having 
that is, the kernel transferring the wave function from 4 


(7-2) 


the solutions of which were investigated in FQM § 14. 
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yy sin DS g mv. (7-8) 
h 2 
Thus, in this picture, the interaction expressed with the potential [7 —more generally this 
may be the interaction due to electromagnetic field~-merely acts on particle as the original 
classical force, whereas the ivécraction that occurs as a source q for the original field, acts 
(coupled with the velocity potential) as the source for the density field, and at the same 
time as a reaction upon particle*’. 

It is a remarkable fact that in the equation of motion (7-5) there enters the velocity 
potential explicitly**”. The extent to which this circumstance requires to generalize classical- 
mechanical scheme is especially signified in the following fact: Given the initial velocity 
field v(m, 0) irrotationally, S(a#,0) is determined, from /.S(a#,0)=mv(a, 0), up to 
an additive constant .S,, the arbitrariness of which must compensate with the arbitrariness of 
G, in o(0,0). Therefore, given the initial distributions U(a,0) and P(x, 0), foged/iur 
with the phase difference constant S,—o,, which is determined if in addition the initial 
value of the source Q is also given, the later distributions v(w,7¢) and P(x, ¢) are 
uniquely determined by (7-3) and (7-4)***. 

When u(a#,7) is thus obtained, we can further get the irrotational ensemble of 
trajectories by integrating da /df= (a, ¢) as before, though the density of particles moving 
along each individual trajectory is not conserved. 

Finally we remark that the situation is essentially the same for the case of wave 
equation with spin. Putting ¢,—L, exp(zS,/ h) for two-component wave function (we 
consider in non-relativistic approximation according to FQM § 11 (c)), we get the equa- 
tions which correspond to the two-fluid picture. They explicitly involve .S,’s but solely in 
the form S,—S,. (This is because the theory is invariant to the ‘ gauge transformation ’ 
S,-> S,4+«). The initial conditions that we must specify in order to determine later 
state of motion by means of the equations of motion, consist not only of v,(a,0) and 
P, (x, 0) but also of Si.—Sy, (the difference of arbitrary additive constants in S; (a, 0)), 
which is determined if the rate of transformation between the two fluids at initial time is 
given. 


I have treated my subjects at some length, yet the analysis may require further 
developments in some points. 

I wish to express my sincere thanks to Prof. S. Sakata and Dr. T. Inoue for helpful 
interests in this work, and also to Dr. O. Hara, and Dr. S. Nakajima for valuable dis- 


cussions. I also wish to thank Prof. D. Bohm*? for the detailed explanation of his view 


* When the source function is of singular type : 


=40(a—aXp), (7-9) 
the source for the density field and its reaction occur only at a». 


** Seemingly, this circumstance is somewhat similar to the case of classical electrodynamics; there the 
equations, when expressed in terms of canonical variables for charged particles, involve not only field strengths 
but also their potentials, though the theory is gauge invariant. 


*** Eq. (7-3) and (7-4) are invariant with respect to a ‘ gauge transformation’ S-+S+a, o>o+a. 
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on my previous work (FQM), though the points he discussed are not treated in the 
present paper. 


Appendix 


A. Special cases for superposed plane waves 


We shall consider the trajectories in special cases for a non-stationary state in free 
space (2-6). 
(i) Put 4,=0, then (2-6) reduces to 
=1+u exp i(te—- = ‘). (A-1) 


2 


If we here consider wu be small, (A-1) is the solution corresponding to a sound wave**? 


in the hydrodynamical picture : 


b~(1+4 00s 7)e* "4, (y= ba a ‘); (A-2) 


and for this case the trajectories reduce to the fluctuating part such that 


4-4, — es SI oJ. Gun) sin (x ee.) (A-3) 
n=1 n 2H» 


a | 


(ii) For equal-weight superposition, «=1, (2-9) or (2-11) gives 


ae eS eS 
2m 
But in this special case we can readily solve the problem three-dimensionally : The ensemble 


consists of a density wave (i.e. interference fringes) in the k,—k, direction : 
Vee | (k,—k,) 0— = (pie ztyt—o ; (A-4) 
m 


where particle moves with the constant velocity Z(H, +h.) /2m. : 

Incidentally, the stress in this density wave is obtained as 6 y= — (W/2m) KK 
where K=Kk,—k,. Taking the x-axis in Kdirection, the stress components vanish except 
for the component 6,,=—(#?/2m) K*. Thus there acts only a constant non-isotropic 
pressure in the K-direction, which makes no contribution to force. t was already seen 
in FQM (14-33) that the distributions such as (A-4) are free from extra forces. 
Sei jor AE k= —h,(=h), then ¢ becomes a stationary state : 


tes (et ae Ne a= E/h=hk?/2m). 


The Bjectries (which may now be determined by (2-3’)), are 


~* Private communication to the author. 


** See FQM. Appendix B. 
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UE ie Rees (Rar eee eee ; eos 
L—-H= Perens t+ if Bs Sul =I sin (7 _ 4 }, 
l+u? m 2h 11 2h 5 ee a 14+ 
which correspond to the trajectories in such cases when a plane wave interferes with its 


reflected wave due to some potential hill. 


B. On the attempted interpretation of quantum mechanics 


in terms of Markoff process 


In Markoff process the probability distribution function P(1,4) for the stochastic 
variable x directly develops with time by means of the transition probability function 


D(a, 23%, ¢) such. that 
fg fe age [PW RL (kp tes Hote e ans (B-1) 


whereas in quantum mechanics the probability amp/iéude $(+1,¢), which yields the pro- 
bability distribution for the quantity «+ by the square of its absolute value, develops with 
time by means of the kernel of a unitary transformation such that 


(x,t) Ee 3 Py da lO (hosts OMe (B-2) 


These relations show the general similarity and difference in the laws of temporal unfolding 
for both theories. The conservation relation for probability naturally holds in both theories, 
expressible in respective differential equation of continuity under certain conditions. For 
Markoff process it is involved in the Fokker-Planck equation : 


1 0 
OF 538 apy 
Bh an 


fe) 


Vs, 


(bP), (B-3) 


where a; are the first moments and 0, the second moments (dispersion tensor), higher 
moments assumed to vanish. On the other hand in quantum mechanics the probability 


conservation is expressed in Eq. (1-2), in the representation that makes the positional 
coordinates # diagonal. 


In Markoff process we shall hereafter consider the coordinates of a particle a to be 
the stochastic variables ; then (B-3) resembles (1-2). The quantity 


k P 


: 3 
jiu P— 3 —— CunP) (B-4) 
k 


means the probability current, and further we define a sort of ‘local mean velocity ’, 


eee) 
U, =i P =a — > 12 (ee ee B-5 
PE dx, k ( ) 


Now, in order that some Markoff process might represent quantum-mechanical motion of 
a particle, the Fokker equation (B-3) should correspond to (1-2) in conformity with 
Fenyes”, and hence &* to V=FS/m of our former statistical picture though their physical 
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meanings are different for both quantities. 
and_ accordingly 


This requires @* should have its potential, 


a=F S/m, ¢ F%=D0;, (D=const.) (B:6) 
or 
Ot=VS*/m, S*=S—mD log P. (B-7) 


Fokker’s equation is now written as 
AdP/dt+ div (Pa) — DAI P=0. (B-8) 


This is seen to be identical with the diffusion equation for a Brownian particle with the 
diffusion constant 7) and the drift velocity a=VS/m. : 
In quantum mechanics, however, the state is described by the probability amplitude 
which involves the phase S besides the probability function /, and as the result we have 
the other (simultaneous) equation (1-1). In order that Markoff process should reproduce 

the Schrédinger equation, we must thus have the equation, oar 
VR f° ) 4R 


= 4 = \ 2 P| ; ° i 1 
Sie ee WAS) i OFS (2D =0, (R=P? B-9 
21 ee) R 2m IE ( d ) 


for the quantity <4 Taking the gradient we obtain 


0a Rs fi ere a Ae 
mi St (al )a)=—P V+P \Da* +(2mD ae =.) 7 : (B-10) 
Surely in Markoff process the first moment @ may well be a function of space and time, 
and yet it is inexplicable that this quantity be connected with P also by the other relation 
(B-10)* besides the Fokker equation. 

According to the model of a diffusing Brownian particle, @ means the medium velocity, 
and we have the picture of a Brownian particle diffusing with reference to the medium 
which itself flows itrotationally. Here eq. (B-10) requires that this flow depends on P 
in such a way as if the medium flowed under the actions of the incteased quantum 
potential — 22 {D+ (%/ 2m)°} AR/R and also the other additional potential —DaV R/K. 
Thus it is again unreasonable that the force acting on medium in any individual experi- 
ment be determined by the probability distribution of particle for the ensemble of similar 


experiments repeated. 


* Fényes did not deduce this equation from some physically reasonable model ; instead, he merely showed. 
that one can derive the Schridinger equation from the variational principle if one postulates the Lagrangian : 
: il Eovecib (yr)? 
== y* —— P(p S*)24+ PV + * mie} 
| (73 E- 2m ba 2 Ji 


Pa 


dx, : (B-11) 
with s 
D=ijom. (B-12) 


But the expression (B-11) (with (B-12)) coincides with Eq. (D-10), i.e., the Lagrangian to derive the equa- 
tion of motion (1-1) and (1-2). Thus to assume (B-11) involves to assume (B-9), and gives no answer 


to the problem. 
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Formally speaking, the above procedure consists of the transformation from (1:2) 
and (1-1) to (B-8) and (B-10) through (B-7). We could have eliminated the usual 
quantum potential with the choice =74/217; such imaginary diffusion constant is, how- 
ever, not admitted for the Fokker equation to hold physical meaning. 

As regards the attempt of Markoff-process representation of quantum mechanics, it 
is next to be remarked that this is based on the concept of hidden variabies, and hence 
from the general reason remarked in § 1 it cannot lead as it is, in respect to the proba- 
bility distributions of various dynamical quantities (other than particle position), to the 
results identical with those due to quantum mechanics. Thus to overcome this discrepancy 
it would be again necessary to distinguish reasonably the value to be observed from the 
‘real’ value for a quantity such as momentum. 


In the diffusion model we have a sort of ‘uncertainty relation’ between particle posi- 


tion « and the part referring to diffusion of ‘local mean velocity’, w= —DI log ?, such 
that 

41,4u,>D, (B-13) 
with 


(42,)°=((4.—(x))*), (da)? (ae) (me) =0). 


; ; . é : : 3 PAY a 
This relation is formally identical with the uncertainty relation in quantum mechanics’” 


(taking into account (B-12).), and is equivalent to the inequality for “ self-potential *, 
(V'/2m)* - dx /4m, (FQM (5-8)) 


in our former statistical picture, since (@°)=D°|P7'(pP)°da=(V')/2m. Here it is, 
"however, to be noted that this a (as well as v*) not only differs from the ‘ real’ velocity 
of the particle in individual experiment but also cannot be regarded as the value to be 
measured for velocity. 

Besides the ‘ uncertainty relation’, Brownian process has some outward resemblances to 
quantum phenomena such as the diffusion of wave packet or the penetration of potential 
barriers. 

Finally, we shall make a remark on the distribution function in phase space. Generally, 
the Boltzmann equation implies that the quantity OTe of ees 

Ot os Ox Bae Op 
the one- paces distribution function /(a, p,7) does not vanish (where // is the Hamil- 
tonian for the particle plus the evternal force only), as the result of reducing the Gibbs 
ensemble in many-particle phase-space to the distribution in one- particle phase-space. 
Brownian process, which may be regarded also as a Markoff process in phase space’, obeys 
the phase space Fokker equation, which is of similar nature with Boltzmann equation. On 
the other hand éw our statistical picture for quantum mechanics the phase-space distribu- 
tion function for the ensemble also does not obey the Liouville’s theorem as was shown 
in eq. (1-16). It is however to be noted that the non-vanishing right-hand expressions 
are quite different in both cases. At any rate Markoff process and quantum phenomena 
are of essentially different characters in spite of some similarities. 


taken for 
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C. Elimination of the gauge variable from the Schrodinger equation 


Schrédinger equation for a spinless particle in an external electromagnetic field (A, 4) 
is represented in our formulation by Eqs. (1-8) and (1-9). Employing particle velocity 
w and energy E defined respectively by (1-10) and (1-11), they are re-written as 


i= : me + V—- he AK ‘ 
2 2m FR 


(C-1) 


P+div(Pv)=0. (C-2) 
It is to be noted that there the potential (4,4) are treated as given space-time functions, 
namely we consider the electromagnetic field classically, and moreover ignore the reaction of 
the particle on the field (differing from the treatment of interacting Klein-Gordon field 
in § 5). 
Now to use v and Z in place of A, ¢ and S is regarded as a particular gauge 
transformation from (A,¢) to 


A=—(mc/e)v, d=—e1k, (C-3) 
the field strengths (H, H) being derived by 


| H=curl A, clos =, (C-4) 
mc 
i.e., ; 
(n=—1+4-p$, VE+mv=cE. (C-5) 
C 


Thus, v and & have twofold meanings of particle velocity and energy, and of the potential 
for electromagnetic field. , 

Given the external field Hi and H, the motion of electron is determined by solving 
Eqs. (C-1), (C-2), (C-4) and (C-5), with respect to (P,v,£). This is just possible 
because HJ and H must be given not independent, but restricted by the Maxwell equations 


curl H—c 7 H=j, div H=™, 


where p°* and j°* (meaning charge and current densities other than those due to the 


electron under consideration), are, in turn, to be given restricted by °*+divj°=0. 


D. Hydrodynamical model for Schrodinger field 


According to the general theory of classical fields, the equations of motion are derived 


by means of some Lagrangian density function £ (4) Oyo), such that 
Of 0 (Oufo) 


Further, with the Lagrangian density, are defined the canonical energy-momentum tensor 


T" and the current density vector j*, which satisfy respective conservation laws; that ts, 


7% is 
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T= —( Ox = OYo+ ; ab ae ata") ala Onn G ; (D:2) 
, O(9uPo) O(OyPo™) 
satisfying 
) Te 06 (D-3) 
ri Ate) 


where the right-hand side means the derivative of £ with respect to xv’, for constant #, 


and 0,4/,; while 7" is 


je=—ie(- Es = is ; ee ta*), (D-4) 
0 (AyHs) 0(OuPa*) 
and satisfies 

Ons ==0, (D-5) 


assuming the gauge invariance of the first kind. Thus the general theory consistently 
determines for the field, the equations of motion and quantities such as energy, momentum, 
and current; but it does not in itself further provide the field with any sechanical 


model. 
Now, for the Schrodinger field, the Lagrangian density is known to be 
th ZF op a 7 1% 7) | *) 
=! (pry —gitg) —*_ryrg— Very, (D-6) 
m 


from which we obtain /,,’s according to (D-3), such that 


( p=" /c=eg*¢, (D-7)"? 
p= * (b*O,b—dy), (D-8) 
2m 
00 x 
Disb oe D-9 
ey kJ ( ) 


Since, in this case, ¢*# is positive definite, it is possible to regard, not only and /* as 
charge and current, but also o/e and j*/e as density and velocity***). This fact is well 
known," but seems not to have been pushed forward ; namely, this picture was not developed 
so as to explain the equation of motion or the expressions of field energy and momentum, 
mechanically. 

Now, the Schrodinger equation in our hydrodynamical form (1-1) and (1-2) are 
derived from the Lagrangian density 


£=—P{S44_(psy47|_ ey (D-10) 
2m S72 . 


* We take up, for simplicity, the case where only the scalar potential /” present. 
** For the Schrodinger field relativistic indices are superficial, but may still be employed. 
*** Tt is to be remarked that now @ should not be normalized. 
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which is nothing but the re-expression of (D-6) by the substitution (1-3)*. From 
(D-6) or (D-10) we can also get, according to the general formula (D-2) and (D-3), 


the energy-momentum tensor™? : 


/ Tes &% .=—mPov,, (7,=0,S/m) (D-11) 
T*,=mPov,0,+ (#/4m)P"0,P0,P+0u& 5 Ct2)) 
; 1 9 a 
—T=}6 =P(5 mi? + v) + (#/8m) PPP)’, (D-13) 
\ efi = b= = (PuS+ 2/4) Pa,P-P); (D-14) 


the conservation relation for momentum : 


, ; . az 
+0,0"%,= =—foV, ; 
Y+9,T%, 3 (2) i (D-15) 


and the energy conservation : 


+a, 94 _pyy. D-16 
k k By (t) ( ) 
The charge and current, (D-7) and (D-8), are re-expressed as 

p=eP, pseu, ? ‘ (D-17) 


and the conservation relation for charge coincides with the second of our equations of 
motion, (1-2). 

The first of our equations of motion, (1-1), is understood, as previously stated, 
according to the picture which not only takes P and 7 S/m as density and velocity but 
also introduces the mechanical stress, 7.= (7? /4m) P99, (log 2). This picture is further 


consistent with the above forms for field momentum and energy. First, in virtue of the 


relation, G = (m/e)7 


into account that for actual motions £L=—(#/4m) SP, 7% is re-written as 


Th =mPuy,y,+ (h/4m) (P70,P9,P—Ou4P ). (D-12") 


* field momentum agrees with what is given by the picture. Taking 


Inserting this, the momentum conservation relation (D-15) is expressed as . 
me (Pv,) + md,(Pv,%) =— PI: V+00nm> (D-15’) 


the form given in FQM, appendix A. Next, the expression of field energy, (D-13), can 
be undrstood by considering the accumulation of sfress cnergy in the density (2%? /8m) X 
(PP)?/P= (A? /2m) (FR)* due to the occurring of the stress Fy. 

Thus the hydrodynamical picture may be taken as sufficiently real for the classical . 
Schrodinger field. 

After the quantization of this field according to Bose statistics, the hydrodynamical 
form can be retained in certain measure, and the hydrodynamical picture is to be appreciated 


in the correspondence-theoretical significance. 


* See FQM, § 12. 
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E. Canonical formalism for the generalized Schrodinger ; 
field including the vortical flow : 


We have generalized the Schrédinger field so as to include the vortical motion by as- 


suming the equations, 


av oi aie 4 
» p(y # AR) (E-1) 
i dt ( 2m R ) 
2 + div(Pv)=0, (E-2) 
t 


that were derivable from the Schrédinger equation, to be the fundamental field equations 
without the condition (1-5) (FQM § 13). Now we shall somewhat supplement the 
previous treatment of this field. 

First we attain the Lagrangian formalism for this field, utilizing the Clebsch trans- 
formation in usual hydrodynamics”. This is similar to what was adopted in the similar 


generalization of Klein-Gordon field (§ 5 (b)). Putting 
v=—Vs—&Py, (E-3) 


we transform the components of @ to the new variables €, 7, and s. This expression 
(E-3) is invariant to the ‘ canonical transformation’ (é >, S)—>(F ’,%, 5’) such that 


Met da ag ea EA ea eer D> (E-4) 
On Or! 


This, of course, also leaves ds/d/+¢dy/d¢ invariant. The variables ¢ and 7 refer to 


vortical motion ; thus from (E-3) the roticity is expressed to be 


curl v=[VE xP], i.e. curl, ete (H-5) 2 
0 (X45 4;) 
_ If either € or 7 be constant, the motion reduces to the irrotational. 


Now in the new variables the equations of motion are written as 


as lanes he -AR 

= 4 VY / a — — —, J 
at 2 / 27° R eee 
ag an 

pete SAL, AS Ee 
Bho ns ae. eae 


together with (E-2). It is because (E-6) and (E-7) turn into (E-1) through the 
relation 


20) GSA el Bee 1; a: 
=-7 (S41 01)_e pe We, E- 
Poa ie hae, dt” oe 


which is derived from (E-3). 


* (2, 2, 2) is an even permutation of (1, 2, 3). 
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Here, the eqs. (E-2), (E-6), and (E-7) are derivable from the variational principle, 
by taking the following Lagrangian density function : 


Sa Sess g\=mP(—— vp OS 4 8 81 7/m aad EE): 
Z 2: ot : Ot / ) Rite ke eo) 


. +¢ a V/m)—"— gaa. (E-9/)® 


= mP(— vt 
2 at 871 [2 


which is obtainable from % for the irrotational case, (D-10), by replacing 0,S/i with 
— (dus +Fd0uy)- 

By the use of (E-9), we can calculate the energy-momentum tensor T". ; for instance, 
the energy density is 


2 D2 
= P(S me + V)+ 4 a, (D-13) 
mt 


and momentum density : 
&=mPv. (D-11) 


Other components 7 and A, are also obtained. They are all in agreement with the 
respective expressions for the irrotational case (D-11)—(D-14), except for the fact that 


now S/7 in the previous expressions is replaced with —(s+é€y). Aga’n for actual, 
motions <= — (#/4m)4P, and the conservation relation for momentum agrees with 
(-15"). 


Next we make transition to the Hamiltonian formalism : From (E-9), we find the 


canonical momenta to be 


Tinh pip aes 5 
(E-10) 


i,=0, T,=mPe. 
The Hamiltonian (D-13), which 1s regarded as a functional of s, 7, 7, and 7, with 
Py os Tp and 7; eliminated, such that : 


we (Fa,)° 


1 Tr. a 
551; Teo T,)=%s1— ("5 +4- "Pn) +V/m} + E-11 
xs 2 He : T, ‘ / 8m ( ) 


7, 


again reproduces (E-2, 6, 7) as its Hamilton equations. 


The first step of quantization is formally to put the commutation relations : 


Es, me ]=L ml ]=i8d (wr ar!). (E-12) 
In respect to the current vector, 
jamPv= GY =—T 0 s—2L 9, (E-13) 


: : oF Fk: 
we can further calculate the commutation relations between 7 and j,'s First we get 


* For this de, we can also vary 7, 5, & % and 2° independently, then we get the equations of motion 
together with (E-3). 
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La, P= (t/t) PV O(a—a’), (B-14) 
from which is derived 
(a, P\+[ 9, P= itr Pa (—a’). (B-15) 
Further we get 
jose +L 72] =ee curl, Jo (ac— 904). (E-16) 


The relations (E-15) and (E-16) coincide with what were obtained by London™’. 


Appendix 


F. Pressure potential in the hydrodynamical representation 
of Klein-Gordon field, ete. 


(a) We shall consider the explicit representation of the Klein-Gordon field in 
hydrodynamical form. This is possible because, first the ensemble of particle trajectories 
under a scalar field, considered in § 4, is formally equivalent to a motion of continuous 
matter under the scalar field; and second, the latter motion for the present type of scalar 
force agrees with a particular case of relativistic hydrodynamics: The equation of motion 
of a continuous matter, acted on by a scalar field (/ and at the same time by the ele- 
ctromagnetic field /'"’, is obtained from (4-10) as 


SAL4f 0/2) ut = uP 3, (F-1) 


where ¢, and 7, are specific values*? of the coupling constants with the electromagnetic 


and scalar fields respectively. We have besides the equation of continuity, 
Oy py2”) =O | (F-2) 


with #4, as the rest mass density*». On the other hand the relativistic ow of fluid with 
pressure potential /] is described by the Euler equation, 


+i1/)%,=— (0,1 +u,1/e), (F-3)® 
and by (F-2). Now eq. (F-1) agrees with (F-3) with the pressure potential /7= Le; 
also assuming the Lorentz force acting. In our case (/ is determined by (4-14), and 


therefore we can regard Eqs. (4-3) and (4-4) as representing a relativistic ‘ quasi-irrota- 


tional’ flow with the rest mass density 7,=2,=myP and the pressure potential 
M=c(y—1). 
Now both eqs. (F-3) and. (F-2) can be derived from the equation, 
0, {Mo (1 + IT /c*) ua} + pd" HT =0, O59) 


which means the equation of energy-momentum conservation. As for our case, (4-3) 
(4-4) are derived from 


cali hA=flm, UWo=mFo. 
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OL mPEE) HP {ine 4 gr GR | ; 
) c 2m R ) : eS) 
and the condition (5-1). Here 

Lip = MPU = mP, yp utur (F-7) 


means the energy-momentum tensor for matter. Eq. (F+7) can be rewritten as 
ae é ; 
0 (uPH*2’) P,—2a,F* +0,0"",. (F-8) 
C 


with 
o*¥— (4? /2m) (RO"d"R— 9" RoR) = (h*/41) Po*d” (log P). (F-9) 
Thus we can also use the stress tensor o%” in place of the pressure potential // for the 
hydrodynamical picture of Klein-Gordon field. 
~ Next we shall obtain the energy-momentum tensor for the case of the hydrodynamical 
field generalized as in §5 (b). From the Lagrangian density (5-10) (with (5-17)) 
we can obtain this tensor 7% (symmetrized by adding a divergence-free tensor £0, (/ »7)), 


Dest e aga ls (F-10) 
satisfying the energy-momentum conservation 0,/7%=0, where 
T= FF, —Oyylo/ 4 (F-11) 
is the energy-momentum tensor for the electromagnetic field, 7}, was given by (F-7), and 
7" = (12/1)| 9" RB/R— Spy (22) {(8,R)?+ ROR} } 


which agrees with —o¥ (Eq. (F-9)) apart from a divergence-free part. Thus the rela- 
tion 0,7 4=0 agrees with (F-8). (b) We now consider a general condition to let. a’ 
hydrodynamical field correspond to any linear field. For such correspondence it is first 
required that we must be able to introduce density and velocity variables which satisfy 
the matter consetvation (F-2). (cf., however, § 7 and FQM §11 (c)). Now a linear 
complex field possesses the current vector j*, which is defined by (D-4) and satisfies 
the charge conservation relation (D:-5). We are then to reinterpret this relation as the 
matter conservation by introducing the 4-velocity field w* as the ‘normalized’ quantity 
for] ; Axé:, we define 2” by suitably multiplying 7” by a factor (which is to be identified 


with the reciprocal of the rest density /°%,) such that u,wi=—c, ie, 
wh =cf*/(—fus*)'",  —-Py=const(—fys")"”. (F- 12) 
In case of Klein-Gordon field we have j= P("S—eA"/c), and so 
(— 7,72) ?=P[— @,S—eAy/e)}?=mePA—AOR/R) 


in virtue of (4:3). Hence we obtain ue = (a"S—cA"/c)/my and Po=vi-,o the ssame 


result as before. 
On the other hand, in case of the Dirac field for example, we have current vectors : 
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Iu 2g i ru San oc (4, + Ay\b-$—H : on ; Ay) or Gra oc 3” (O77) with 
g—*y,; and so we can as well define 7, and /, by (F-12), using any one of these 
current vectors. Given a solution of the Dirac equation, we can further obtain the tra- 
jectories of fluidal particles by integrating dx /d =cj"/ (—j,7")'”, in similar manner as 
in §2 (a). Such a hydrodynamical field, however, does not represent an equivalent of 
the original Dirac field, because the former consists of four independent variables whereas 
the latter involves eight independent (real) variables. In case of a complex scalar field, 
it involves only two independent (real) variables and so was able just to correspond to 


an irvotational hydrodynamical field. 


G. Classical theory of mixed fields for continuous matter 


We shall mix a scalar field with the electromagnetic field, both of which are inter- 
acting with continuous mechanical matter. We have previously shown that the Kiein- 
Gordon field is represented with a motion of continuous matter interacting with the 
electromagnetic field and also with an extra scalar force field. But in this case the scalar 
field was interpretable as the internal stress of matter without its own freedoms of motion ; 
whereas the field that we are going to introduce is a scalar field which itself obeys the 
real Klein-Gordon equation, inducing the short-range attraction between sources. 

First we shall consider the equation of motion of continuous matter acted on both 
by the electromagnetic field /"” and any scalar field (7, But this is already obtained as 
(F-1) and (F-2). Now introducing 


TH=1l+f0, 9 P=pu, KSpe/y, (Gu¥p 


and applying the method similar to that of §5 (b), these equations of motion can be 
transformed into 


n'd,£=7"0,n=0, (G-2) 


0, (¢*7") =0, (G-3) 
mw=—7, (G-4) 

with the relation 
a= —e,A*+ 04+ 0's. (G-5) 


They are derivable from the Lagrangian density 
1 coy 
Zul 8 I= — Se (HT). (G-6) 


Here we consider the scalar field (7 obeys the Klein-Gordon equation, then we are 
to take the total Lagrangian density as 


* In this subsection we use the unit such that c=1. 
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L=Lat£stLu 


with 


La=— (FM), £5=——(@,U)*+ 80"), (G7)™ 


where & is considered to be a functional with respect to P, £, n, A”, and U, through 


(G-5), in which the last term 0%s can now be omitted. The variation yields 


(O—%5) V=fito, (G-8) 
OFC, ue", (G-9) 


together with (G-2, 3, 4), ie., (5-1) and (5-2), as the fundamental set of equations. 


From (G-7) we also obtain the symmetrized energy-momentum tensor as 


= My bee T§., (G-10) 
whete 7}, is given bys) Cel ea"), AE by (F211), and 


Te =3"U 8,U—0,,(1/2) (0,0)? +230"). (G-11) 


17) 18) 


This formalism is different from the so-called C-meson theory where the soutce 


is also represented by some linear field equation to describe some sort of elementary particle 
according to the usual formalism, while in the present theory the source is treated as a 


hydrodynamical matter. In this theory, the limit, where the mass distribution contracts 


18) 19) 


to a point, corresponds to the case treated by Stueckelberg as a classical model of 


electron. Here the self-energy of electron becomes finite if one put e=f*. Similarly in 
the case of general distribution of mass, we may expect some stabilizing effect. 

It might also be conceivable to apply this type of formalism to nucleon in the 
viewpoint which considers the nucleon as extended continuous source, and this would 


imply somewhat similar picture to the strong-coupling theory. 


Note added in proof, to §2 (b). In connection with the idea of a stochastic mechanism, we may 
recall the method of the classical electrodynamics of Wheeler and Feynman”. This theory resorts to absorbers, 
which may be regarded, in a sense, as /zdden variables; and it analyses the radiative reaction upon an 
accelerated charge, (2e%/3c*) v, into the statistical result of the advanced action due to absorber. We might 
desire also in our case to subject, in similar fashion, the quantum potential — (72/2) AR/R to further 
analysis,**) but this seems not to be feasible from the same reason stated ip §2 (b). 

- By the way, the Wheeler-Feynman theory eliminates the freedoms of the field perfectly (not merely the 
scalar and longitudinal components), degrading them to the retarded and advanced fotentials ; but it must in 
return introduce absorbers, which may be hidden variables for the usual electrodynamics. On the other hand 
for the Wheeler-Feynman theory the freedoms of the electromagnetic field may be said to be hidden variables. 


‘ 1 
* Here the interaction with the scalar field is involved in Ly as £7= = ut fi (1+ SAU) == po fv 


LEAUIZ 
1+AT ~ : 
** This was remarked to the author by Prof. S. Sakata. 
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One electron states at time ¢ are reasonably defined and the space spanned by them is denoted by 
,¢(¢). One electron problem is clearly formulated using ,*. The motion of the projection of a 
given state ¥Y onto ,¢ is described by the ‘wave function”. If ¥ is in $,¢(—co) the “ wave 
function ” satisfies the equation given by Schwinger. The probability of staying in one-electron szate 
and the expectation values of physical quantities are written as the generalized form of ordinary quantum 
mechanics so as to indicate the non-lccal character of our theory. The expectation value of energy has 
the imaginary part concerned wich the damping property. The application to the problem of Lamb 
shift and line breadzh is made for example. Divergence difficulties are not concerned. 


§ 1. Introduction 


« 


Recently, the relativistic problem of bound systems has been treated by several authors. 
Bethe and Salpeter” and Kita” obtained the relativistic equation for two-body problems by 
a method analogous to Feynman’s one. The same equation was deduced by Gell-Mann 
and Low” from the ordinary field theory and also by Schwinger in his new theory of the 
Green function.” Common characteristics of these works are the appearance of the wave 
fanction and the kernel or the Green function both of which are the functions of 
coordinates of particles of definite number. But the physical meaning of these quantities 
is not so obvious in their works, and, for instance, we do not know to what boundary 
condition the wave function must be subjected. or how to calculate physical quantities from 
it. No doubt, the concept of the wave function in these theories corresponds to what was 
introduced in the instructive work of Feynman.” But, as it seems to us, his interpretation 
of this concept is only applicable to the case of scattering problems. Further investigations 
are required in order to apply it to the problem of bound systems, although some authors 
look on it simply as that of the ordinary point quantum mechanics. These circumstances 
must have been realized by Kita, who based his theory on Heisenberg’s S-matrix theory. 
In his theory the wave function is nothing but a mathematical tool and there is no need 
of physical interpretation. . 

In this paper we shall attempt to investigate the corpuscular aspect of electrons in 
quantum electrodynamics and then to give a reasonable wave function which will turn out 


*) On leave from the Department of Applied Physics, Waseda University, Tokyo. 
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to be identical with the above one.* 

Now, the prototype of quantum field theory is the quantized Schrodinger field,” whose 
corpuscular aspect was most elegantly shown by Fock.” To obtain a reasonable meaning 
of the wave function in the more modern theories, we shall only need to generalize Fock’s 
treatment. In this sense, the present paper may be said to be a generalization of Fock’s 
work. 

One of the characteristics of Fock’s theory is that the number of particles is the 
constant of motion. Owing to this fact the norm of the wave function of the definite 
number of particles is conserved. This does not generally hold in more general theories, 
which admit creation and annihilation of particles. The hydrogen atom, for instance, which 
is composed of one electron and one proton, always has the possibility of photon emission, 
so that the probability of staying in the two-particle state (one electron, one proton and 
no photon) will be damped. The stationary character cannot appear unless transitions 
to other number states are forbidden by the conservation law of energy or other absoiute 
selection rules. 

In case of relativistic field another complication appears. The construction of the 
rigorous conception of the position of a particle seems to be impossible even if no 
interaction with other fields is present.” So it may be more convenient to use the mo- 
mentum representation, because the momentum of a particle has a sharp meaning under 
very general conditions. 

The construction of the “wave function” from quantum field theory was first 
attempted by Gell-Mann and Low”. But there seems to be some contradictions in their 
theory. As their work is closely related to Schwinger’s work, we shall here give a brief 
survey of Schwinger’s work and then discuss the work of Gell-Mann and Low.** 

’ defined the Green function G(aé, wt’) and deduced an equation fot 
it by his new formalism.” Following Gell-Mann and Low, and Utiyama et al,™ we shall 


Schwinger” 


write down the definition and the equation in the following way : 
G(x, t; w, t)=1(Py, T Pula, t) Palo’, ))¥) 


= (Hy, P(S(e0, = 00) ove, )Gx(a"’, #)) ®), (1.2) 


Vv 


where 
Sy=(%, S(co, — oo) ,) 
and 
[rh =ia=e (Au(4))) ++ ier? |G, a’) =0(4—2’) (1. 2) 
O/,(4). 
whete 


*) We shall treat here one-tody problem in a given static external field. The restriction to the static 
external field may be thought to be unsatisfactory from the relativistic point of view. But as the concept of 
the external field is only conventional, we de not care about time dependent external fields. 
zation to include it is not difficult. (See footnote on p. 226). 

**) For simplicity we translate their work to one-body problem. 


Formal generali- 
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(A, G@)) = (Fu Am @) P= <M P(S(co, — 00) Amy (4))%). (13) 


Ss 

Here suffices / and /7 denote the interaction and Heisenberg representation. @, and [ 

0 

are the free- and true-vacuum state, and S is the transformation operator in the interaction 
representation. We use Schwinger’s 7“ and the natural unit. 

If we assume the adiabatic switch on and off process at the remote past and future 


respectively, it holds’ 


0 
(m+ ier", < JE 2") =) ND pe 
(4, : al", av!) adie! 1.4 
a2) ie a 
Therefore, using matrix notations treating + and +’ as indices, (1.2) is rewritten in a 


simple form 
(yil+ M)G=1. (1.5) 


Then, Shwinger introduced the wave function y(7) as a function satisfying the correspon- 


ding homogeneous equation 
(y1+ M)y=0. (1.6) 


Gell-Mann and Low assume the bound state in question as the eigen-state VY, of 


the total energy and define the wave function as follows ; 


An(H, 4) = (Fu Pula, t) Pn). (1.7) 
Then, using the completeness of V, and the special limiting process (which we call 
“ T-operation”’), they obtained from eq. (1.5) the very equation (1.6) for Yn. 
We shall now discuss some contradictions in their theory. By virtue of the definition 
(1.7), 7» oscillates harmonically in time, and yet (1.6) seems to admit damping solutions 
in some cases. (See Appendix B). Furthermore, the direct deduction from the definition 


(1.7) leads to 


[i (i, Am (4) L,)) +m+ie Vp CL) == 05 (1.8) 


aA 
O/, (4) 
which is not coincident with (1.6). These contradictions seem to be due to the following 
fact. The essential point of their deduction is the commutativity of the ‘ Z-operation ” 
and the mass operator J/ of (1.5). This is justified because the “ /-operation ” is related 
to the time interval (from —2co to —©o) whereas M is related to the nonoverlapping 
~ one (from —©oo to + co). Now, M is only defined assuming the adiabatic switch-on 
process, so the orthogonality of 7, obtained by the “ L-operation ” tefers to the states 
before switching. Unless many to one- or one to one-correspodence between free states 
and true states is:ensured, the ‘‘Z-operation” is not capable of obtaining the equation 
for a single 7,. . 
Although the stationary treatment is justified in case of scattering where we can 
assume a constant supply of incident particles, it is natural to take into account the 
damping character to be able to discuss the physical bound states as asserted before. 
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§2 One-electron (positron) staet 


The ordinary wave function of the point quantum mechanics is interpreted as the 
probability amplitude of the existence of tne particle at a given. point. To define a 
reasonable wave function in our theory, we must first construct the state of an electron 
existing at point # at time /, using the concept of quantum electrodynamics. It is natural 
to require for such a state the following conditions : (i) It is the eigen-state of the total 
charge operator Q belonging to the eigen-value —e¢; (ii) it admits some intuitive inter- 
pretation of existence at W ; and (iii) the concept of this state vector should not con- 
tradict with the uniformity of space-time. 

As the theory is usually treated by the perturbation method, it might appear that 
we should adopt #),.*(a¢) 7, for such a state. Obviously, it satisfies our first condition. 
As the second and third conditions, we first envisage the expectation value of the charge 
density at another point a’ and at the same time ¢ in order to get a clue to the requi- 


red interpretation. This expectation value turns out to depend only on xa—a' not on ¢ 


and to be nearly equal to zero for | w--a’| >%/imc (See Appendix A.), so that our second 
and third postulates are satisfied. It includes, however, no effect of the electro-magnetic 
field, or, in other words, it represents only a “bare” electron existing at # and « A 
fourth condition must be added expressing the electron be a “‘ physical” electron: (iv) The 
state must include the electromagnetic effect in such a manner that when the charge con- 
stant is zero it reduces to ¢,,* (a, £) P. 

If we assume the existence of the true vacuum state Y,,* which is the common 
eigen-state of the total energy-momentum operator (//, P) and the total charge operator 
Q belonging to the lowest eigen-value of // and the null eigen-value of QO, a most 
favorable candidate for the conditions (i)—(iv) seems to be the state ¢7,*(m, ¢) %). 
Apparently, it satisfies the condition (i) and (iv). Next, we shall consider the expectation 
value of the charge density operator ; 


(e(a', t)) Bac (Po. bra (X, t) Pu x’, t) Pr.* (x, t) L,). (2.45 


It is easily proved that it satisfies the following relations : 
) ny axe 0 
an poe! oe eas oe + 5 Koa b) ee = Oe (2.2) 


This shows that the condition (iii) is also satisfied. Concerning the condition (ii); a 
$ > 
complete proof will be hopeless because we must calculate (1) exactly. But, as the ana- 


logous expression to (2.1) in case of non-relativistic Schrédinger field**) is always 0-func- 


*) In case of very strong external fields the existence cf Y% may not be ensured. If time-dependent 
external field is included, 7 is time dependent and we can not take the common ¥% fot every H(¢). But as 
we may be able to use the true vacuum at particular time, our procedure will be applied to the case of more 
general external field though it is meaningless for rapidly varying fields. The first relation of (2.2) and 
time-independence of A(p) (§ 3.) are destroyed. 


; **) In Schrodinger case, Yo is not the lowest energy state but the state belonging to the null eigen-value 
of A. 


Reade re 5 : 
New Formulation of One-body Problem in Quantum Electrodynamics 227 


tion regardless the existence of electro-magnetic field, so it seems to be very probable that 
{@) is not essentially modified by the electro-magnetic effect. This is ascertained to the 
first several terms of the perturbation calculus (Appendix A). 

We shall hereafter call the state $j,.*(a#, 72), the state of physical electron with 


“ polarization ”’ 


% existing at w# and ¢. Here the word “ polarization”’ is introduced to 
distinguish four states for given # and ¢. It is natural to define the space of one elec- 
tron state at time ¢ (denoted as ,°()) as the space spanned by these j.(4, 7), ’s. 
(4=1, 2, 3,4;—c~M <H%<4 00), 

A state 
SiGe (65 2) Daa fe (x) (22) 


a. 


is interpreted as representing the physical electron at ¢ being distributed with the “ weight ” 
f(a). 

It is worth while to show here the essential difference of. the Schrodinger- and 
Dirac-field stated in § 1. The state ,,*(#,7¢)¥, is not orthogonal to the state $y.” 
(ac’é)P,, so that there is no operator of which the set of eigen-states coincides with that 
of all Pin * (a, #)%, ’s. On the contrary $;,* (a, 7) %, in Schrodinger case is apparently the 
eigen-state of the position operator X = J Pu* (9, t)o fy (90, 2) d*ac. That (¢) is approxi- 
mately zero for | #—a’|>h/mc seems to correspond to the well-known uncertainty of the 
position of a Dirac electron deduced from the thought experiment using the 7-ray micros- 
cope.” 

The space of one-positron state at time / (denoted as $7(¢)) may be analogously 
constructed. We need only to replace the state Pia* (x, 2) E, by the state Py,(H, 2) Py 
representing a physical positron with polarization u existing at a and ¢. The important 
fact to be noted is that ©,’ is orthogonal to %,” because they belong to the different 
eigen-values of the total charge operator Q. The requirement of the existence of VY, is 
strong enough to establish the distinction of the electron and the positron. 


In order to discuss further about ,°, it is more convenient to translate the above 
results to the “ momentum ” representation. We take (1/V27)* Ofexp(¢ p-ar) for 7, (#) 
in (2.3), then we get the state of the physical electron with polarization « distributed 
‘with the weight exp(7p-a). It becomes to 

1 * » i? a oy Wear pas PLO oe we 
Fhegye B i tet @ OMI e (pwy=weran he 24) 
It may be more appropriate to call it “the state of a physical electron with momentum p 


and polarization u existing at age 
In contrast with the case of Py.* (a, 2) ¥,, it is the eigen-state of the total momentum 


operator P, because of the relation 
(P—FP,) Pna* (Dp, ¢) P= pl 1a*(p, Ley (2.5) 


where P,, is the eigen-value of P belonging to YW, and where we have assumed an admis- 
sible condition iz Ytyz,* (a, t)Y,=0. As P is hermitian, the states {7.*(p, 4) Y% and 
| at| 00 
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u* (p', 2), are orthogonal if p == p’. So their product should have O(p—p’) asa 
factor, 2. 2. 3 

(Pur Pusl(D, 0) Pis* (P,P) =Aes(P)OP—P'). (2.6) 
Time independence and hermitian character of A* can be easily proved. 

If we define I~ by 

(Pi Pas* (D's hire Ds 0) Yo) = Aas P)O (DP —P"), (2.6") 

the relation 
A*( p)+A-(p)=1 

is easily obtained. The precise form of A* cannot be obtained until we solve quantum 
electrodynamics completely. But we need not bother about it. We shall now construct 


the projection operator /’,(¢) onto §*,(¢). As A* is hermitian, there exists a unitary 


matrix U({ p), which transform A* to the diagonal form ; 
2 Gos P) As (DP) O* 5D) = CaP) Fass (2.7) 


where some C,’s may be zero. 


We introduce ¢,( pt) by 
b(pt)=U( p)$(p, 2), $*(p, ) =$* (py, AU*(p). (2.8) 


Then, the states $,*(p, ¢)P)(Ca=— 0, —co <pp<+ 00) are mutually orthogonal and it is 
apparent that, they also span ,‘(f). 
The projection operator onto §,°(¢) is now easily constructed as 


FO=Zl @y aL 80 WE Mtb D0. (28) 


Returning to ¢, we get 
P.O) = 2 | L'pps* ( p, ¢) F 25 (p) P *h.( Dp, 2), (2.10) 
where 2* is a hermitian operator given by ; 


f° = Osa” (p) as (p) 
er ( P) oon C.(p) ° (2.11) 


It satisfies the relations 
2A Q*=Q+, 
ATR? Ato 
If all C, equal to unity or zero, that is, if A* has projective character, we get 
2 A, (2:12) 


~The coordinate representation of /”, is given by 


r.(¢)= | frxatie'g* (a, 2) PL. (c—at) Vo*h_fa',), (2.13) 
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CTS eI = 1 3). : , , a: 
Os (e—x earl dp exp (ip + (ae—ar’)) Op). (2.14) 


The projection operator /’_(¢) onto ,’(¢) is similatly defined ; 


r@=>\ ee eee ie 7 oo 
OB) PPro py Pe Pe Poh ob" (Dd 


2 Si fa"py( Dp, 2) V,Q=.(p) Lo be* (p, 0) 
BY 


(2:15) 
= 3 farang (ac’, 2) £ 1.25, (a0 — a0!) y*h,* (90, 2) 
BT 
where 
$ * / 
25 (p) oe sy OU al) OF (p) 
Ca+1 1—C, ( P) : 
5 (2.16) 


Q= (e—a!) = | dp exp (ip (oc—ae’)) 25, (p). 


(27)* 
We can construct A*(p) and then 2*(p) from the Green function (§ 3). 


§ 3. Formulation of one electron (positron) problem 


Let & be a state in ©,(¢’); then it takes the form of (2.3). We now consider 
the probability amplitude 7, of the transition from Y to the state of one-electron existing 
at # and ¢ It is, of course, given by (fyu*(W,¢)%, V7). We get 


7 (aH, Z) eo j G(x, t ; a, t) Bf (ac!) a®a! (> t’) (3.1) 
z 


where we put 
G(a,t; 0,0) =i Pal, A) Pal x',t/)%) (> i’). (3.2) 


G is identical with Schwinger’s Green function (in the region /> t’). We may 
call y to be the “wave function” of one electron. From the way of our. construction, 
the physical meaning of 7 seems to be apparent, so that the boundary condition for 
may be established without ambiguity. It is, however, meaningless to call y the “ wave 
function ”, until we show the method of calculating physical quantities in terms of it. 
We shall now make use of the concept introduced in § 2. 

We assume that Y is normalized to unity. 

Consider the probability P(¢) of our system staying in one-electron state at time ¢. 
From the general law of the quantum mechanics, it is natural to define this probability 
by the norm of /',(¢)¥ By virtue of (2.13), it reads 


PO=4 PAY) ai o* (a0, t) Q* (ac— ae!) 7 (ar", t) d* acd ae! (3.3) 
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From the definition, it is evident that P< 1. 
We shall now attempt to translate any operator of the field theory in our scheme. 


Take two states /’ and #’ belonging to §,(¢’) and $,'(¢’), respectively, 7. ¢. ; 
yp =| db gt (a', t') Ya®a'g (a’); 


yl = j Dar (ael", t) Pred ae!" foe!?). 
The matrix element* of an operator O{¢’) between these states is given by 
(gt | OC) At") SCH", Onl) 2”) | 
= \\ g* (a) (Ba bla, UE) Ont) Grek (00! CVE Fae! dace!” (3.4) 


Assume that the operator O(¢) has 7, as an eigenstate (belonging to the eigenvalue 
2 


O,) and satishes the relation : 
[Pula t), Onlt) |= Peele, 1). (3.5) 


Here © is a c-number operator operating ‘spinor indices and coordinates. Then, (3.4) 


reduces to a simple form : 
(got! | OA) Of 2") =|" (at) Dye, # ata. G.6) 


The former assumption expresses that operator O does, not disturb the vacuum state Y,, 


that is, 
[Oz(¢), H|%,=0. (3.7) 


The latter property (3.5) is characteristic of the total energy-momentum operator and is 


also possessed by the operators of following form : 
On(t) =| Pn* (0, 1) Dp 2(a, t) a?a0+ Electromagnetic Terms. 


These two properties which are essential for the construction of the corpuscular aspect 
seem to be possessed by the physically important observables. 

We now define the “one electron expectation value” of O(/) for a state ¥ e%,’(A 
by 


(OM)=1.904%, 0@4)/PO. (3.8) ** 


By the relations (3.6) and (3.7), this also reduces to 


*) It is to be noticed that the relation 4824 B does not always hold where 4 is the one-electron 
submatrix of an operator 4. If 4 and & commute with I, the above relation is satished. 

**) If O commute with I+, then (O) is equal to (7; ¥, OF. ¥Y)/P which is real because of the hermi- 
tian character of O. See note added in proof. 
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(00) -O=55 \\ 4% (a0, t) 2+ (ae —a0') Dy (ae!, taeda’. (3.9) 


The physically significant expectation value of O is given by the expression of right hand 
side of (3.9), because we can observe only deviation from the vacuum expectation value. 

That we can express the probability and the expectation value by’ the overlapping 
integrals of y and y* may be considered to show the corpuscular aspect of quantum 
electrodynamics. 

In view of (3.3) and (3.9), it is now reasonable to call y the wave function and 
S) the representation of Q in the corpuscular aspect. 

The appearance of @ is characteristic of our theory and is considered to represent 
the non-local character anticipated from the uncertainty of the position of an electron. 
The precise form of Q has not been obtained, but for the discussion of the bcund state 
energy and the decay constant it causes no trouble. (See Appendix B). In case of the 
absence of dynamical electro-magnetic field, A* is just the projection operator on the positive 

' (negative) energy state (in the sense of the unquantized Dirac theory) and hence APS 
This is the reason why the non-local character is not apparent in this case in spite of the 
uncertainty of position. It is very probable that our A may also be the. projection 
operator on electron state in the sense of our corpuscular aspect, but we have failed to 
prove it. 

We now consider about positron processes. As we do not use the charge conjugate 
representation, the positron process must be described as the inverse process of an electron 


with the negative energy. 


Let FY be in H/7(’); | 
v=| (atl, ) Cyd ac! f* (a0!).. (3.10) 


We ask the probability of our system staying in one-positron space at time 7 and the 


one-positron expectation value of an operator at /. Using (2.15), we get 
PU) = UAE) =[[ eGo, tee" oe", Danae", GA) 
(0) —O, =(OOF, POY) /PO — 
EEA \ a (ac!, t) 2° (ae! —20"") Dy (a!’, 2) dae! dae", (3.12) 
where 
yen a [Gots a Bf eae! (gery a ID 
2 . 


and i 
Go, t; a’, )=—i(%), P(e; t) by (%, t) P) (¢<?’). (3.14) 


G is again the Green function of Schwinger in the region eas 
If we put 7/=— Oo in (3.1) or #=+0 in (3.13), such Y- and 7%. both 


satisfy the wave equation given by Schwinger ; 


232 M. Namiki and Y. Suzuki 


(711+ M)yx=0, (1.6) 
as follows from the equation of G: 


(71+ M)G=1. (1.5) 


Since (1.6) is an integro-differential equation, it is very questionable whether our 
wave function (3.1) defined for f>¢/=finite time could be so defined for ¢< t’ that the 
extended y should satisfy (1.6). In other words, Schwinger’s wave equation may probably 
be incapable to describe the finite time processes. The description of finite time processes 
is perhaps unnecessary from the physical point of view, though it 1s possible to treat such 
ptocesses in our theory. 

The ‘general solution. y of (1.6) may be expressed by the sum of y=. and 77... 
When we get a solution of (1.6), it is necessary to separate the electron and positron 
parts of it in practical problems. In case of no dynamical electro-magnetic field, this 
separation is automatically done by Qt=A* in (3.3) and (3.9). (In this case Eq. (1.6) 
reduces to that of the unquantized Dirac field.) Since the projective character of % has 
not generally been proved and no mathematical method of separation has been obtained, 
it is necessary to use physical considerations for this separation. 

Finally we consider the expectation value of total energy operator H7, which is given 


by 


1 ae 
— fy) = +—_~ \\ * (ar, 1) 2* (ae—axv’) i- a t)d ta a 3.15 
(H— £,) tw J (a, 1) 2% ( ) apa de (3.15) 


where #, is the vacuum eigenvalue of //. Since this quantity is generally complex, we 
put 


(By) = Bis. (3.16) 


Here & and /’ are real functions of ¢ From (3.16) and properties of /7 and /” we 
obtain 


1 ) 
= PO 3 PU) % (3.17) 
It is, therefore, evident that J” gives formally the total probability per unit time of 
transition to all other particles states. However, the physically significant quantity is not 
I’ itself but the mean value of /" over all time, because /” may include unphysical decays 
occurring in finite interval of time. In this point of view it is important to consider the 
eigen-value problem 


y= Wy, 


where J6 is the Hamiltonian of the corpuscular aspect and is given by rewriting (1.6) in 
the following form : : 


oceae 
z ar X X- 
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Since the eigenvalue ]” for this problem is obviously an expectation value of A and 
is independent of time, its imaginary part gives the physical deay constant. It is evident 
that the decay constant is positive for electron process and negative for positron process. 
The above mentioned separtion of y will be achieved by checking its damping property. 

The reasonable results have been obtained for the Lamb shift and the line breadth 
by solving (1.6) by the perturbation method. (See Appendix B). 


§ 4. Conclusion 


We have constructed the sub-spaces §,°(,”) and the projection operator onto it. 
Using these conceptions the “wave function” describing the motion of one electron (posi- 
tron) state is defined. Our wave function includes the Schwinger’s one as the special 
case. The expectation value of the physical quantities is expressed by (3.3) and (3.9). 
Therefore, it may be said that we have succeeded to show the corpuscular aspect of quan- 
tum electrodynamics. The non-locality (the appearance of @) and the damping property 
(P <1) are characteristics of our theory. Our only assumption is the existence of the 
true vacuum state Y. 

In the above considerations we have not concerned the divergence difficulties. Although 
the existence of Y%, is not ensured without the. renormalization procedure, the essential 
points of the present paper will hold for the renormalized 4”. Therefore, it may be 
admissible that we first renormalize G according to Utiyama et al" and then define y~ 
using this G. 

No essential difficulties will appear in the generalization of our theory to many- 
particle problem and other types of field. It will be discussed in subsequent papers. 

The authors wish to express their gratitude to Prof. K. Husimi for his kind interest, 
and to Profs. R. Utiyama and S. Tomonaga and also to Mr. Imamura for their helpful 


discussions. 


Appendix A. Charge distribution of a physical electron 


We shall calculate the expectation value (o(a',£))ne of the charge density of a 
physical electron by the perturbation theory. As shown by (2.1) it is possible to com- 
pute this expectation value from the two-electron Green function : 


has y Sane! 
f =— lim lim G Ue a aa ke peel TR eee A Ne mhvatedl 
(p(9%, t) )wa= O32 BosPo fim Li Grop,op 5 5 5 si 


where € and 7 tend to zero along the space-like’ direction. 


The two-electron Green function in zeroth-order approximation consists of two terms 
(rand Gi”: 
CF CF mnt 
GEC La te Hoe hs) = $7,(4,—%3) 1S i (42-44) » 


Gasp 4 yy ¥ 35 H,) = —iSF,(44—44)t S30 (4.—45)- 
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The contribution (7),’ of G,’ to the charge density becomes 


(pe) 9! =e lim [S7(5) B] 2y, SLS(4) FP), 


which vanishes as easily shown. Hence we get 
(0),= —e lim |S” (a—2') BS? (4 —4) Pea, 
= =< mA* (r, 0)*+( 9 -A(r, 0)) +ém (FaYeo 2A? (7, 0)*| : 
Or Or 


ek wey 
where 7= | #—2! | and 7,—=17*— 
k=1 


Sue This expression has the asymptotic form (1/7*) x 
sane 


exp(—2mmr) for large 7, because the first term of (), is predominant. 
The two-electron Green function of the second order consists of the terms : 


G(X te eee) =<|| di yd* y' (iS? (4,—y)7*tS* (9 — 45) leo 
x IDF (yp )L OS * te S iS "(9 — £4) lnps 
Ge! (ip ty5 ty 2) = P| [dl pd y TES (ey IS" (a — 24) la 
xtD*(y—y" aS" ( toy tS * (+s) \pos 


where we ate not concerned with the self-energy terms. Since the terms without deriva- 


tives are predominant, it is sufficient to compute only the following integrals : 
r =|] di yd! ' DT gy! AP a—g) A"( 9-2) 4" (a! —7') A (y'—2'), 
=| dtyd' yD" yy") dey!) (gat) d?(2! <9) dye). 

For simplicity we shall discard all numerical factors.” Using the integral representations 


A*(S) 3 exp E Fut | du, 
0 


4u . 


D*(é) =|Lap [22 §F] atk 


and the formula 


| exp [7 byt+ival\diy= uz exp| i= | : 
a| a | 4a 


we can perform the integration with respect to 7, y’ and #'. Then the above integrals 
become 


‘ear lll eit eet) 


< exp] 7 (4 — no (4+8) (7 +0) 
: nie a U+B+y+0 | 
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‘pl seat WWI. du a3 dy do |- im (1 1 1 1 
(4—2')? 0 (a+8)?(7y+0)? =" 4 ( , = B a ‘ 2c D )| 


z exp| ws ri een ae +(14 Ae SAC A ay || 
Fra een oe) +8 r+0’ at+B+7-+0 ‘ 


where 7°” has a small negative imaginary part. 
If we use the 4-dimensional polar coordinate in the space of the parameters a, [, 7 
and 0, the above integrals are written as follows ; 


1 dR dQ ee 
= ae — BC Seo 
ae) , RA(Q) exp| was B(2) +1(+—2") C(2)R |, 


B ¥,6> 


where R and 2 are respectively the radial variable and the solid angle in 4-dimensional 
Euclidian space. Here A(2) and C(2) are order of magnitude 0 1 and A(2) is 
order of magnitude 1~co. For 7° =(1—2')’>0 we get 


1 aR d2 m0 ; ; 
eae {\ GR da |- 2" B(Q) —PC.2 RI. 
2 RAO iowa GS Gea 


la 
@,8,7,6>0 


Since the integrand is positive definite, we can use the meanvalue theorem for the integral 


with respect’ to 2. Then we get 


ery bes aR ue" 
peur [8 R)—PC'U(R R| 
= RA(R) eck Rae) 


where it is easily shown that the quantities A', B' and C’ are slowly varying functions 
of R, being order of magnitude of unity. It is evident that the above integral rapidly 
. s i 3 
vanishes outside of the region »<——. We can, in fact, show by the steepest descent 
m 

method that the asymptotic form of the above integral is exp(—amr). 

By continuing the above procedure we may conclude in any order of the perturbation 
that the expectation value of the charge density p(a’) of a physical electron rapidly vani- 
shes outside the region where | #—a’ | is smaller than the Compton wave length of the 


electron provided that the usual procedure of renormalization has been performed. 


Appendix B. Lamb shift and line breadth 


We shall discuss here a physical electron in an external field B,(7) by the pertur- 


bation theory, in which the zeroth-order term and the perturbation term are given by the 


following expressions : 


Kia foyeee —eBy"B, (x) + mB, 
Ox” 


Vy= —chy? Uy (x) +B | s(x, e)ate'y(2'), 


where 
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(2) = (A, (4)) — 8, () 
and 


SiGe =a" | Gla,” Ty, £7 Sul Hd yh 7. 


i é Y . 10) 
Here [/"¥ and ( are the quantities given by Schwinger” and Utiyama et al. We 
: ; i : 
shall calculate the first-order correction of the eigenvalue /°, of the equation 
0 40 
I, at ee ae 
If the external field 2, (1) are so weak that it is impossible to create pairs of elec- 
: ; ietese pee 
tron and positron, we can neglect the first term in comparison with the term })* in the 


first-order calculation. Using the lowest order approximation for /'” and (%,,, we get for 
the first-order correction of /°, 


Wl=-—e j Che ah (w,0){ axe Ge ise Foie ge) ae 


where 


Ce (x, re) ={ ys AE CaO, ty, (a, a ES ?; 
+n 
7D (Oe) Ya Ole Je 


Here -+z denote the summations over positive and negative energy states, respectively. 
Using this expression of G‘” and the momentum representation of DD; we get 


ranean ppm 
2 


Sd 


where 


ips ees xy yn LAr exp (hear) 2) |? 
16m? J |kl eo, £f—-EZ,—| kb] 


eos ieee sy yy AL 7 exy (thea) |) | * 


Lon ww) he beac (pS Ee 
4 e ak 4 \ See 2 0 onal A 
pmo. [4* SS | (A | 7* exp (dh: ar) | 2) 28 (E,—E,?— |e) 
82° | & | +n Bp 
e ak w “7, 29 0 Oy Zak 
- | 3 | Aly exp (che) | 2) 20 (E—E,9 + kl). 
gm? J |k| = 


Here ? denotes the Cauchy’s principal value of the integral and 
(4 | 7* exp(zk-a) | 72) = 1° 4(a, 0)7* exp(zh-av) 7°, (a0, 0) dar. 


The summation over the polarizations of photon can be reduced to the sum of the two 
directions perpendicular to Jt as the result of the Lorentz condition. Subsequently the each 
integral in /” is positive definite, so /” is positive for positive energy states and negative 


for negative energy states as expected. Moreover, the exptession of /" explicitly desctibes 
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the total probability per unit time of transition from the state Z,° to all the states EZ,” 
< £,’. These illustrate the features emphasized in §1 and § 3. On the other hand 
it is evident that the real part 4 of the correction J/”,' gives the electro-magnetic shift 
(Lamb shift) of the energy level after subtraction of the infinite term of the self-energy. 
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Note added in proof : 
It is easily shown that the matrices 
Vt—9+At=AtQt 
have the projective and hermitian character and satisfy the relations [», A+] =0, and V+ [2 ,92|7==0. 


From the easily obtained relations 


[dat (9.4) Yofa(P) 48 P= Sf ba* (D0 Tolan" Difo(D) 49M, 
a aps 


SS] da pt) Vofa* (pd sp=D | bal Pp, 6) UV ea (p)fo* (Pp) ep, 
a as 


$,¢ and ©,” are proved to be spanned by the states (7thy)* V's and (Vpn) «V's, respectively. 
We should rather define the expectation value of any operator except energy by 

1 

—=( 0 Pat yO@) Page) £) =O 

Pe BO Tse!) 0 


than (3.8) and (3.12), whereas for the energy we prefer (3.8) and (3.12) to above definition in order to in- 
This change of definition causes only the replacement of x in (3.9) and (3.12) 


clude the decay constant in it. 
by -y* = +x. 


If the relation 7 ++17-=1 holds, we can use V* for the separation of the general solution of (1.6). 
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In the course of lectures on quantum mechanics delivered for the undergraduate students of this 
university I have encountered a number of examples of more or less novelty and interest, which I want 
here in a series of papers to present before a wider circle. Since the familiarity with all kinds of 
problems leads eventually to a better understanding of quantum mechanics, just as we have been 
possessed with the complete master of classical mechanics only through the numerous exercises in 
schools, it would, I hope, be of some service for a future development of quantum theory. Some of 
matters I present are of older date and some of recent date. 


I. Canonical wave packets. Examples of oscillating 
and circulating wave packets 


§0. A recipe for constructing canonical wave packets e 


In quantum statistical mechanics one deals with the so-called density matrix : 
pla, 2|p) = 2 exp(—PBE,) b,.(x) $F (#’), (0-1) 
= 


where £,, (4%) are the eigenvalues and eigenfunctions of the Hamiltonian AY of the 
mechanical system under consideration, and 3=1/7 is the well-known temperature para- 


meter. If we regard as function of /? and the first set of coordinates +, it will satisfy 
the so-called Bloch equation 


t= FTG, (0-2) 


where the Hamiltonian // operates on the first set of coordinates +. The density matrix 


( is completely determined by the Bloch equation and’ the following “ initial”? condition 
lim (4, #'|B) =0(4—7'), (0-3) 
b> +0 


which expresses the completeness of our eigenfunctions. 

Now we extend the variability domain of / to the complex half plane and write 
P+it instead of 9. The function p(x, +/|8+i) of x and the time variable ¢ will satisfy 
the Schrédinger equation 


ja HY, P (4, pecs B)=e(2, x'|P+if). (0-4) 


= wT: 
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Thus 9, once constructed, will afford a time-dependent solution of the Schrodinger equa- 
tion by a simple substitution. The solution obtained in this manner will simulate a wave- 
packet owing to the character (0-3) of the density matrix, so long as the parameter / 
and the time / remain small. The wave-packets constructed in this way will be called 
“canonical”. Since it contains, two arbitrary parameters 2 and x’, we may expect a wide 
variety of shape and behavior of the packets. Presumably, 8 would determine the breadth 
and +’ the location of the center of the packet ; but actually the situation turns out more 
complex. It is necessary to set 2’ complex in order to get a moving wave-packet. 

The norm of our wave function Y, (0-4), is easily obtained by means of the rule 


of composition of the density matrix : 


r 


| Ga Aoa', 2") = p(w, x18, 


+/3o). (0-5) 
The result runs : 
[PCy che! BY (x tL Bde o( 2", 2/128), (0-6) 


which is time-independent, as ought to be. If x' is complex-imaginary, the right hand 
side of (0-6) should be replaced by 


pals: 2198}: (0-7) 


$1. The rectilinear motion. Heisenberg’s wave packets 


Our first instance is the application of the recipe of the preceding section to the 
rectilinear motion of a particle. However, we first impose the the periodicity condition 
of period a on the wave functions, in order to avoid some confusion with normalization. 


The normalized eigenfunctions are 
exp(ikx) /V a, k=2an/a, Ha O00 ot Vote 2a one 


and the eigenvalues #°4°/2m. The corresponding density matrix (0-1) is computed as 


follows : 


pa kB) Tek, S| exp {i(x—2/)k— Pak’ /2m} 
Qn=-o 
(142 >) exp(— BIR? /2m) cos k(a—x')} 


21 teak : 
ma 


ae 
a 


w(r— 2! 
poled 3,(: (x ) 
a a 


where @% is a Jacobi theta function of imaginary period r=2778%"/ma". By virtue of 
the transformation formula of the theta functions, we have also 
ima” ) 
27nBh 


ma(«—-+"') 


pce, w!| By = 2 (PEBEY exp {— maa) 288) 8 
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+00 
=( ” \) S* exp{—m(x—x! —na)*/2Ph} . 
27Bh/ n=—« 


In the manner described in §0 we easily get the corresponding canonical wave-packet, 


which in the limit @—> co turns out to be 


W(x, t\x, 9’) p(— EEL Sk ), (10) 


lie, Hees dhe: 2h (2 -+it/h). 


where the peaks drop out except that at 7=0. The parameter +’ may now be chosen 
as complex, but, since the real part of +’ will only contribute to an uninteresting static 


displacement of the center of the packet, we set x/=/v. Then the exponent of (1-1) 


becomes 
ae mx —iw)” = ai = {P(#— te ie Aan te, + imaginary terms| : 
2% (P+ it/h) 2h (B°+2°/h) Ph B 


The probability distribution is Gaussian ; the center is moving at a uniform velocity 4/2 ; 


the fluctuation square 
(°° + £7) /mB (1-2) 


is increasing, towards past as well as towards future. The normalization of the wave 


function can be effected by the method outlined at the end of §0. The normalized 


wave-packet is 
mp (a —at/Bh)* hj m| (a°—a")t/h+ 2uBx | l. 


(2) Pees piste exp| ‘h 4 
Th? (B+ it/h)'? 20? (B+ 22/02) 20? (22+ 22/2) 


(1-3) 


This is Heisenberg’s wave packet, well known since early times. 


§2. The harmonic oscillator. The generalized Schrodinger wave packet 


The wave equation of a harmonic oscillator runs in “ natural ”’ units 


of which the eigen-values and the eigen-functions are 


: 1 
£,=u+—, 

D) H#=0, A592, >. (2-1) 
$y =(2"-nly WP a" (x) exp(—2?/2), 


the latter being normalized with respect to + measured in “ natural”’ units. 


fT,(#) are Hermite polynomials, defined by 


Fn (4) = (—1)” exp(+?) = exp(—2”). 
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The corresponding density matrix has been summed previously,”, by means of Mehlet’s 
formula, 


exp ae aw) 2} 


pla, «"|B)= 3} exp{—(v+1/2)} - Fi, (#) Hi (#") 


n= gil? 2" n! 


= (27 sh (a Roe exp {—th ( f ) : (4*)- cth{ F) : (—*)| ‘ ( . 2) 


where sh, th, cth are hyperbolic functions. Our rule gives the canonical wave-packet : 


W (x, tlx, ’) = {2m sh(P+it)}—” exp | -4 {th (*) eanae 


seth E Cy —atyl |, (2-3) 


In this case the parameter x’ may be chosen real without loss of generality. The expres- 


sion within the bracket { }, namely 


sh 8 +7 sin ¢ rye, sh P—Zsin¢ a"? 
eet ST e ) (t— ') Zo 
ch 8+ cos ¢ ( ( ch 3—cos ¢ Se 
has the real part 
, 2 
a 2 sh 27 (1-08 s) 2 thie 2". (2>5) 
ch 2/3—cos 2¢ ch 8 


Hence the probability distribution is again Gaussian, the center is oscillating with the 
classical circular frequency 1 (in “ natural ” units) and with the amplitude 2’/ch P. The 


fluctuation square is 


(ch 2—cos 2¢) /2sh 22, (2-6) 


iL TF , : 1 
it attains its minimum values —th/ at the extremities and its maximum value ean B 


at the center of oscillation. Thus our oscillating wave-packet is at the same time pulsating, 


synchronously with the oscillation, but it contains no ever-increasing part, contrary to the 


case of rectilinear motion. This lack of monotonous diffusion may be accounted for on 


the ground of isochronism of the classical. harmonic oscillation (every oscillating particle 


returns to its starting point within the same period, irrespective of its amplicudes. In 
the case of rectilinear motion, the faster particle will cover -greater distances). 


The oscillating wave-packet devised by Schrddinger in his early work” is based on the 


generating function 


exp(—s°+2sx—2°/2) =>! exp(—2"/2) Hal) 
n=0 7. 


of the Hermite polynomials and is a special case of ours. 
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§ 3. The circular motion in a uniform magnetic field. 
The circulating wave-packet 


Now we consider the motion on the  -+,y-plane of an electron when a uniform 
magnetic field // is present along the axis of 2. The Schrodinger equation is set up as 


follows : 


Zeet Adp—thw Oy ae 1 nor = Ed, (3-1) 
2112, OOS <2. 


: beers ; 1 9 ; 
where we have introduced a harmonic binding potential —7,,7°, in order to assure the 
Zz. 
discreteness of the eigen-values, so that w in the equation is defined by 
o=w+oa,. (3-2) 


w is the Larmor precession frequency, o=c///2m,c. 1m, is the (rest) mass of the electron, 
to be distinguished from the magnetic quantum number 7, which appearly shortly. 

The eigen-value problem (3-1) has been solved by Darwin.” By separation of 
variables =yr7'?S(r) ee we get for the radial part 


n° 1/4— | ieee 
Sy +—mwrS=E,:S, 3-3 
2m, oe re 5) ie x Cay 
with 
f= k—hwm. (3-4) 


Again we introduce the natural units and write 


To 


E,=¢,-ho. (3-5) 


Myo” 
Then the solutions of (3-3) are given in terms of generalized Laguerre polynomials by 


S=exp(— 24/2) Sim Ls er 


== 05,1 52s. . 
€,=27+1+4+|m| Wt » 1,4, (3-6) 


The Laguerre polynomials \"' are those defined by Szegé’. and ate detetmined by 
orthogonality relations 3 


{exp(—§ G2) Emel Pu (ety 4 (E) ge= I still ae) ae (3-7) 
L 


We first construct a partial density matrix, relating to the radial part only. Let 
ft=|m|. The summation formula given in Szegd’s book” leads to 


macs => ) 2-exp(—f(2v+1+/)) 


= Gee “exp (<=, fo jees 
pel 


“Ln (S*)exp(—$"/2)5/* Lh (&") 


iI & ESD 
=—, xp{— +S Toth 6 J i hp (3-8) 


Miscellanea in Elementary Quantum Mechanics, I 243 


where /,, is the Bessel function of imaginary argument. 


Next we build the complete density matrix, the summation being effected by the 
well-known generating formula of Bessel functions, 


ao 


e(&, @ &, G1) = S) (22) 7 exp (im (¢—¢’) } exp(-— Bie /@) 0 my (E, &\2) 


1 E24 €/2 3 © Sto gel 
=. — gL. wy (eae ae _o'\\ booms 
2n sh B ep| 2 cth Bf «34 [emp {—Reo/o+i(e—9')} J Lo sh 7» 
=——- exp] — et Fr eth B+ ee cos(y—9' + 8u/w)} (3-9) 
27 sh B 2 sh 2 


From now on we put @,=0, so that w/w=1 and the formula is greatly simplified. 
Then the exponent of the above formula may be written 
1 9 Pe ee a 
a {é2 4 € _ 2E& cos (y—y’)} cth S—i€¢’ sin(g—¢’). (3-10) 
Thus the density matrix depends, so far as the real part concerns, solely on the trans- 
Jationally invariant scalar product (f—§’)°, as it should be so in the absence of any 
potential (w,=0) except the uniform magnetic field, whereas the phase factor contains 
the z-component of the vector product Ex &’, which is wof translationally invariant. The 
last circumstance is related to the gauge transformation of the vector potential. 

In deriving the canonical wave-packet from the above density matrix, we have to put 


the vector €’ complex imaginary : 

Gls 1d, (a: real vector). (3-11) 
Then the wave function representing the wave-packet 
o(&, 1a| 2 +22) 


has for the real part of its exponent 


_ (@—a’)sh 2/9—2(€-a@)sin 2! __(€xa), : (3-12) 
2 (ch 2 —cos 2¢) 


Hence the distribution of the electron clouds is Gaussian ; its center lies at 


@ sin 2f—0 cos 2/ 
sh 2/3 


} cth 23+ (3-13) 


where the vector ® is obtained by 90°-rotation in counter-clockwise sense of the vector @. 
It circulates in circular orbit with the circular frequency 2 (7.¢. 2, or twice the Larmor 
frequency, in the original units). The spreading of the wave-packet is given by its 


fluctuation square 


(ch 2/8—cos 2¢) /2 sh 28, (3-14) 


and is independent on the direction, so that the cloud is isotropic. Here again we have 
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no ever-increasing diffusion of the cloud, which returns to its original extension every time 


the center describes a complete circle. This peculiarity is based on the isochronism of the 


circular motions of charged particles within a uniform field irrespective of their velocities 
(the principle of cyclotron). 
The complete wave-function normalized according to the method of § 0 is 


(sh 28/27)'” | 1 Ene a ee : 5} 

P (€, tla, 8) = —— a —cth (8 +2) -(€—7a)°— (€x @).—a’cth 27}. 

(€, ¢|@, /7) REIN Oe ae (8 +7) -(§—7a) ) Bi 
(3-15) 


4. Final remarks 


Lm 


We have treated the three cases of canonical wave-packets, which are all of simple 
and closed form. They are all of Gaussian type, and, once this type of solutions is 
conceived. as possible, one can start from the Avsatz: ¢/ oc exp(quadratic function of 1), 
without entering into any confusing summation problem, This point of view will be 
adopted in a different context in my second report. 

Our examples of oscillating and circulating wave packets are misleading in so far as 
they suggest the absence of ever-increasing diffusion be a rule. As I have emphasized, 
this is a peculiarity due to the isochronism of the underlying mechanisms, and is an excep- 


tion rather than a rule. 
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Some collective behaviors of boson assemblies are described in terms of the classical density operator 
and the classical velocity operator. We introduce these two classical quantities by taking average of the 
quantized operators with respect to Heisenberg wave packets. 

Equations of these two quantities are determined and we obtain the transport equations. Thus r; 
the assembly is described as a fluid having the quantum mechanical pressure tensor. 

The collective behavior of the assembly in question is analysed applying the theory of sound waves. 
Such an approximate treatment enables us to regard the assembly in question as the assembly of oscil- 
lation quanta. 

When a particle is projected into the assembly with the velocity 7’ which is larger than the sound 
speed of the medium, suffering the collective response of the remainder of the bosons, the particle is 
decelerated and emits sound quanta. These processes are analysed by a classical treatment. 

Further we consider the interaction of every particle in the assembly with the field of the collective 
oscillation representing behaviors of the remainder of the assembly. The self-energy of the particle and 
the Mller interaction between particles are obtained according to the interaction representation of 
Tomonaga and Schwinger as well as the canonical transformation of Bloch and Nordsieck. 


Introduction 


In this paper we wish to describe the medium-like behavior of a dense boson gas. 
In a previous paper, hereafter referred to as I, we have studied the temporal transformation 
of the quantized phase space distribution function and introduced a quantum mechanical 
velocity operator.” The commutation relation between the density and the velocity involves 
the projection operators e(1). This prevents us to find the canonical conjugate variable 
of the density operator. We have pointed out that this projection operator, together with 
its derivatives, can be eliminated inrestricting ourselves to such subspaces that the quantum 
numbers of the particle-number operators are sufficiently large everywhere. Another difficulty 
that the reciprocal operator of the density is not allowable prevents us from the further 
development of the reformulation given in I. As a matter of fact, the operators are 
elements of a ring algebra, but not of a division algebra. 

On the other hand, the similiarity of the density matrix with the classical distribution 
function has been pointed out by Husimi” taking average of the density matrix with 
respect to Heisenberg wave packets. The classical density in phase is associated with the 
above classical distribution function. The classical current operator is also introduced by 
averaging the general current operator given “in I. Hearafter we shall denote classical 
quantities by the symbol ‘‘c—” and the classical operator by “‘( )”. Then we define the 
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c-velocity operator (v) dividing the c—current operator (7) by c-density persis Nea 
It is proved that c— velocity (v) is identical with an average of the velocity operator if 
the fluctuation of the average value tends to zero. These c—quantities do not always 
commute with one another; they may, however, be regarded as commutative if the — ex: 
pectation value of the average density is very large. Hence we can describe many Pisoe 
problems in terms of c—density and the c—velocity which are-regarded as really c-number 


quantities. 
From the temporal transformation of these classical quantities, we derive the transport 


equations such as the equation of the mass conservation, the momentum conservation and 
the energy conservation in terms of the c-density operator and the c—velocity operator. 
As an example, we consider a problem of coupled harmonic oscillators. The energy eigen- 
values, the density distribution and the increment of the total energy with time are 


obtained. 
Next we consider the problem of the linearization to develop the theory of 


sound waves. So far as assemblies of interacting particles are concerned, the physical 
meaning of the one particle aspect becomes obscure, hence we must describe the organized 
behavior of the assembly as a whole. It will be shown that the assembly in question is 
regarded as a fluid having the quantum mechanical pressure tensor (1%) and we consider 
the excitation of sound waves which is one of the most fundamental phenomena in quantal 
fluids as well as classical fluids. The theory of sound waves in question favors us to get 
insight into the medium-like behavior of the system and to find the approximate eigen- 
value of the Hamiltonian. 

Pines ond Bohm® have pointed out that the density fluctuation splits into .two 
components, One component is associated with the random thermal motion of the 
individual particles. The other is associated with the organized oscillation of the system 
as a whole. For large wave-lengths the density fluctuations are primarily collective. Our 
theory of sound waves is aimed at making use of the simplicity of the collective behavior 
as a starting point for a tractable solution of the equations of motion. We consider an 
example of assemblies of neutral bosons interacting with short range forces. We shall add 
some remarks on the plasma oscillation caused by the long range coulomb interaction (§ 3). 
Further we investigate how an individual particle suffers the collective reaction from the 
assembly. The total hamiltonian involving the energy of the incident particle splits up 
into three parts: the hamiltonian of the particle, that of the assembly of V bosons and 
that of the interaction between the particle and the boson assembly which may be regarded 
as the assembly of sound quanta. Thus the problem is reduced to the study of the 
interaction of a particle and a vibrational field as much the same with the interaction 
between the electron and the electro-magnetic field. The reaction of the induced density 
fluctuation on the particle acts as a force in the inverse direction against the motion of 
the particle which loses energy emitting sound quanta in the wake. The energy loss is 
estimated by a classical treatment. 

Such a reformulation regarding the assembly as a compressible fluid does not disguise 


the conventional quanrum theory ; it will, however, be effective in affording us such new 
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aspects of the theory as the excitation of sound quanta and the collective interaction of 
particles. ; 

Next we see how the linearized frequency is shifted in a self-consistent way, if the 
individual particle motion is appreciable. To pursue the behavior of the individual particle 
as well as the dynamical correlation among particles embedded in the assembly we apply 
the interaction representation of Tomonaga and Schwinger as well as the canonical transfor- 


mation of Bloch and Nordsieck. 


On the dynamical correlation between particles the 
Hartree-Fock and the Thomas-Fermi method do not give any satisfactory account. As for 


many fermion problems, Tomonaga” applied Bloch’s theory of sound waves and gave the 
most complete account of the one dimensional problem” and more recently Pines and Bohm 
have proposed an idea to describe the assembly as a whole collectively. Their method is 
‘quite classical and we applied it to boson assemblies. It has been shown by Macke" that 
the straight-forward perturbation calculus bears to find the correlation interaction. Our 
treatment given here does not deal with the direct interaction of particles, but the interac- 
tion of oscillation quanta with particles. 


$1. Classical quantities 


In the following we shall deal with average quantities with respect to Heisenberg 
wave packets. These quantities are essentially non-commutative with. one another, but the 
commutation relations among them do not involve the 6-function, As demonstrated by 
Wigner the density matrix is connected with the phase space distribution function by a 
fourier transformation. This relationship has been more carefully examined by Husimi 
applying the Heisenberg wave packet. As a matter of fact, the expectation value of the 
Heisenberg wave packet will give rise to a complete approach to the classical particle 


distribution. Introducing the Heisenberg wave packet of the form 
im 3/4 = : = 
¥ p,a(9) =(+ ) exp| — 2 _(g—0)*+ = Pal, (1-1) 
: re 2 h 
Husimi defined the classical density matrix in the form 
(P,Q) =\\ FF (++ LIN oe, Ps a(x — ale ar 
Pails P,Q ie 5 


=(~)" [lot exp| 1-0) LAG Pr |e | 2) 


which is essentially identical, aside from the normalization factor, with the classical phase 


space distribution function of the quantized theory which is defined by an average over 


the phase space : 


fale. =(2,) \[re dew] 10-25, (oP) |dpdy 


ye 
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=(1_) ral, 2). (1-3) 

Hence the classical density operator is expressed by 
(re=|falP, Op : (1-4) 
=( 1)" | e(expl-r1(g- O49 (1-5) 


and the classical current operator takes the form 


© asl bea P =( 1 ne AES BEESON Bl rox | 
Nem] m Tal P, Q)¢ ( v8 ) ( 27h ) : nut or 2uat piers 


ns \/ (x) exp_|—7(4—Q)*]ax 


x exp| - FORO a er ; Pr|dvdrdP= 


ae Ee Sah, Q)aP, (1-6) 


in which the first term represents the average value of the quantized current operator and 
the second term vanishes. 


On the other hand we introduce the classical velocity operator defined by 
, 3/2 : . 
e=(L)" fo expl—re—O)"lar. (1-7) 


The commutation relation between the classical density operator and the classical velocity 


operator becomes 


[rren (arel=2i(2) | \ fe) = 117-0 empl 19-0)" =O) dp. 
(1-8) 


As already mentioned, we confine ourselves to such subspaces that the projection operator 


e(y) may be regarded as zero. Then the commutation relation turns out to be 


[Pen (rel =" ( r_)" [O'—Olexp[—7(0'— Oils (1-9) 


“Qn 
If 7 is sufficiently large, it is permissible to set 


(J )e/(P)e= (Yo : 


We introduce the average canonical variable (%) in a similar manner and one finds the 
commutation relation of the form 


[een (@a]=8( 2)" exp[—=r(0-)/2]. 20) 


These relations are valid in those subspaces mentioned in I. From the commutation 
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relati i 
lations of vector components of the velocity operator, which vanish in such subspaces 
’ 


one c i 
an conclude that the velocity operator may be regarded as irrotational in those sub- 
spaces to the effect 


1 
o(x) =— grad P(x), (1311) 
m 
or taking the average 
1 
ae pao ee (1-12) 


Next we obtain the equations of these average quantities which involve non-avetage 
quantities. Such quantities are replaced by average quantities. together with fluctuation 
terms which are very small if the parameter 7 is sufficiently large ; however, the magnitude 
of 7 is to be bounded due to the following reasons. 


Let the real and the imaginary parts of the wave function ¢ be g and / respectively, 
the c—density is expressed by 


(p= 2 tye) + dR) 3) 
in which | 


[p(x), g(a) ]=— 8-2), (1-14) 


((D).» ahel=(-) ep [—r(v—2’)’/2] : (1-15) 


Z 


and p(zy=R' (2). If and thus only if the parameter 7 Is sufficiently large and the 
expectation value of (y), is much larger at least than y at the same time, both the 
fluctuation of R(x) and the commutator (1-15) may be set equal to zero. In other 
words, the operators are regarded as commutative with one another and the fluctuation of 
the amplitude R(x) is sufficiently small. Hence the classical theory is available if the 
expectation value of the c—density is large enough, regarding c—quantities as really c— 


number quantities. 


§ 2. Equations of motion 


Such transport equations as the equation of mass conservation, that of momentum 
conservation and that of energy conservation are derived from the equations of the density 
and the velocity potential or the velocity. We have only been concerned with such sub- 
spaces that the projection operator is set to be zero, and also the above-mentioned pata- 
meter 7 is regarded as so large that fluctuation terms appearing are very small quantities. 


First the equation of mass conservation law takes the form 


Pts + divkp)-(v).=0 Gy 
Ot 
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where 
(7 )—(p) <2) 
or 
(J)—(R) oR). and (oR) — (uv) (R) 
ate set to be zero. Regarding fluctuation terms as zero, the equation of the velocity 


potential operator takes the form 


eg 1 | grad (),|°+ (a+ | G(x, 2") p(a")dx'=0, 22) 


where 
= he A(R) 
2m (R) 


(1) ,.=— (289 


2 


2 


is called the quantum mechanical potential and G(x, x’) is the interaction energy. Taking 
the gradient of this equation and multiplied by the density: (~),, the equation of the 


velocity operator is expressed by 
COV a2 ee > (Ps grad (v)?+div (P), a (0 egrad | G(x! )(o),dz'=0, 
(2-4) 


where 
m(P).=——"_(»), grad grad log (7), (2-5) 
is the pressure tensor. The ay of the total energy : 
(E).=™ (0). —*_(p) log (e+ 4 (n)2| Ga, ) (per? 
(2-6) 


is also obtained in the form 
4 ee div (2), + 1 div(y). (0). jG, 2!) (par die! 
+ 2p), [OC div (pu (ourde'=0, (2-7) 


where 


(pe) grad div (v), 
(2-8) 


(1).=| 7 (p) (0)? E (p),dlog (0), +P), |e), — 


is the kinetic energy flow. Introducing the so-called substantial differentiation 


42+ lv), grad , (2-9) 


A Quantum Theory of Boson Assemblies, IT 251 


the two fundamental equations turn out into the form 


d | | 
~7, (Pat (p) div (v)2=0 , Aen) 


a ; 
(Psa (v)2+ div Come (p)agrad | G(x, Jo) ayeae— One kzaly) 
mM 
Further setting 


(F).=(P)e (OT) » (21:2) 


one finds the equation of the internal energy density (WU), of the form 


ays : 
(Os + div (Q).+m (PY grad (o).+ > (p).f 64s #) (P)ardiv (2) aude =0, 


(2-13) 


where 


a . 
Oye eee ed Bg ane 


The fundamental equation (2-1) and (2-2) are summarized in the form 


W 1 i ; 
ow) a | grad I1’( 2) P+ a AIV(x) + | G(x, 2!) {p\ dx’ =0, 
n 


ot mi 
(2-15) 


in which 
W(2) =(0).4+ 2 tog (0)e- (2-16) 
Z 


The above function I//(x), corresponding to the principal function of Hamilton’s partial 
differential equation, is the familiar one in the //7AK approximation. Expanding (@) 


and log (e) in powers of Zz: 
(D\=O,+h9,+...; (2-17) 
log (0) =loge, + hlog pit...» (2-18) 


one obtains the following three equations for the first two terms of the expansion : 


O92) 4 3 [grad (x) P+ | GC 2" Jr(aae=0, (2-19) 


at 2m 

Ope) 2 div[p,(%) grad P(x) |=0 ; (2-20) 
Ot mM 

OV) 5 1 grad 0, (x) -grad P(x) =0 - (2:21) 
ot m 


Hereafter we restrict ourselves to the one dimensional problem. The last eqnation (2-21) 
—=const. in the (4, f)—plane may be regarded as the 


= grad D,/m. We 


shows that a curve represented by PD, 


particle path along which particles move with the classical velocity v 
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ich i i : i that the 
expand the potential energy which is essentially non local, in such a manner 


expression becomes local type : 


OP P 2 % se 
oes x Bye Cas) aa = p,(2’) \c (vr) adr + ks Se \ G(r)dr+...; 
| a 
(2-22) 


in which {) r"*'G(r)dr is put to be zero, because G is an even function of 7 and 
considered as short range. In the one dimensional box of length / one may put 
1/2 


G(r)dr=meL , (2523) 


—f/2 


and the equations (2-19) and (2-20) turn out to be 


Op *) ole) dv,(*) 


(af, ~+F % x) ——=0, (2 -24) 
ot Se Ox ( Ox 
u(x) +0,(x)- Peal) pe OPk*) 9. (2-25) 
Ot Ox 


We have assumed that f,(4) is nearly equal to unity, for (7) should give the actual 


space density so far as our approximation method is available. The above equations 


represent the flow equation of a sort of polytropic gases” with the pressure 


P(4)= 2 ny(a) (2-26) 


and the characteristic curves in (x, ¢)—plane are given by 


a,=t,(o, te), (2-27) 
X,=l,(%—C), (2-28) 
C= uw Lo, (x) Z (2 : 29) 


Thus our problem may be regarded as that. of the hyperbolic flow. There is another 
way to solve the ‘equation (2:2). We regard the density operator involved in the 
interaction energy as a time-dependent parameter. Such a treatment resembles the adiabatic 
approximation. We shall apply this method in the following example. 


Example 


Coupled harmonic oscillators 


We consider an assembly of coupled harmonic oscillators subjected to the following hamiltonian 


The stationary state problem has been considered by D. Bohm whose interpretation has recently been 
examined by Takabayasi, Prog. Theor. Phys. 8 (1952), 497. 
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Pee 02 x N mu) 


St Se = pst eA : 
Qm joi Ox? 2 it (x3 —2xz,)74 5 So (B-1) 


in which x is the coupling constant which is so adjusted that the energy remains positive definite, therefore it 
depends on the total number of particles. The eigenvalue of the hamiltonian is obtained exactly by introducing 
the normal coordinates given by 


N 
= S\ Or hu, LOnul athe orthogonal matrix. (E-2) 


These normal coordinates form the representative module of the irreducible regular representation of the sym- 
metric group of order V!. One gets the eigenfrequency for the normal coordinate 
mot 


sav 2 oe XZ» (E-3) 


which corresponds to the center of gravity, and the eigenfrequency [w?+2(2V/m)]/? with the (V—1) fold 
degeneracy. 
Here we introduce the quantized wave functions g and ¢* The quantized hamiltonian takes the form 


A? 
= ee Og ae+| +2v|I Ea rae gdx |®, (E-4) 
2m 3 Ox Ox 


and the associated classical equations are expressed by 


Olog (a) x 1- 0(0), dOlog<pre , 1 02 (0), ooh (E-5 
Or 2 m Ox Ox af me Oe ) 
00), , 1 | 9¢0>, P__# @Plogiors 
a 2m Ox | 8m Ox? 
N x - 
+ Sat es J2/<orardel + J 20>41 dx?=0. (E-6) 


(a) Transformation function 
Assuming the density (p) is independent of space coordinates, one gets the transformation function by 


a transformation of the form é 
glx X(t), =; 0/ax=0/0x’, 0/0¢=0/0e/ — Xe) 0/02’, (E-7) 


K(2) + Q2X(t) —x <0. eos. (E-8) 
2 — wm? +x%lV 


and the following gquacion is obtained from (E-5) and (E-6) 


96D) 21 . eae MQ” - 1p 
8 [coy Flog ora |+ +s Or x) | 5, eae 


OL’ 
eee 2 OY tar ¢ = E-9 
AL Pyle RE aE) \ eas Ca eO-- (B-9) 
2met Ox? i 2 7 \3 (prwee > 2 La | 2 
Tf one sets*) 
CD) et + tog (ore = > [a(A)a?2+2b(A)a7+e(4)] » (E-10) 
Z 


the transformation function in question is expressed by 


mQ Whe _ m2 rs Fe 
Meret) =( soz ar) exp? 2k {ts «—X(t)]? cot [2¢¢ to) | 


t 


—2 [x¥-*(@)]. ycosec [ 2(¢—4) | +o oar: —X(r)] X(2) +4 cot [2(4¢—4) | exp a { ICME’ 
to 
(E-11) 
in which 


Wigs me Q? FRO y \ : Fe ee: (2% acto 
LH)=Z AO" 5 PAG ASN HK a AES 5. \ SE 
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Let the wave function at the time 7) be 


Wind YT _ 7 5g — 
Th ) a 28. ; 


g(¥, Zo) at 


and then the wave function at 7’ becomes 


y(x, Ty =| Ue, 9; T—T )¢(9, To) ay 


7 
2 4 ; ; ne: 2 mQ oF 
_f ma weep] Se | Lair XO Ee XO} —" z (=x) )2], 
= Th - a 2 

To 


(Hr14) 
from which one observes that the unperturbed frequency 2 is shifted to the value 2+ (x/22), which cor- 
responds to the frequency of the adiabatic approximation. 


The correct eigenvalue is obtained by the variation method. Assuming the wave function in the form 
1/4 ae 
Reecoe(= exp| —5 {e-xo P|, (E-15) 
pie thor 2 


and making use of the above transformation, and letting 
t 
(O)21=(0'5 4+ mx! X(t) =e \ L(t’) dt’, (Oy ,= —£(y)¢+ const. (E-16) 
0 
in the equation (E-6), the postulation of the minimum energy: 
72 
SN ee a5 [m22+xNV]=0, (E-17) 
? : 


gives rise to the correct value: 


4 2x V2 
= i. =[ot+- x | . 
mL 


m 


(E- 18) 


(b) Energy increment with time 


In our problem the field velocity is identical with that of the center of gravity X. From the expression 
of the energy density : 


9 


72 621 = * 
(Egy: Cd, gg ee ee 
2 87 


x Gye f 
+ 2 wa” Oa + | e290) 2 (oder de’, 


Ox? 
(E-19) 
one gets 
m a Ge Ve ap ae 0” m2 Simon 3 
atte NX2+ Si wVX ence j (Dx aa2 log (pe ax+ seat \ {a—A (4) }2(0>x ax. 
(E-20) 
Remembering that the ground state density is 
Doe ai? 2 
OV (EY exp | 220 tx — x00 ‘ale (B-21) 
Th 4 
the total energy at the time 7’ is given by 
Br) =| 3 + — (y+ z0| a (E-22) 


Thus the energy splits into two parts. One is the energy of the mass motion of the centre of gravity with 


the frequency w. The other is the quantum-mechanical fluctuation of the system about the centre of gravity. 
In our approximation given above the motion of the centre of gravity is quite classical and subject to various 
initial conditions. One may suppose that this assembly behaves as if it were a molecule with interna! structure. 
This example is too simple to grasp the collective behavior of interacting particles in general; it might, 
however, be possible to describe the motion of the assembly in such a similar manner that the quantal effect 
reveals itself as a fluctuation about the classical flow of quantal fluids. 
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§ 3. Propagation of sound waves 


It has been shown that the assembly is regarded as a fluid having the quantum 
mechanical pressure tensor P(x), and we consider the excitation of sound waves. The 
theory of sound waves under consideration will favor us to get insight into the medium- 
like behavior of the system and to obtain the approximate eigenvalue of the hamiltonian. 

We confine ourselves to those aove-mentioned subspaces and develop the amplitude 


R(a) in the power series of the density fluctuation p’(2) as follows : 


R(ay=tot eo @) "=e? + 1 ae: ol I ie Aca ie (321) 
2 Po We 8 ae 3 
and 
J ede=rr LN (4-2) 


in which p, is a constant of motion. Then the quadratic terms of the hamiltonian are 


expressed by 


H= SNe ee)o(— 2 ars Moe ee hk) 


9 


es 0 — Gi, V— Sy aR 3-3 
LS DEG Eph) (— b+ 3 G(0).N He te (3-3) 
Setting 
iG eae acer Tee ae (3-4) 
m 
one gets 
Has Se D(k) P(— A+ eee k) 
i 2 
ee G(k) p(k)e(— —h) + G (0) N Ba es “oe de. (3:5) 
Due to the commutation relation 
[o(z), P(A) |= 788, wr » (3-6) 
one finds the equations of motion 3 
ot m 
20 _4| FE Ga) | =0 (3-8) 
4mlV 


which leads to the equation 


SOE eee +X ew |pw=o. (3-9) 
| af? 
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In the coordinate space this equation turns out to be 


Ole) h 


fan =a ae 5, 2 \ (2) 0s 8 as 
Ot? Am mM 


Applying the expansion of the density given by (2-22) one gets again the equation of 


sound waves 


op (#) =C dp) ’ (3 11) 
Of” 
ea | G(x, ada’, (3-12) 
Wi v 


neglecting the double Laplacian etc. 

In the above formulation, we have assumed that the fluctuation of the density is 
sufhciently small. In the following we intend to examine whether the density fluctuations 
obtained are really small quantities or not. 

The eigenfunction of the hamiltonian of sound waves is a function of fourier coef- 


ficients of the density. For the ground state we assume its form as 
Poi nb = I Yo(Px)> (3: £3.) 
k=-0 


(7s) =exp| = rr @e(— al, (3-14) 


m iene 
= s 3 epee G(k a: ; 3°15 
g ZN\k| L 4m? om ) ( ) 


which is subject to the hamiltonian of the form 


eN : o” EAE: ae 
pew pas <a -+ »| G(k | ) ? 
2m k Op(k) ae (z) 8mN % . ) Jee), 
(3-17) 
and 
FT, 0 (('%) Po (P-x) =h || ce eee Po(P-x)s (3-18) 
BE r 
Ge: Ane m EES 
Setting 
p(k) =r,exp(7¢,), o(—*£)=r,exp(—7¢9,), (3-20) 
the expectation value of |»(%)|* is given by 
\r2lPolUredredge 
(le ee = G28 


| Pol Mr carnage 2rr 
k 


* This formula was once found by H. Nakano independently. (unpublished). 
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we estimate its magnitude for the following three cases : 
ielove dt G2) =057,=1/2/V andr) v4. 
(IL) If |2| is very small and. .G\2|=47e°/V, 7,= (42e mn)? /A| LPN, n= N/V 
and (7,2) 4p= hE N/ (1676? mn)”. 
(Ill) If |4| is very small and G(%)=A(=const.)/17, 7,=[Amn]'?/A|L|N and 
(re) ay =| e|N/2[ Amu}. 


Thus we see that these average values are sufficiently small compared with the square total 


number of particles: /V°, especially the values of the last two cases are almost negligible. 
The second case is known as the problem of the plasma oscillation with the frequency ~ 


= oe AT T7 W/2 
wo, =[42e NV /mV }". 


§ 4. One body problem aspect 


In this section we study the collective response of the assembly to an individual 
particle moving through the system with velocity which is larger than the group velocity 
of the collective oscillation which measures the speed with which the disturbance is 
propagated. We show that the collective oscillation is excited in a wake tailing the 
particle. This wake resembles the Cerenkov radiation obtained when fast electrons go 
through a dielectric. 

First the hamiltonian of +1 particle system is considered. Letting the interaction 
energy of the projected particle with particles in the assembly be g(a, x’), the hamiltonian 
becomes 


H(N +1) = +(6&, 2) p(a)dx + HN), (4-1) 


in which JZ means the mass of the incident particle and 
N 
p(x) =S0(e—%), (4-2) 
j=l 
andl (V) is the hamiltonian of MN particle system given by 


| Ce gh) 22) eran 
j=1 2m Z 

Here we rewrite the hamiltonian // (JV) in the quantized form. Then the hamiltonian 
H(N-+1) shows that a particle interacts with the assembly of iV particles. As a first 
approximation // (NV) may be regarded as representing the hamiltonian of . sound Maes 
given in Section 3. From //(V+1) one finds the equation of the density fluctuation 


in the form 


p(b) +0(2)20 (2) = SPS (AE cep (rk tyes (4-4) 
m 


using (4-5) and regarding the velocity v of the incident particle as a parameter. Its 


particular solution representing the reaction of the individual particle motion on the density 


fluctuation, becomes 
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0) =—| Yee ® foe? Cory 0)? fexp[ shed], (4-5). 


ars New 
wea SG); (4-6) 
4m mM 
where we have assumed that the particle moves freely along the classical path with the 
constant velocity v, during the time interval ¢. In the coordinate space the variation of 
the density due to the motion of the particle becomes 


p(x) = 1 yyp(b)exp[iex] 
Vk 


= as bs pe exp[¢ha—ikv,t] . (4-6) 
mV & w—(k-%)” 


As an example we assume the fourier coefficient of the potential in the form 


Gh)= Te for |k|<4,!, G(k)=0 for [4] > 4%, (4-7) 


Baa et for [|< 4, <hl, g(A)=0 for |&|>&, (4-7') 


hence the frequency is w=|%|c. Then the density variation turns out to be 


p(x) = — sie ke __gth(emrot) (4-8) 


Choosing the direction of v, as % axis and setting 


hk, =ch,, ky =Chy kf =(C—v0)'"h. 3 72) =r2/ es 


z 


Vy Ty) 65 Vo=F,/|C— Uy | st —a— el, (4:9) 
(4-8) becomes 
(ey /c*) gikirl ; il il : 
p(4) =— a — A, — ak! = 4, ’ 4-10 
Gay[eny SER eae aay 29 


where 4, means the Laplacian with respect to the variable 7. Going back to the original 
coordinate system, one obtains 


Peale (cr/C) 
OK) == 4, u ; 7 ee 
: ( ) 471 ae } ae Prey? ( 1) 


2 
eat es ‘ (4-12) 
Ug —C 

From this expression one observes that (1) is merely real number within the cone 
[rn +7— Pr] and sound quanta are excited in a wake tailing the particle which is 
moving at the vertex of the cone, if 7, is greater than the sound speed c. 

In the above formulation the integration limit with respect to the propagation number 
is infinite, but it must be smaller than £,, hence the more careful presentation becomes 
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necessary. Considering this fact we estimate the energy loss of 
The force of the induced density fluctuation acts on the particle 


#—component of the interaction force is given by 


the particle in the wake. 
to pull it back. The 


Oy fe) fe) ef 
Fga— 2 \Gu, Tes pee —\6u,. 2 me Paix (4-13) 
where the 1+~and y— components vanish in virtue of the Se and 
Op (+) ols $6," [Fol se 
Aes te ay ~ epee es (a—z } aon . (4-14) 


Choosing the counter in the complex 4,-plane so that ~(r) vanishes for Z> V,¢, (4-14) 
becomes 


Oey wnt tls /t)* 2 y 
caw == “(an)(02—2) \ k cos [%.° c= vt) Jexplck,xt+ih, y dk, dk, 5 
Vike? + hy =hy(1—22/u92) 1? 
(4-15) 
b= Fk +key) (eee), (4-16) 


therefore the integration over the semi-sphere (Z/ <v,¢) gives 


Pol? [vo?) 1/2 


Flags mere Pde=(-) "ha (2) (4.17) 
167% : 


Further the surface tension of the density fluctuation acts on the particle too. It comes 
from the quantum-mechanical pressure tensor which is primarily local type, and acts in the 
direction of the motion of the particle inversely to the classical force. If the density 
fluctuation is regarded as small, s-component of the quantum-mechanical force turns out 


into the form 
Fea — 2 | t |grad OP" {| grad logy |*+2d logy} |. (4-18) 
Ae 


The first term in the right-hand side vanishes and at the position of the particle, the 
head of the shock, it amounts to 


Ff= hk, ( Cy =) (4-19) 
487 1, 


Uv 


The quantum-mechanical force depends upon the magnitude of the density itself. The 
density fluctuation and the associated velocity potential vanish at the side ahead of the 
shock front and /, is obtained by taking average of the two values at the front side and 
the back side. One observes that the contribution of the quantum-mechanical force is 
comparable with that of the interaction force and the rate of the energy, loss in the z— 


direction is given by 
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dL =f,= : PP+AL,) 
2 
= mete Be 3c]. (4-20) 


96740 1 


The above process has a striking similarity to the Cerenkov radiation. Here we 
wish to give an analogous formulation with the radiation theory. In the coordinate space 


the energy density of sound waves is expressed by 


A(x) = p(x) + | grad O(2) P (4-21) 
2% 2m 
and 
[e(z), OP’) J=740(e— 2’). (4-22) 


From the equations of motion the rate of the energy changes with time in the region of 


volume [7 reads 


9 a 


Os pe 
| AE) tex =. | (v(x) grad P(x) + grad P(x) o (4) | -nda= -2[7(4) “nda , 
V 4 s Ss 

7: unit normal vector to the surface \S, (4-23) 
hence the energy flux per unit area is solely determined by the current operator /(#). 
The equation of the density fluctuation turns out to be 

— 202) + A4p(2) =5(2), (4-24) 

where S(4) = (¢,/m) 1 4°¢ (A) exp[7k(x—v2)]. The density fluctuation is given in the 


form 


ae Sz) ene 
p@)=4 | Se PL Co/o) aah (4-25) 
Since we are interested in the monochromatic wave of frequency w, the conjugate quantity 
P(x) is given by 

0 (x) ==): (4-26) 


ZW 


§ 5. Self-consistent linearization and correlation interaction 


In the above we have shown that the linearization of the hydrodynamical equation 
leads to the equation of sound waves; it, however, is valid merely for such cases that the 
velocity and the density fiuctuation may be regarded as small quantities. It is our present 
task to obseive the change of the vibrational motion when, the motion of individual particles 
is appreciable. 

If the interaction energy is absent there appears nothing collective. When the interac- 


tion is turned on, the free particle motion is transformed sc as to excite the collective 
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oscillation associated with the density polarization. First we assume that the trial potential 
energy acting on the particle is given by such a density polarization, and then we find the 
density variation of the particle assembly arising from the individual particle motion. This 
reproduced density variation is identified to the above one applied to the trial potential so 
that the frequency of the collective oscillation is determined. We shall see that there 
appear /V normal coordinates with the respective frequencies a‘ much the same with the 
vibrational branches of a crystal lattice. If the particles are at rest these various branches 
degenerate to the linearised frequency. The interaction of free particles with these normal 
coordinates gives rise to the self cnergy and the Mller interaction between particles. 

First we consider the body problem that the- individual particle interacts with oscilla- 
tion quanta through the interaction energy given by (4-1). We shall treat this problem 
following the Tomonaga-Schwinger interaction representation” which reads 


bi Oe Ba (5-1) 
ot 
Phe = | Gia, 2 oe az" (3:2) 
Introducing the annihilatior: and the creation operator of the oscillation as follows : 
p(2) =|2| (4N/2mo (2) j?[6*(—2) +64) ], (5-3) 
O(ky=(1/2 4) [Amw(k) /2N]'?[— b*(£)+6(—2£)}, (5-4) 
[6(2), O* (4) ]= or, wr » | 65) 


and taking the first order effect into consideration the solution of (5-1) becomes 


#=0 


,=1 -+ \ Hyg (t') dt =1—- = St (2) [0% (— A) exp (thx) /{ ole) + (h-p/m) 
hk 
+ (Ak? /2m) } — b( A) exp (thx) / {w(k) — (h-p/m) —(hk?/2m) }), (5-6) 
F(R) =[&N/2mo(k)]'" |2|G (2), (5-7) 
where the identity expz/(1+ pt/1) =exp(ih- x) exp(zh- pt/m) exp hK°t/ 2m) is applied. 
The fourier coefficient of the density of VV particles is expressed by 
Ay ea 
py(2) =>djexp (— 7444); (5-8) 
Feu 


hence the variation of the density becomes 


<= 


dg) = LEO | 9% (—A/1Lo) + E-B/m) P= eM /4me) } 
mt j=l } 
£3Sb(E)/{ Lo @) — CE dylm) P— PH /402)) 69) 


O{exp(—zh-+) I= | \ Fiixy.(t')dt!, exp(—2k2) | 


—-o 
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The density variation given here should be equal to ~(%) given by (5-3). Therefore 


one gets the dispersion relation in the form 


BG(h) sh + tees 1 OP ee (5-10) 
m d= [wck)—(k-p;/m) P—[A/2mF . 


Now we consider the interaction of several free particles with oscillation quanta. To 


= 


S 


simplify the situation we assume that JZ particles which are identical with members of the 
assembly are projected with respective momenta and that there exists no direct interaction 


among these particles. Hence the total hamiltonian is given by 


M g 
Has Pf + Hie + iho (h)6* (2) 6(2), (5-11) 
Glee HF Is . , 
M 
Fy. = ai Ga; yo as, (5-12) 
j=l 


The ‘second order effect gives rise to the self-energy of particles and the Molier 


interaction between particles. One obtains (See Appendix IL). 


t 1 


AB=( 2) | Hn (1) ett { Hina. (2)<2),y |S) 


—0c -—o 


1 


ae 2) ({ { Hye. (1) a, | Hisa.(2)42 }) xy | (S)= Mant Hus, (5-13) 


—o 


Ho = (N/2m) S33 LG(B)*/ | o(8)*— [4-044 WE /2mP}, (5-14) 


M M 
Hy37.=— (NV /2m) p> eG (£)’expik (aj —2;)/{o(2)°—[h-0,; + 42/2mF} , 
g49 
(5-15 
where ; 
Vj=p,/m. 
The self-energy //,,, is evaluated using the potential (4-8). If ££,/2m<w(f,), it 


becomes 
5%, ko ™% 
sy,= — Siz /2n)*| dk | (mc!/2N ) 27k sin Oat / (cv; cos*@). (5+ 16) 
0 0 


If v;<c, this expression turns out into 
M 
As.7,= — (L*/(27)*) pea ON) (c/v,)log( (e+ v5) /(e—2;)), (5-17) 


and taking the principal value one gets the similar expression replacing (c—v;) by (w;—c) 
©) 

for the case that c<v,. For such a case, as shown in Section 4, the ‘Cerenkovy-like 

radiation takes place, while for the other case that v;<c the particles are surrounded by 


co-moving cloud of the polarized density. The last energy expression //y; gives the 
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Mller interaction between particles. Following the calculation of Section 4 one readily 


finds 


es race JER ie IPA ow eines a Ra a, 
Ay =~ a, 9 Pil ee DIY A DIV BiH PY TY, 


(5-21) 
By=c/vy—e]", |v, =|0,.1, 
where the limit of the integration in the /—space is assumed to be infinity. For the case 
that v;<c, the equi-potential surface is an ellipsoid, whose minor axis is parallel to the 
momentum of the particle. For the case that ¢<w, the interaction acts merely in the 
cones (7, +7,—f[° 7). As the limit becomes larger the character of the interaction 
approaches to the above one. 

We may conclude that the density fluctuation in the quiet assembly is represented 
by the linearized frequency, while for the assembly in which the individual particle motion 
is appreciable the frequency is replaced approximately by the doppler frequency o(k) —k-v. 

In the above formulation we may regard the J/ particles as members of the assembly 
themselves instead of external ones and further the density operator (27) involved in the 
interaction energy as an external parameter representing the coordinate of oscillator. Such 
an idea might be useful for practical purposes in place of the conventional self-consistent 
methods. Here we add a brief remark on the Bloch-Nordsieck transformation’ in which 
the particle moves along the classical orbit. The kinetic energy of two particles is ap- 


proximately given by 


Et 


le 5 Ue ts) + (U4-P1) + (We: fo). V4» Vet Const. (5-22) 


The momentum /, and the creation operator 4* and the annihilation operator 4 are 


transformed acording to 


Aj=0/ —4h ps k{ * (hy! exp[—ikx,+io(£)f]+ d(2)' exp [ihr —to(2) 2] 


4+ Say (Aexpih (ry—4)) ]9;(4). fF 7=1, 2-5 (5223) 
i! . 
b* (k) =6* (hk)! + S10; (4%) exp [ikx,—tw(k)t],” (5-24) 
3 
b(k) =6(k)! + S19; (2) exp[— thx, +10 (2) 2]; (5-25) 
j 


where 


0,(b) =—F (2) /Ao(e) — (h-24)1. (5-26) 


Hence the transformed hamiltonian reads 


H= Fi +h do (2) 0* (h)"6 (4)'+ Asn.+ Hu (5-27) 
i 
Hep, =—(N/2m)2 DEC (4/10)? (E-2)"} (5-28) 
7% 


Hy = — (N/m) DG (A) exp [ik(a,— 4») |/{o(h)°— (k-v)*}, (5-29) 


where we have set 0;=Vo- ° 
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Thus again one finds the self-energy and the M@ller interaction. The theory of Forced 
linear harmonic oscillator mentioned in the example is applicable to this problem and it 
gives rise to the same result with the above one. Considering the one body problem, 


from (3-5) and (4-1) the total hamiltonian is given in_ the form 
ee po + 31G(h)[e(2) exp (thx) + 0(—“%) exp (—7h4) | 
2m 


7, k>0 


p(k) p(—2). (5-30) 


ee NE saps a” is ys ees 
Wt ~k>0 Ae(—2)de(x) INES eee 


Applying a canonical transformation of the form 


R=) — On g*=p(—h)—-O,*, t=0, (5-31) 
EU yee ee ny (5-32) 
m 
~ Ua eZ ’ 
O,* +0(hkY Qs + evs exp(zkv,7) =0, (5532') 
m 


together with the transformation of the wave function : 


P= 1?T = NY exp —( 7 )ige O* +94" QO, exp (Kx) ’ (5-33) 
h 


> 0 k>0 NE 
t] 
in” py, (5-34) 
ot 
one gets the eigenfunction in the form 


t 


yr 
Py = jl exp— | Zalety at, th “ =| - 
h 


Gk an | JES 


(5-35) 
where 


L; (2) ae O, OF = a Rw (£)°O, O..—G (zk) [O,exp (Zhu, ) aE QO," exp [= tk Ut) | ; 


(5-36) 
Since this Lagrangian does not depend on time explicitly, one finds the self-energy 
FN ey oe MER RAEN DS (54373 


which is identical with (5-28). 


§ 6. Concluding remark 


In the scheme of the second quantization it has been shown that the hydrodynamical 
equation is obtained restricting ourselves to the above-mentioned subspace and applying the 
WKB approximation. Thus the behavior of the assembly as a whole is described’ by the 
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theory of the irrotational hyperbolic flow. 


The existence:of the phonon state is confirmed, 
while no evidence of the “ roton”’ 


, which is predicted in Landau’s theory of Helium IJ, 
is found. The vortex motion would appear in connection with a more macroscopic treat- 


ment after making use of some statistical averages. 


We have read off the zero density 
region in our approximation. The vortex motion does appear associated with such a 
region ; it has, however, not yet been clarified what physical meaning it has. The starting 
point of our theory is the same with the others proposed by Born and Green as well as 
Irving and Zwanzig. They laid stress on the similarity of their formulation with the 
kinetic theory of gases to attack the irreversible processes. In the formulation given here, 
the many body problem is regarded as a problem of the hydrodynamics or that of the 
field of oscillation quanta. The behavior of the individual particle is described in terms 
of the interaction with such fields, rather than the interaction with each particle composing 
the assembly. So far as boson assemblies are concerned, a quantum mechanical extension 


of the classical description of Pines and Bohm has been achieved. 
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Appendix I. Kinetic-theoretical stress tensor and energy flow 


The relationship between the kinetic theoretical and the hydrodynamical quantities is 
shown applying the classical phase space distribution function as follows : 


Kinetic stress tensor 


Se exp| —r(2— Oy — 4 © pr |-drdedp 


h 


2 A) B) 
ae ees Cx ce (2,7)) p= (Tn) (A-1-1) 
j h 


where ( )), means the average with respect to the Heisenberg wave packet and it is 
expressed by the classical density and the classical velocity operator in the form 


a fe) a) 
(Typ) =m po (%s)a\tado— (pe 30, a0, 


eoanie, Scag) 
Also the #-component of the energy-flow vector reads 


eee a(S) RES Ra aa) ea 
|? 2m" Fa )eP t 2m? ‘dr, or (( )) n is 


2 he 
=| Cea ONT ee (0)q4log (ve | (Tae 
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+ mU(P)o-(0) ele (Dee div oo. (A-1-3) 
where 
(Prox (-)E (ye FF bog (po (A-1-4) 


is the kinetic pressure tensor and 


(g)e= (=) 2 (p)egtad div (2) (A-1-5) 


corresponds to the heat flow of the classical kinetic theory. 


Appendix IL. The perturbation energy 
We have obtained the second-order perturbation energy by the formula 
(—2/h)ta4E 
t 
=(5 = i [roa ( H(2)d2),, =- 1 (=) < er ae ( H(2)d2) 


a aod 

(A-2-1) 
where ‘‘ 7°” is the so-called chronological operator and the average is taken with respect 
to the ground state, so to speak the vacuum state of the oscillation quanta. Here we 
assume that the interaction energy is adiabatically turned on from the infinite past and 
vanishes to the infinite future adiabatically as well. Then the above expression is transformed 
by virtue of the following relation 


Ti { H(\)d1 [ 122) = j HT(1)a1 H(2)d2+ | Heya fj H(1)a1 


=| Hayapel | AQ), | H(2) a2). (A-2-2) 


—co 


Noting the fact that the adiabatic assumption leads to 
t 1 
lim ( [wana J #@)aa]) _=lim(2¢ 27), jam), ee QS) 
together eh the oes 
(| AG) a) ay.=0, (A-2-4) 
one gets the perturbation eae a the form 


poet, 


(CL) aya, | 272) 221) HE) 


7 


1) 
2) 
3) 
4) 
5) 
6) 
7) 


8) 
9) 


10) 
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Note added in proof. 


1) 


2) 


Tomonaga’s theory of many fermion problems is essentially a linear theory, while ours is a non-linear 
theory. The discussion of the phonon-phonon scattering caused by non-linear terms is left to another 
occasion. -Recently H. Nakano applied Tomonaga’s idea straight-forwardly to the many boson problems. 
The difference between his result and ours comes from non-linear terms. 

Since the phonon state is obtained assumung the interaction energy in a special form, the application 
of our results seems to be very much restricted. It is our standpoint to start with a tractable solution 
such as the phonon state instead of dealing with the actual interaction energy directly and to proceed 
to the higher order calculation regarding the remainder of the interaction energy as perturbation terms. 


268 


Progress of Theoretical Physics, Vol. 9, No. 3, March 1953 


On the Relations between Beta-decay Nuclear Matrix Elements 
Masami YAMADA 
Department of Physics, Faculty of Science, Tokyo University 


(Received February 8, 1953) 


Ahrens and Feenberg’) have found several relations between the first forbidden P-decay nuclear 
matrix elements. In this paper, they are extended to the general forbiddenness, and compared with 


experiments. 


Ahrens and Feenberg? have found several relations between the first forbidden 
decay nuclear matrix elements with a rough but skilful method. In this paper, they are 
extended to the general forbiddenness. Comparing them with experiments, we shall expect 
some information about the /-—decay interaction type. 

According to Ahrens and Feenberg,” there is a relation between the nuclear matrix 
elements of any operator Y and its commutator with the free Hamiltonian /7). The 


relation is* 


[(Wi— W;) + 0.48(2/R) (2-1) — {0/ (24) HC —1) "4 (—1)7F (7X2) 
=—F\ [Ay 1] 2)- Gest 
Here, 7 and / denote ‘initial’ and ‘final’ respectively, //” is the energy eigenvalue,” R is 
the nuclear radius, (V and 7 are the numbers of the neutrons and the protons of the product 


nucleus respectively, and 0 is a quantity which has been used by Feenberg” in connection 
with the energy differences between even-even, odd-odd and even mass nuclei. We put 


{duZ/(2R)} =(W,— WW) +0.48(e°/R) (Z—1) — {8/(2A)} {(—1)¥4+ (—1)7}. 


(2) 
When 7 is not small, the second term of the right-hand side of eq. (2) is apt to be 


considerably larger than the others, and A is near unity. Eq. (1) can be written as 
(\MuZ/(2R)} (f|X |i) =— (f|[Ay, XJ | 2). (3) 
The problem is to transform (/|[/7,, X]|7) into the familiar form of the f—decay 
theory. 
Our objects are in Greuling’s notation,” the following nuclear matrix elements : 
Qn(t, 7) =—Oi(Pr,”), On(Oxr, r)=—O,(Poxr, 7), O,(a, 7) and Q,(Ra, r), 
where ~ denotes the equality in the non-relativistic approximation. The minus sign is the 


consequence of the representation used in the current (—decay theory, in which the large 


* . : 
We use the units 4=c=m=1. (m is the electron rest mass. ) 
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component belongs to the eigenvalue —1 of 8. For the general cases, it is convenient 
to use the polarized solid harmonics Y zm, and it is sufficient to get a relation about the 
ae component (e.g. Y zx) of them.” First, we consider Q, (7°, ”), and we can take up 
2 Wan (Mp, %) O,=S) (Her +i72)"Q, as. the corresponding polarized solid harmonics. 
(Normalization of Y zu is unnecessary.) Here, & is the nucleon number, and Q is the 
displacement operator from neutron to proton. We substitute the above solid harmonics 


for the X of eq. (1) or (3). The free Hamiltonian is 
Ay=—>)%Pr—M YB.» (4) 
so that 
[7h (“a+ th2)"O;] =i >} (t+ i2) (a +27 12)""'Oy - (5%) 
Now, >! (44+ i439) Fie)" O.= VF un (Cis 7",,.) QO, is the operator for the QO, (4, Ty. 
Therefore, 
AaZ/(2R)-On(", ) = —AaZ/(2R)-O, (br, Y) = —770, (4, Y). (6) 


A little preparation is necessary before we deal with O,,(0 x7, 7°). First, the method 


) To avoid the needless 


to express a matrix element in the non-relativistic form is shown. 
complexity, we write the total Hamiltonian of a nucleus as the sum of the Hamiltonians 


for the individual nucleons, 
=>) Hut DAR- 


Here, /7;,’s represent the interaction between nucleons. Of course, it is wrong to write 
as this, but the results are correct because //;,’s are neglected afterwards. The operator 
in question is the sum over all individual nucleons, so if we know the non-relativistic 
form of a matrix element for a nucleon, the complete matrix element is obtained as the 
sum of them. In the case of one nucleon problem, the small component ¢ and the 


large component % are made from a relativistic wave function # as follows : 
g=(1/2)(+f8)¢, 4= (1/2) 1—-A)Y, (CP) 
gti=y, pye=ye, Pl=—t. (8) 
We define the following operator X,, from X, 
Xza= (1/4) (148) X08), (9) 


RR HP Gt So Me wes a (10) 

The Schrédinger equation becomes 
—(2M+W+H,..)9=(a-pt+i.-)*; (11) 
—(W+ih_-)t=(a- p+ -4)¢- (12) 


In the non-relativistic approximation we get from eq. (11) 
g=— {1/(2M)} (a-p+HAi,-)%. | (13) 
Therefore, 
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(fy | X| Pe) = (45 | X-—-| %e) 
— {1/(212)} (4,| X_. (a: p+His- )+ (a-p+i_.)X,-|4 


(14) 


In the right-hand side of eq. (14) the first term is the largest, but this vanishes in 
many cases. In the second term, the part which contains the p will be larger than the 
one which contains the //,, because momentum is larger than energy in the non-telativistic 
case. When either the first term or the part of the second term which includes the p 
remains, the //7, can be neglected, and eq. (14) becomes 


(by |X| bob = (4, | X--| 4.) —11/ (2M) (4, | (Xa-p+a-px)__|%) 
= (X,| X|%;) —{1/ (2M) } (4,| Xa-p+a-pX|7,). (15) 
In the same way,- 


(fy | [Ho X]| $2) =11/ (212) (4, |X J--1 44) 
={1/(2M) }(%,|[2% X]|4:)- (16) 
When this formula is derived, the part which includes the 7 vanishes in the largest term. 
However, if \’ commutes with 7, the part which includes the /7, vanishes too, and eq. 
(16) is valid. When X includes @ or 7;, eq. (16) is invalid, but eq. (15) is valid 
except for By, Let us consider the Y which is the product of the Dirac matrices, p 
and 7. 1% is the only one which does not commute with #. Using 


DP ri=r Pp —2ip; ? 
the right-hand side of eq. (16) is —z/JZ times as large as the sum of the terms’ which 
are ‘constructed by substituting ~,; for each 7; in the X. This will be connected with the 
fact that [H7, X] is —z times the time-derivative of Y. 
Now, let us consider the relation between O,(06x9”, 1”) and QO, (fa, r). We sub- 
stitute Yn (O xr, Y)={ (Ox), 4+7(0X71),}(%,+772)""', corresponding to O, (oxa 
”), for X in eq. (16). By the convenient relation 


(7: + 410) (P, +tf2) = (Pi tips) (7, + >), (17) 
eq: (16) becomes | 
(Py| on Yo x, PY) = — G/M) Ey (Ox Dp), (8 xD) 9} (4 bin) 
+ (n—-1){ (6X) +(6X Ma} (p+iP) (n4iry"=|%,). (a8) 


On the other hand, from eq. (15), 


(¢, | Pokies r)| $:) = (1/12) (2,\os(p; +ip>) (71+ i)" 
— (9,416) p;(7+272)"""|%,). (19) 


By eqs. (18) and (19), 


(¢j| [Hor Yan (0, ryVId) — 2 };| Fan ( Pat, ”) bs) 
= — (4/M) (n—1) Fy| (Or +16.) (DX 1), +4(D XP) a} (%,+i7%)""|2,). (20) 
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The right-hand side of eq. (20) vanishes in the approximation of Ahrens and Feenberg.” 
It is known as follows. We regard newly the operator in the right-hand side of eq. (20) 
as the Y in eq. (3), then by the above method we get 


(4, |(a+ ioe) (DX 1): +7 XV) o] (7, +272)" | 2.) 
=—{2R/(AaZ) } (—1/M) (n—2) (4; | (6, + ta.) {| (px), 
+i( px) o}(pi+ ie) (+i) "| 44). 
This procedure is repeated until eq. (20) becomes 


($7 |[B, Fan(F x7, 1) \| Px) —2 (4 Fra Ba, 1)| $4) 
={—2R/(AaZ) f= 1/ My" (H#—-1) 109, | (i +202) { (xD): 
+7(PX P) ol (Pi tipo)” | Ai) =O. (21) 
Except for |A| <1, eq. (21) is valid for the usual 7 values. The obtained relation is 
{AuZ/(2R)}O,(6 xP, r) = —{ AvZ/(2R) } O,(Fo xr, r) = —uQ,, (Ba, 1). 


(22) 
This resembles eq. (6) very much. 

Finally we compare these results with experiments. There are five. examples, Cl", 
Rb*’, Tc”, Sb’! and Tm'™ which have been explained by the mixture of On(POx 7, 1) 
and Q, (fa, 7) in the tensor type interaction. Among them Cl, “Rb” and -Te* are. the 
most reliable, but Cl*® will be too light to apply the above theory, so it is omitted. There 
are many explanations for Sb’, and we write two of them.” For Tm" the explanation 
of Nakamura ef al.” is doubtful. For the four examples, the theoretical values of 
nO, (Ba, *)/QOn( PC x7, P), namely AuZ/(2R), and the (semi)-empirical values of them 
are given in Table I. Besides, the values of A are given for reference. We take as the 
nuclear radius | 

pa 14x 107Mem A 

h/ (mc) 


Table I 


2 _ 7On(Ba, 7) _20n(B a, 1) | 
Qn(BG XV, 1) Jiheor. On(Bo xX, 7) exp. 
Rb? 3 at, 12.6") 0.828 
aie se 8.07 13.41% 0.845 
2 bi24 25) (or 1”) 10.64 265) (or O~12")) 1.014 
Tmi? al 10.82 10.3 0.853 


eee eee eee eee renee ee cca ee rE 


Observing Table I, the orders of the theoretical and the experimental values are in 

agreement, but the experimental values are a little larger than the theoretical ones. In 
* / ¥ 

particular, for the reliable Rb*’ and Tc” the experimental values are about 70% larger 


than the theoretical ones. From these results only, it is indistinct whether this difference 
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is due to the roughness of this theory or the mixture of other interaction type. It : 
desirable to evaluate the relative magnitude of O,(0 x1, 7”) and O,(1, 7). Lastly, it 
should be noted that almost the same results are obtained for —inQ, (a, 7) /Cn(%, 1) 
in the vector type interaction. 

The author wishes to express his sincere thanks to Professor S. Nakamura, Mr. M. 
Umezawa and Mr. M. Morita for their kind guidance and.valuable discussions. He is 


also indebted to ‘“‘ Yukawa Yomiuri Fellowship” for the financial aid. 
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Certain of Takabayasi’s criticisms of a causal re-interpretation of the quantum theory are answered 
in detail. It is indicated how this interpretation can be extended to the Dirac equation, and the pro- 
blem of the identity of equivalent particles is discussed, for the case of particles that satisfy the Pauli 
principle. Possible extensions of theory are indicated. Finally, criticisms at the philosophical level are 
discussed, especially the question of what it means to call a theory “ metaphysical”? and the reasons why 
the concept of causality is indispensable in scientific theories. 


§ 1. Introduction 


In a recent article”, Takabayasi has criticized a causal re-interpretation of the quantum 
theory suggested by the present author”. Sid 

The following is a summary of some of his more important criticisms : 

(1) The proposed re-interpretation of the quantum theory cannot be extended to include 
spin, nor can it represent the electron as a quantum field. 

(2) The theory can be developed only in the space-time representation of the wave-func- 
tion, and therefore does not reflect the invariance of the theory to a unitary 
transformation. 

(3) The ¢ field is.so different from other objectively real fields, such as the electro- 
magnetic, that it does not provide a satisfactory model for quantum phenomena. 

(4) The hidden particle variables are “ metaphysical”, since “they have no connection 
with observation in the end’. 

(5) To proceed along classical lines is not “along any probable lines of development ”’ 
of the quantum theory. 

Before answering these criticisms in detail, the author would like to call attention 
to a new paper”, in which the relationship of probability to the function is clarified. In 
this paper, it is assumed that the basic meaning of the 4 function is that of a new and 
objectively real field of force, which determines the quantum potential through the relation, 
U=—R#p’R/2mk, where $= Ret, If the particle velocities satisfy the subsidiary con- 
dition, v=pS/m, and if # satisfies Schrédinger’s equation, then, as shown in the paper, 
an arbitrary initial probability distribution, P(X) will ultimately approach |\o( X) |? after 
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a large number of “random” collisions with other systems. Thus, the analogy between 
the « field and other objectively real fields is strengthened, because we no longer need to 
assume any 7vtrivsic relation between # and the probability. For all quantum mechanical 
systems now available in practice have had billions of years in which to ‘come to equilt- 
brium”’ through this process of collision ; so that no matter what the probability distri- 
bution may once have been, it is now sure to be equal to | ¢(X)|*. This result is the 
direct analogue of Boltzmann’s 7 theorem in classical statistical mechanics. 


We now take up the criticisms of Takabayasi in detail. 


§ 2. Extension of theory to include spin, and the effects 


of the exclusion principle 


The theory can be extended to include spin through a causal re-interpretation of the 
Dirac equation. In order to accomplish this, one introduces an objectively real spinor field, 
;(X), having four complex components ; but one does not introduce the subsidiary condi- 


tion, #@=pS/m for the particle velocity. Instead, one introduces the condition 


; h* 
pl Oe (1) 
pp 
From the well-known conservation equation, it follows that 
“ *4+-div (ps) =0, where p=op*¥. (2) 


This means that it is consistent to assume a probability distribution of particles /?(X) = 
e(X)=¢*; since if this assumption is satisfied at any given time, say /=0, it will, 
because of eq. (2), be satisfied for all time. But with the aid of the same methods 
that are developed in Paper III, it can easily be shown that even if P(X) were not 
initially equal to ¢*¢), it will approach y/*~ after the particle has suffered many collisions 
with other systems. Thus, the probability distribution giving the mean particle density 
will be exactly the same as it is in the usual interpretion. Moreover, it can also be shown 
that the relation, w=¢*ay/P*h is a consistent subsidiary condition, if we assume that 
the particle is acted on by a quantum vector-potential, 2¥(4*%) and a quantum-scalar po- 
tential, ¢(.Y%) according to the equation 


BP ay OF OP) yy OB 
ds OO 0 AE ax” 
where v* =d1"/ds=9'7"b/'¢, and ds is the element of proper time. LY(X%) and 
$(X*%) are functions of the. ¢ field, given by 
BRP bP hs b= (birth) (PrP) (PtP)? and g* = p*p. 


That this interpretation leads to all of the results of the usual interpretation will be 
demonstrated in detail in a future article, which will also show the relationship of the 
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ees, . 4) {= gs 
field to the spin of the particle”. That this theory approaches the non-relativistic causal 


interpretation in the limit of small u/c follows from the fact that in this limit, #—> 
V S/im where S/% is the mean phase, of the four components of the Dirac # function”, 
which is also approximately equal to the phase appearing in Schrodinger’s equation. 

As for the representation of the electron as a quantum field, let us note that the 
quantum field théory of electrons, with anti-commutation relations, is completely equivalent 
in all of its results to that of a particle theory, in which we restrict ourselves to antisym- 
metric wave functions, and assume that all negative energy states are occupied in the 
vacuum. To explain the experimental facts to the same degree of accuracy as is possible 
with the quantum field formalism for the electrons, it is therefore adequate to interpret 
causally the many-particle theory with antisymmetric wave functions. As has already been 
shown in papers I and II, this interpretation leads to precisely the same results as does 
the usual interpretation in this problem. In this connection, it may be helpful to remark 
that causal interpretation is obliged only to reproduce those experimental predictions of the 
usual interpretation which are known to be correct. It is not obliged to use the same 
mathematical appatatus in every problem, nor is it required to. give the same significance to 
intermediate mathematical quantities which appear in the calculation. 

At this point, it is appropriate to make some comments on the problem of indis- 
tinguishability of equivalent particles. As is well known, one can identify equivalent par- 
ticles in classical theory by their trajectories, which are continuous. In the usual form of 
quantum theory, ‘this method does not work; because as the wave function is restricted to 
being totally anti-symmetric (or totally symmetric), the system cannot be put into a 
quantum state in which one of the particles could be identified as something following a 
definite trajectory, or possessing any other definite property which could be used to dis- 
tinguish it from the other particles”. Thus, it follows both in the usual interpretation 
of the quantum theory and in the causal interpretation, that in those domains in which the 
present general form of the quantum theory is valid, equivalent particles cannot be distingui- 
shed from each other experimentally. But the usual interpretation goes farther, for it not 
only implies that the particles cannot be distinguished from each other, but also that they 
really do not have separate identities. On the other hand, the causal interpretation implies 
that the pirticles do have separate identities, but that we simply are not yet able to dis- 
tinguish them, as long as we are restricted to doing experiments at a level where the usual 
form of the quantum theory is valid. But if there is a level at which the present form 
of the quantum theory fails (perhaps at 10° cm), then it would be quite possible to 
distinguish the particles experimentally. 

To demonstrate this possibility, we recall that the reason that we cannot identify a 
particle by its continuous trajectory is basically that when we observe its position, we as 
part to it an uncontrollable momentum, in accordance with the well-known Uncertainty 
Principle of Heisenberg. But as shown in Paper II (Sec. 6) according to eis cine in- 
terpretation of the quantum theory, this uncontrollable transfer of momentum arises in the 
circumstance that in the interaction of the measuring apparatus with the particle under 


observation there appears not only the classical potential, ” (a), acting on the particle, 
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but also a change of the wave function introduced by the appearance of /7\ a7) in the 
wave equation. As shown in paper II, this change in the wave function produces violent 
and chaotic alterations in the particle orbit even when \) 1s small. Thus, we cannot 
avoid imparting an uncontrollable change of momentum to the particle which is respon- 
sible for the “uncertainties ” appearing in Heisenberg’s principle. But in the causal interpre- 
tation, it is not necessary that a// interactions must necessarily. involve (ae) in just this 
way. In fact, it is quite possible that at levels where the usual form of the quantum 
theory breaks down, there could exist interactions, (a), between the particles, without 
the corresponding terms appearing in the wave equation. As shown in paper I, Sec. 6, 
such an interaction would permit measurements of the particle position, #, without ap- 
preciable disturbances, either of the particle momentum, or of the wave function. We 
should then be able, in principle, to follow the trajectory of the particle and thus to 
identify it, as in classical physics. Moreover, such an identification would not interfere 
with the validity of any of the conclusions of the quantum theory (including the exclusion 
principle and the Fermi-Dirac statistics) which hold at the level where the usual form 
of the quantum theory is a good approximation. For all of these conclusions follow from : 
(a) Schrédinger’s (or Dirac’s) equation for the ¢ field, (b) The subsidiary condition, 
v=pS/im, (c) The antisymmetry of the wave function, (d) The relation, P=| ¢ |°. 
But an observation of the trajectory of an individual particle need not change any of those 
things. Thus, in the hypothetical process of observation described above, the particle ve- 
locity is not altered*’, the wave function is not altered (and therefore remains antisym- 
metric), while after the measurement is over, collisions will soon re-establish the validity 
of the relationship, P=| ¢ |. 

The conclusion that equivalent particles have no identity follows, not from the quan- 
tum theory as such, but rather from the speculative assumption that the present general 
form of the quantum theory must hold at all levels that will ever be investigated. For 
this assumption implies that it will ever be possible to identify equivalent particles, so 
that the hypothesis that they have an identity can ever have any physical consequences. 
Thus, a proof that the particles have no identity could be obtained only by proving the 
unlimited validity of the present general form of the quantum theory. Since such a proof 
is obviously impossible even in principle, there is no reason not to assume that the particles 
actually do have an identity, which may disclose itself to us later in connection with 
processes in which the present general form of the quantum theory breaks down**?. 


*) Even if it were altered, then as shown in Paper I, Sec. 9, we could assume modifications in 
Schrédinger’s equation, important only at the level of 10-!%cm, which would re-establish the relation, v=p S/m, 
at the atomic level. : 

#*) 
presumably having an identity), but that their individuality would disclose itself only in connection with the 
breakdown. of large-scale laws, appropriate to the, level at which matter acts approximately as if it were conti- 
nuous. Such breakdowns were found later, for example, in connection with Brownian motion, 


the oil drop 
experiment, tracks in a cloud chamber, etc. 


This assumption is analogous to one made in the 19th century that individual atoms existed (each - 
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§ 3. Rule of canonical invariance in causal interpretation 


In the causal interpretation of the quantum theory, canonical invariance plays a much 


Pp lan it oes in the usual inter retation. In this connection, however, 


it is appropriate to repeat that the causal interpretation is required to reproduce only the 
experimental predictions of the quantum theory, and is not necessarily required to give 
the same sigaificance to all of the mathematical quantities that may happen to be — 
loyed in obtaining these predictions. The following are the essential eaperdmenially 


verified properties of matter that are most characteristic of the quantum level : 


(a) The existence of discrete energy levels of matter. 

(b) The quantization of the electromagnetic energy. 

(c) The appearance of a full quantum of energy in the photo-electric effect even after 
the electromagnetic wave has spread out over a long distance. 

(d) The appearance of interference phenomena even when photons are sent into the system 
separately and independently. 

(e) The parallel phenomena with electrons —the transfer of a full quantum of energy to 
a hydrogen atom in the Franck-Hertz experiment by an exciting particle which may 
pass far away, so that its force of interaction is very weak —and the appearance of 
electron diffraction even when electrons are sent separately and independently into a 
diffracting system. 


All of these phenomena ate inexplicable on the basis of classical theory. In fact, it 
was just because of this that physicists were led to accept the idea that simultaneous space- 
time description and causal explanation must be given up at the quantum level. Yet, 
everyone of these phenomena can be given a simultaneous space-time description and 
causal explanation in terms of the causal interpretation of the quantum theory, as can 
every other phenomenon that can successfully be treated in terms of the present form of 
the quantum theory. On the other hand, in the causal point of view, the transformation 
theory is regarded largely as a mathematical superstructure, which is useful in the expansion 
of the wave function as a series of eigenfunctions of convenient operators, but which has 
a comparatively limited physical significance. 

To clarify our position, we first note that even within the framework of the usual 
interpretation of quantum mechanics, the transformation theory rests on very weak experi- 
mental grounds. For its basic hypothesis ;_ viz, that physical operations exist that would 
permit the observation of an arbitrary Hermitean operator, has not yet obtained adequate 
experimental support. In fact, the only observables known so far are position, momentum, 
angular momentum, a few functions of position, such as dipole and quadripole moment, 
energy, and spin. But all of these can now be included within the causal interpretation. 
At present, it would therefore appear that the causal interpretation provides a more plausible 
treatment of this phase of the problem than does the usual interpretation. For the 
fundamental quantities which appear in the .causal interpretation correspond to just the 
quantities that have been found to be necessary in experiment ; whereas in order to provide 


a physical basis for the transformation theory, which plays so basic a role in the usual 
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interpretation, a whole host of additional “ observables’ must be postulated, the existence 
of which remains to be demonstrated.*? 

As we have already stated, the transformation theory plays no very fundamental 
physical role in the causal interpretation of the quantum theory, but is relegated to the 
position of a mathematical technique for expanding the wave function. This technique 
will, however, be useful only when the equations governing the underlying wave function 
are linear. The essentially mathematical character of the transformation theory may be 
emphasized further by pointing out that all /ivear equations can conveniently be treated 
by mathematical techniques resembling those of the quantum-mechanical transformation 
theory. For example, Maxwell’s equations could, if we wished, be put in “ matrix” form, 
and transformed at will in the associated Hilbert space. Similarly, in the theory of linear 
‘electrical circuits, one often introduces an “‘ impedance matrix’’. Something very much 
reseinbling transformation theory may be applied in solving for the free oscillations of such 
a circuit. Examples of linear equations to which transformations in Hilbert space could 
conveniently be applied may be multiplicd almost without limit. Why, then, should this 
possibility be singled out for so much special attention in the quantum theory ? 

‘We may also ask “ Why should there always be an underlying linear theory?” In 
all other linear equations ever studied (elasticity, sound waves, electrodynamics, gravitation, 
etc.), linear equations have always turned out to be the linear approximation to non-linear 
equations. Why should quantum mechanics be different? But as soon as the underlying 
equations become non-linear, the entire transformation theory becomes useless. It is inevi- 
‘table that when this happens a certain ‘‘ representation’? should be favored. But it is 
only natural that, as suggested by the causal interpretation, this favored representation will 
be that of space and time. In all other fields, space and time stand out as the natural 
means of describing the progress of physical phenomena. Common experience suggests that 
absolute canonical invariance is most implausible. The author regards it as an advantage 
of the theory that it shows why space and time are to be favored over arbitrary canonical 
variables.**? 

In sum, then, from the point of view of the causal interpretation, one is led to the 
conclusion that the significance of the transformation theory and the associated matrices has 
been exagerated, in the sense that elements entering into useful mathematical technigues 
have been raised to the level of fundamental concepts entering into the physical theory. 


*) Such a postulate’ is logically admissible without a doubt. In fact, it stands on much the same 
footing as does the assumption of the causal interpretation that future expetiments may permit the verification 
of the assumed hidden particle variables. It would therefore seem inconsistent to accept the postulate that all 
Hermitean operators are observable, in the hope that future experiments will prove it, while objecting to the 
postulate of hidden particle variables, based on a similar hope. ae 

**) Some of the various criticisms of the quantum theory outlined here have already been suggested 
individually by various authors like Pauli, Feynman, and others. But the causal interpretation’ brings ae hs 
interconnection of these criticisms and suggests how they might be met in terms of a new point of view. 
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§4, The physical interpretation of the ¢ field 


Takabayasi has the following objections to the author’s suggestion that the b function 
be regarded as a mathematical representation of an objectively real field satisfying Schro- 
dinger’s equation. 


a) The field is independent of the particle, and is conserved, its absolute value having 
no significance. 

b) In a many body problem, it must be defined in configuration space, so that in ordi- 
nery space, we obtain non-local interactions. 

c) He regards the subsidiary condition restricting the velocity to v=p.S/w as unna- 
tural*?. 

To all of these objections the author would first like to remark that none of them 
involve any logical inconsistencies in the theory**. Essentially, they amount to the 
statement that the ¢/ field does not act completely like other fields to which we are ac 
customed, such as the electromagnetic. But it must be remembered. that the phenomena 
that we are called upon to explain causally (e. g., quantization of energy, photoelectric 
effect, Franck-Hertz experiment, interference effects, etc.) are also completely unlike those 
that are familiar at the normal classical level. It would be surprising indeed, if we could 
explain such phenomena without postulating new types of entities, acting in new ways. 

Secondly, the author would like to state that he does not regard his proposed in- 
terpretation of quantum mechanics as a final theory. His principal objective in proposing 
this interpretation has been to prove that at least one logically self-consistent causal inter- 
pretation of the quantum theory is possible, which is also consistent with all of the ex- 
perimental facts that can be understood in terms of the usual interpretation. This result 
shows the falsity of the hitherto prevalent impression that no such interpretation is possible, 
on the basis of which had arisen the notion that it is necessary to give up causality at 
the quantum level. Naturally, as is quite normal in causal theories, more than one causal 
explanation of the same basic experimental facts may be possible. In this case, a choice 
between the various suggested explanations would have to await an extension of the 
experimental data, .as well as a further working out of the consequences of the various 
theories ; although in the absence of sufficient experimental facts, one would tend to pre- 
fer the theory having the minimum number of primitive assumptions. 

Finally, the author would like to point out that there are almost unlimited possibili- 
ties for modifying the theory, in such a way as to remove some of the aspects of the ¢/ 


field which Takabayasi regards as objectionable. In paper I, Sec. 9, the author has made 


*) He also asserts that the @ field must contract in a measurement. However, as has been shown in 
paper Il, this is not necessary ; and Takabayasi has kindly admitted in a private letter to the author that 
this statement was an oversight. Some of the remaining objections to the ¢ field given in Takabayasi’s paper 
have been answered in paper III, where it is shown that there is no necessary relationship between the probability 


and the @ field. 


**) Ac first sight the non local interactions might be thought to contradict the theory of relativity, but as 


shown in paper II, Sec. 8, such contradictions are not necessarily implied. 
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some proposals of this type which are, however, not intended as definitive theories, but 
rather as examples demonstrating only that such changes are possible. Recently, Vigier” 
has suggested a program which seems quite promising. He proposes that one starts only 
with a non-linear field theory, resembling perhaps the Born-Infeld theory” or some of the 
new unified theories of Einstein” or Schrédinger”. Because of the nonlinearity, particle- 
like solutions should be possible, which consist of local regions in which the field ‘* bun- 
ches up”. His program is to seek those field equations whose particle-like singularities 


bug 


move on the trajectories, #”@= , where ¢/ is a solution of the Dirac equation, which 


grip 
is related to the non-singular part of the solution of the basic field equations. Vigier states 
that preliminary work on his part indicates the possibility of finding such solutions*. 
Such a program, if successful, would remove most of the arbitrary elements from the 
theory ; for it would be necessary only to assume the ¢/ field, from which would follow 
the particles and their interaction with the ¢ field, zwcluding the subsidiary condition 
mentioned tn objection (c) of Takabayast. Moreover, all of the results would follow 
only in the limit in which the change of the general ‘back ground field” over the region 
of the size of the particle (presumably of the order of 107''cm) could be neglected. In 
the domain of the size of the particle, totally new behavior would be obtained, which could 
not be described in terms of the usual interpretation of the quantum theory. 

The author quotes the above suggestions only to give a concrete example of how 
further changes in the causal interpretation are possible, which may lead to new results, 


as well as perhaps to a more connected formulation of the theory as a whole. | 


§ 5. On the question of whether the hidden particle 


variables are “ metaphysical ” 


The objection has been raised, not only by Takabayasi, but also by many other 
physicists** that the hidden particle variables in the causal interpretation of the quantum 
theory are “‘ metaphysical”, because they cannot yet be verified experimentally. _ Now, the 
author would agree that any hypotheses that as a matter of principle can never be 
verified by experiment is ‘“‘ metaphysical” in the sense that it could sever have any 
physical consequences, so that it could wever make any practical difference whether we 
included it in the theory or not. In terms of the above definition, however, the hidden 
particle variables are not ‘‘ metaphysical ”, because there is nothing in the quantum theory, 
causally interpreted, which could lead one to the conclusion that it is zz principle impos- 
sible to verify the existence of these variables. It just happens that at the level at which 
the usual form of the quantum theory is valid, they cannot be observed in a precise way ; 


but as we have already seen, it is possible to conceive of modifications, consistent with the 


« 


*) Private communication. 


**) Private communications. 
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causal interpretation, and with all known experimental facts, which would permit them to 
be observed, at least in principle, with unlimited precision. 

Proponents of the usual interpretation of the quantum theory often argue that a hy- 
pothesis is “‘ metaphysical” unless it is already possible to furnish a prescription showing 
in principle how this hypothesis could be verified zvzthout the need for an extension of 
existing theories. In other words, it is not admissible to introduce entities, the proof of the 
existence of which is based on experimental and theoretical results which we hope will be 
obtained in the future. This requirement, however, cannot be satisfied even within the 
framework of the usual interpretation, because the latter needs to introduce the postulate that 
all Hermitean operators are observable ; and as we have seen in Sec. 3, the theory contains 
no prescriptions telling how one might go about trying to verify this postulate. Moreover, 
such a requirement is based on an implicit hypothesis ; namely, that the world is so con- 
stituted that nothing could be gained by assuming the existence of entities before one can 
give a prescription for how their existence is to be verified. At best, we might regard 
this hypotheses as a general conclusion drawn ‘from experience with scientific. theories in 
the past. Past experience in a wide variety of fields would, however, suggest the falsity 
of such a conclusion; for it has very often turned out to be very fruitful indeed to po- 
stulate the existence of things before any one knew, even in principle, how to go about 
trying to verify their existence. In fact, the means of verification are very often discovered 
precisely because of researches springing from the hypothesis themselves. To require that 
the means of verification already be known when a new hypothesis is suggested would 
therefore often make almost impossible the suggestion of new concepts. 

The atomic theory is an excellent case in point. For when the atomic theory was 
first suggested, it was certainly accompanied by no prescriptions telling how individual atoms 
might be observed. Nor did it have any new experimental consequences not already con- 
tained in large-scale laws, such as the law of definite proportions, the law of multiple pro- 
portions, the gas laws, etc. In fact, it was for just these reasons that 19th century 
positivists like Mach ctiticized the atomic hypothesis as ‘‘ metaphysical ” and refused to 
believe in the existence of atoms. Nevertheless, the advantage of the atomic theory at 
that time was already that it provided a causal explanation of the inter-connection of vari- 
ous fields of phenomena, the relationships of which would have to be regarded as arbitrary 
and co-incidental in the absence of such an explanation. This causal explanation moreover 
led in time to various new ‘types of experimental research, which had as their aim the 
discovery of manifestations of the individual atoms; and as is well known, these experi- 
ments were eventually crowned with success (but not until long after the atomic hypothesis 
was first proposed). . ! 

The causal interpretation of the quantum theory presents a close analogy. For just 
as the atomic theory introduced new but “hidden” degrees of freedom in the form of 
the coordinates and momenta of the various atoms, the causal interpretation introduces the 
precisely definable particle variables and the objectively real ¢/ fields as new but at present 
“hidden” degrees of freedom. In his article, Takabayasi criticizes this analogy between the 


new atomic degrees of freedom and the hidden particle variables, asserting that the latter 
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are not really new degrees of freedom, because they merely “alter the concept of motion ”’ 
in connection with existing degrees of freedom (e. g,, the electrons, etc. as treated by the 
usual interpretation), and because no new constants are introduced ( es to oa mass, 
size, etc. of the atom). We disagree with Takabayasi’s conclusion. First of all, in the 
usual interpretation of the quantum theory there is no concept of Ee ee be a sits 
It is specifically required in the usual interpretation to renounce all possibility of concet- 
ving, for example, of how an individual electron moves from one stationary state 3 ano- 
ther. Such things are simply assumed to happen, but in a way the precise details of 
which could have no meaning. It therefore remains only for us to accept the large-scale 
experimental results, without aiming for a conception that would explain precisely how they 
have come about. The hidden particle variables of the causal interpretation (plus the 
objectively real 4 fields) therefore permit us to introduce a hitherto non-existent precise 
concept of motion at the quantum level. Moreover, mew constants are implied. For 
example, in the discussion of Vigier’s suggestions in Sec. 3, we showed, in a concrete 
example, how existing theories may be expected to fail in the domain of the size of an 
“elementary” particle. We do not know, for certain, what this size is, but when the 
atomic theory was first introduced, the mass of the atom was likewise unknown. 

At the present level, the main advantage of the hidden particle variables is, as in the 
case of the atomic theory, that they permit a less arbitrary and more connected description 
of the relationship between various experimental phenomena. For example, in the case of 
the u-decay of a nucleus, the usual interpretation requires us to assume that the precise 
time at which a particular nucleus decays is completely arbitrary (See Paper III, Sec. 3) ; 
while only the probability of decay in a statistical ensemble is related to the previous state 
of the system (through the wave function). Nevertheless, such an individual decay 
process clearly has physical significance, since, for example, it could activate a Geiger co- 
unter. Moreover, the wave function spreads out over a wide region of space ; and’ yet the 
track of something at least resembling a particle appears in a cloud chamber, in a com- 
paratively small region of space. In the usual interpretation, one is required to assume 
that this particle-like manifestation appears, almost as if by magic, in a way the precise 
details of which are necessarily forever beyond human comprehension. A similar arbitra- 
tiness and lack of connection appear in relation to other processes at the quantum level, 
such as transitions between stationary states, interference in diffraction ptoblems, etc. How- 
ever, by postulating the existence of the hidden precisely definable particle variables (to- 
gether with the objectively real ¢ fields), the causal interpretation explains the appearance 
of a definite track in the cloud chamber in a natural way, by simply assuming that there 
really is a particle which, under the action of its own field, is able to cross the potential 
barrier and thereafter to move until it reaches the cloud chamber, where it manifests itself 
(See Paper I, Sec. 8). Moreover, the precise time of decay of an individual nucleus is 
no longer arbitrary, but is in principle determined by the precise initial locations of the 
particles in the nucleus, which, however, we do not yet know how to observe without 
seriously disturbing the system. Nevertheless, we can already predict that as a result of 


chaotic collisions with other systems, a statistical ensemble of nuclei will show a distribution 
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of decay times, which have a probability that can be calculated from the relation, P=¢*¢. 
On the other hand, the usual interpretation must assume this probability distribution ad-hoc. 
Finally, we are able to suggest that if we wish to definitely prove the existence of these 
particles, we should make investigations in the domain in which their size cannot be neglected ; 
and as we have pointed out, there is already evidence suggesting that this domain may be 
connected with the breakdown of existing theories in the region of 107"%cm. 


§ 6. On the question of whether causality is along the 


probable lines of development of the theory 


It is a common opinion among theoretical physicists that the probable lines of deve- 
lopment of the quantum theory do not lie in the direction of a return to causality, but 
rather in that of a further renunciation of causality in connection, for example, with the 
“ fundamental length ” suggested originally by Wataghin and later developed by Heisenberg. 
This opinion is based on the prevailing impression that it was just such a renunciation of 
causality that was responsible for the great progress originally made with the aid of the 
quantum theory at the atomic level. It must be remembered, however, that the successful 
predictions of the present quantum theory come, not from the abandonment of causality, 
but rather from certain much more ‘specific elements in the theory. These elements are : 
The Schrédinger equation, the Dirac equation, and the statistical interpretation of Born. 
But these very same predictions could equally well have come if the wave equation had 
intially received a causal interpretation. Indeed, the general lines of such a causal inter- 
pretation were already laid down by de Broglie even before the current a-causal interprtation 
had been fully developed'” ; but de Broglie gave up this interpretation, because in its 
early form, it did meet certain objections”. With additional work, however, these 
objections could have been answered, as is demonstrated by the work of the present author 
(See especially Paper II). And since the causal interpretation leads at the atomic level 
to exactly the same probability distribution as that adopted by Born, the quantum theory 
causally interpreted would have been at least as successful in predicting experimental 
results as it has actually been with the aid of the a-causal interpretation, and perhaps 
mote so, since there would have existed an impetus to attack problems, which according 
to the usual interpretation are meaningless, but which might really be quite significant. 
In any case, it hardly seems justifiable to attribute the success of the current quantum 
theory to its a-causal philosophy, since this philosophy is not needed, for predicting or under- 
standing any of the experimental results treated by the theory. Thus, the conclusion that 
in the future, progress will probably be made by a further renunciation of causality carries 
little weight, since it is based on the false assumption that it was a renunciation of causality 
that has been responsible for the success of the quantum theory in the past. 

The very possibility of a causal interpretation of the quantum theory demonstrates 
that there is no eed to give up causality at the quantum level. Moreover, we have seen 
in the previous paragraph that no real advantage has actually come from giving up 
causality. We wish now to show that there are very strong reasons for not giving up 
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causality in the absence of positive proof that the assumption of causality is inconsistent 
with the experimental facts. 

In order to demonstrate this contention, it would be helpful to begin with a brief 
definition of causality. A necessary condition for causality is that a given event or state, 
which we call the effect, shall always be preceded by another event or state, which we 
call the cause (mose generally by a set which we call the set of causes). This however 
is not sufficient to define causality, since an event that always precedes another may not 
actually be relevant ; it may just be something that generally happens to be associated with 
the true cause or causes. The true causes can be distinguished as those conditions or events 
whose reproduction is both necessary and sufficient for the later reproduction of the effect 
(or effects). To be sure of the true cause, we must therefore demonstrate experimentally 
that the effects are reproduced every time that the causes are reproduced, and at no other 
times. Strictly speaking, no effect can be completely independent of anything in the 
universe, because everything is really interconnected to some extent with everything else. 
Nevertheless, one can generally isolate what we may call the ‘‘ controlling causes” the 
reproduction of which is adequate to determine, for all practical purposes, the reproduction 
of the effects; and for the limited purposes of predicting or controlling the effects in 
question, all other causes may be neglected. 

It can easily be seen from the above definition that the domain of causality defines 
the domain of science itself. For science is concerned primarily with the reproducible 
relationships between objects, phenomena, or events. For example, in the quantum theory, 
we can study only those properties of matter that can be reproduced, such as energy levels, 
dipole moments, various constants of matter such as %, etc. Since we do not yet under- 
stand the factors that might control the reproduction of certain properties of the individual 
system at the quantum level, (such as the precise time of decay of a nucleus), we ate at 
the present restricted to studying the statistical averages of such properties, which are ap- 
proximately reproducible. By assuming that there are no causal factors that might control 
the reproduction of such properties of the individual system at the quantum level, however, 
the usual interpretation relegates real physical phenomena to a domain that is by definition 
forever beyond the possibility of scientific investigation. It does this, not on the basis of 
having proved that such phenomena have no causes (indeed, the causal interpretation of 
the quantum theory demonstrates that they could have causes) but rather just for the 
philosophical reason of avoiding the postulation of entities that cannot be observed in terms 
of existing theories. The untenable character of such philosophical reasons has already 
been demonstrated in Sec. 5. Here, we need only add that when we face a new and as 
yet unexplained phenomena, the most fruitful attitude is always to assume they have a 
cause, which we must discover. Even if there really were no cause, no etror could come 
from the assumption that there was one. All that would happen would be that our efforts 
to find the cause would not be successful. But if, as is much more likely, there really 
is a cause, and we assume there is not, then we may be led to overlook important new 
factors that are needed in the theory. Moreover, it is not enough to wait until experi- 


ments by themselves disclose these ‘“ hidden ”’ causal factors, since the theory must guide 
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the experiments, especially in problems as complicated as are those faced by physics in the 
domain of 107"%cm. 

Now, many physicists who would agree with the need for returning some form of 
causality would nevertheless object to the causal interpretation proposed by the author, 
because it represents a return to the excessively simple form of causality appearing in clas- 
sical mechanics; namely, ‘‘ Newtonian mechanism” .*’ The author would agree that the 
unlimited extension of causal laws of the type appearing in classical mechanics would lead 
to most implausible results. For example, if we imagine, with Laplace, that the entire 
universe is made of particles obeying the laws of classical mechanics, then we are led to 
conclude that once the universe has been set in motion in a given way, its future motion 
is determined rigidly for all time. Moreover, it could equally well be said that the future 
determines the past, as that the past determines the future. Thus, one of the principal 
aspects of causality, its irreversible direction of action in time is lost. Indeed, causality 
itself loses all meaning, since each cause is rigidly determined by preceding causes, and so 
on ad infinitum. Thus, the unlimited extension of this simple form of causality leads to 
a theory of mechanical determinism, in which real causality has no place. 

From this paradox, and from other difficulties into which the unlimited extension of 
Newtonian mechanics leads, some physicists have drawn the conclusion that Newtonian 
mechanics is basically inadequate, and should be replaced as rapidly as possible by a su- 
perior form of causality, if not by the abandonment of causality itself. On the other 
hand, it is not necessary to take such radical steps in order to solve these problems. For 
the difficulties of the type cited above come, not from Newtonian mechanics as such, but 
ratheer from the completely unjustified assumption of the w/imited validity of this form 
of mechanics. As soon as we admit that Newtonian mechanics is an approximation valid 
only in a limited domain, we get into no such difficulties. For example, the complete 
determinism of Laplace can no longer be deduced from the theory ; the most that can be 
deduced is that there will be determinism in a limited domain. And to this conclusion 
there can be no objections, since it is already known that the deterministic scheme of 
Newtonian mechanics can correctly and consistently be applied in at least’ one domain ; 
namely the classical “domain. The only remaining question is this: In what additional 
domains ate laws resembling Newton’s laws of motion valid? Only a detailed investigation 
of any particular domain can tell us to what extent a simple theory resembling Newton’s 
laws of motion may be valid there. But the very fact that a causal interpretation of the 
quantum theory is possible along Newtonian lines suggests that such theories may be at 
least partially adequate in the quantum domain, and perhaps in the domain of 107"%cm. 
Thus, a “return to classical types of laws” in a limited domain would not be excluded 
a-priori on the basis of philosophical considerations, however plausible. For there is 


nothing intrinsically wrong with classical types of laws, as long as we do not try to 


; ala: : ‘ ; . 
*) Apparently Takabayasi shares this point of view. His article does not make clear exactly se = 
his objections to causality, but in a private communication, he implies that it is just the classical mechanica 


form of causality to which he objects. 
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extrapolate them unjustifiably by imagining (with Laplace) that they furnish a final theory, 
or at least a final general framework, within which the details only remain to be filled in. 
In order to clarify our position on this point, we note that whenever throughout 
the history of the development of science, it was thought that the final truth (or at least 
its general outlines) had been reached, new levels were later discoverd, which completely 
overturned many of the conclusions, drawn from the unjustified extrapolation of laws ap- 
propriate to the previous levels. (Conclusions drawn only within the limited domain of 
the previous laws were however never overturned). The fact that toward the end of the 
19th century, it was felt that physics was only a matter of “filling in the next decimal 
points” is a vivid reminder of the danger of supposing that we already have the general 
outlines of a final theory. Indeed, it seems most unlikely that we shall ever be able to 
obtain experimental proof that our general conceptual framework is a final one, that is 
valid at ad/ levels. Thus, it is necessary to formulate our theories in such a way that 
we cxrplicitly recognize the possibility of an inexhaustible number of new levels, in which 
entirely new types of laws may be needed*’. If we do this, then even if we discover that 
simple Newtonian types of laws do hold in the domain of 107'’cm, we know that the 
final course of the world is not necessarily determined ‘‘ mechanically’ by such laws. 
For there is a continual interaction between all levels; and the more complex laws that 
may be appropriate to the unlimited number of new levels (which we have hardly even 
begun to scratch) could easily invalidate the conclusions coming from the unfounded 
extrapolation of Newtonian laws to a// levels. Thus, the unsatisfactory aspects of New- 
tonian types of laws are not present in a theory that limits itself to a finite domain, 
in which it might hope to verify such laws; but are present only when we try to fit all 
pessible future human knowledge into the limited conceptual framework of these laws**?. 
The real problem then is to find out which types of laws are valid in any given domain ; 
and the only way of doing this is to try every type that can be thought of, and to see 
which type works best. 
In conclusion, the author would like to comment on another phase of Takabayasi’s 
paper; namely his use of the hydrodynamical model of the quantum theory, with the 
suggestion of the addition of vortex flow. This work seems promising. However, the 
introduction of the classical hydrodynamical “ pictures ”’ followed by their “ quantization ” 


seems to be, at the very least, a methodological contradiction. 


For only existing justifica- 
tion for introducing the “ pictures” 


is to explain quantization. It therefore seems 


*) For example, below the level of 10-!%cm probably lies still another level, etc. ad infinitum. Why — 
should the possibility of analysis necessarily stop just where we happen to be? Also, we must not restrict 
ourselves only to levels of size, as there may be new levels associated with very high density, with very high 
energy, unusual complexity of organization, etc. etc. 

**) There is a close analogy between the assumption that the general framework of all future laws was 
to be expressible in terms of interacting particles, and the implicit assumption underlying the usual interpreta- 
tion of the quantum theory, that this general framework will always be expressible in terms of linear operators, 
Hilbert spaces, the uncertainty principle, etc. -The former unverifiable assumption leads to mechanistic deter- 
minism, and the latter equally unverifiable assumption leads to the conclusion that causality must be given up. 


Comments on an Article of Takabayasi 287 


unjustifiable to finish up by mechanically ‘“ quantizing” the model. A procedure that 
seems more reasonable to the author would be to try to relate the vortex motion of the 
fluid to electron spin. That this may be possible is already indicated by the causal inter- 
pretation of Dirac’s equation, for which the corresponding hydrodynamical analogue already 


implies vortex motion (See eq. (1)). Preliminary calculations by the author suggest 
that such a relation may in fact be found. 


Finally, the author would like to thank Dr. Takabayasi for sending him a pre- 


publication copy of his manuscript, and also for valuable correspondence. 
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The effective mass of electrons interacting with lattice vibrations is calculated by means of the 
second-order perturbation theory. The result is that the magnitude of the effective mass of electrons 
near the Fermi surface is of the order of 10-*~10~4, irrespective as to whether the distribution of 
electrons is normal or superconductive. The effect of small effective mass on the diamagnetic suscepti- 
bility of electrons is discussed. 


§ 1. Introduction 


Theories of superconductivity based on the interaction between electrons and lattice 
vibrations have been proposed by Frohlich” and Bardeen”. Bardeen has found that elec- 
trons with energies near the Fermi surface have small effective mass, 72.q~10~*s#, and he 
has indicated that a sufficiently large diamagnetism for superconductivity will occur if there 
is a sufficient number of electrons of small effective mass. However, Bardeen’s result is 
obtained after a questionable approximation for the average energy of the intermediate 
states. Drell” has calculated the energy of electrons interacting with the lattice vibrations 
by means of Bloch-Nordsieck-type transformation. His result is contrary to the conclusion 
that electrons have small effective mass. The approximation involved in the Bloch- 
Nordsieck transformation is the neglect of electron recoil, hence it is not a good one for 
lattice waves of short wavelength. 

As the smallness of the effective mass is an interesting property, it is desirable to 
clarify whether the interaction between electrons and lattice vibrations actually yields small 
effective mass. In the present paper we shall calculate the effective mass of conduction 


electrons at the absolute zero of temperature by means of the second-order perturbation 


theory. 


§2. Calculation 


If we denote the mean value of the effective mass of an electron with wave vector 
Ke by men, we have, by definition that 


1 1 PE 
= Te 5 
( Ak Ok; (1) 


Mer 3 h 
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where Tr means trace. Considering that Z is a function of | & |=/, we can rewrite Eq: 
(1) as 


il i 1 a 
——} s kR & _ / 
pee yee”? Ge 


Using the second-order perturbation calculation, Frohlich has obtained / as the sum of 


three terms 
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Here 
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and 7 is the number of electrons per unit volume, s and %, being the velocity of sound 
and the radius of the Fermi sphere res- 

pectively. Performing the angular inte- Wz, 

gration in Eq. (2,b) using Cauchy’s 


principal value, we get 


AG a 1 J (3) 
Sn( 27)" . # 2 
with 
He) = ee log w+ oe zoe dl: (4) 
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Case 1. (4v)'®F <1.** In this case 
the distribution of electrons in momentum 
space in the ground state is the Fermi 
distribution. The allowed region of in- 
tegration for £,(/) is the shaded one 
shown in Fig. 1. A coordinate system 
appropriate for the evaluation of the inte- 
gral is also shown in Fig. 1. Using the 


relation 


*) C is half the value of Sommerfeld and Bethe’s C. 
**) y is the number of electrons per atom. 
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adw= (wg/k) dw dg dg, 


we find for not very small £*** that 
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These integrals are divergent, but this divergence is an apparent one because the divergence 
of £,(%) is cancelled by that of 4,(%) and the self energy itself is finite. Carrying out 


the integrations by the use of principal values, we obtain 
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Eq. (1’) can thus be written as 
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Now we shall calculate the effective mass of electrons near the Fermi surface. If ~£, 
and 4y>1, then 24—z—ao,>0 and so we are allowed to interchange the order of inte- 
gration and differentiation. Differentiating first, we get 
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Integrating over w, we obtain 
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As a°//dh* is found to be negligible as compared with a°G/dk*, we finally obtain 
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***) If & is very small and one of the sphere is wholly inside the other the integration limits are 
different from Eg. (5’). We also impose the condition that 4y>1. 
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Since the magnitude of %,/o, is of the order of 10°, 72.4 is ~107°72. i,(u) is shown 
by the curve in Fig. 2. It is to be noted that the sign of 72. is opposite to that of 72 
As the value of & decreases, the contribution of the self ‘energy to the effective mass ee 
comes smaller and it becomes negligibly small when £</,.. Therefore the sign of ere 
near the Fermi surface is opposite to that of 77, near the center of the Fermi phen 
and at some wave number £’, 1/#.q vanishes. Accordingly #.,(2/+0)=-+ 00 and 
Mag ( k’ —0) = — 00 (m>0). 


0 ———> (4vy°_& 
+1 sD +2 
-0.5 
i 
-1,0 
Fiz. 2 Fig. - 3, 


Case 2. (4v)'®F>1. The distribution is different from the Fermi distribution and 
consists of an occupied sphere, a gap and an occupied shell. This distribution is identified 
with the superconducting state by Frohlich”. In this case the integration domain is the 
shaded region shown in Fig.3. Using the variables (g,7v,Y) as before, we get for elec- 
trons with the wave number 2, <%£<4,+<a, i.e. in the shell, 
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where the three terms in the square bracket are the integrals over the lense-shaped regions. 


We find 
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Integrations are carried out using principal values. Contrary to Case 1, the self 


energy of electrons is divergent in this case- This is due to the degeneracy of the 
unperturbed state. Performing the integration of Ak, &) first and then differentiating 


w(2k—w—o,) 


with respect to %, we get 
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Substituting (10), (11) and (12) into (9) and using the relation (1’), we finally 


obtain 
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The effective mass of electrons near the surface of the inner sphere is given by the abe 


ing equation 
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which is found to be identical with Eq. (13). Thus, for electrons in the shell and near 


the surface of the inner sphere we can use the common expression (13), which we may 


put as 
Vat eet ay Py 
= == hee 
Meg 3 2) Oy m : 


#, is illustrated by Fig. 4. Fig. 4 shows that if the width of the shell, a@, is smaller 
than 0.20, the sign of the effective mass of electrons in the shell and near the surface 
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of the inner sphere is opposite to 
m and the order of magnitude of 
Mex 18 10-972, and that if a/o’ 
is about 0.4, the sign of mz._ in 
the shell is equal to 7s and its 
magnitude is of the order of 1074 
m near the outer surface of the 
shell. 1f a/o is about 1.3, 1/7 
changes its sign in the shell and 
so a small number of electrons in 
the shell have very large effective 


mass of both signs. 


The component of the effec- 


tive mass tensor 77 1s given by 
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which is rewritten as 
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The second term is smaller by the factor o,//, than the first term for electrons with 


k~k,. Therefore we get 
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§ 3. Discussion 


We have found that the effective mass of electrons near the Fermi surface is very 
small, irrespective as to whether the distribution of electrons is normal or superconductive. 

The expression for the interaction energies obtained by the Bloch-Nordsieck transfor- 
mation are identical with Eqs. (2,a) and (2,b) except that in the integrands the deno- 
minator (£—7w)’—#°+0,w is replaced by —2(k-w)+o,w. Small effective mass, 
however, is not obtained, if g’—/’+o,w is replaced by g—k +o, —w" in (2,a) and 
similar calculations as § 2 is carried out. Accordingly the approximation of neglecting 
electron recoil is not a good one for our problem. 

Peierls’ formula” for the diamagnetic susceptibility of electrons in a periodic crystalline 


field consists of three terms, of which we are concerned with the following term 
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where f(£) = —£T log (1 +exp(4,—£)/27) and ¢, is the perturbation energy of the 
periodic field. If the self energy of electrons is formally added to ¢,, the order of magni- 
tude of the susceptibility will not be changed much, because accotding to (15) 

1 (ee get eee ees +2) Th ol =). 

? 0k,” 0k,” Ok OR, m 
The estimation of the order of magnitude of the susceptibility may be made by the 
following consideration. In quantum electrodynamics the self energy of electron is 


interpreted as the contribution to the mass. The self energy of electrons interacting with 


lattice vibrations may be interpreted analogously, then we can write as 


E,(k) + E(k) + £,(4) =#2?/2m*, with m*=m-+ dn. 


If we write as E,(h) + 4,(%) =24?/2in', we easily find that for electrons near the Fermi 


surface m2! =O(mk,/o,). Since 1/m*=1/m+1/m', we get 
: 4m=O(ma,/ky). 
We may take the Hamiltonian of a conduction electron in a magnetic field as 


= i (p— ; A), 


2m* 


in which the interaction of electrons with lattice vibrations is taken into account as the 
mass renormalization. Since 7* is of the order of 7, the diamagnetic susceptibility will 
be of the order of Landau diamagnetism of free electrons. The above result is, of course, 
not conclusive. It is imperative to consider the interaction of electrons in a magnetic 
field with lattice vibrations. 

Note added in proof: Recently Fréhlich has shown that the same eqs. (2a), 
(2b) and (2c) can also be derived by means of a canonical transformation, which leads 
to a renormalization of the velocity of sound and of the interaction parameter /.  There- 
fore s and / in this paper are to be considered as the renormalized sound velocity and 
the renormalized interaction parameter respectively. 
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We discuss the neutral vector meson theory in a way which, by exploiting its similarity to quantum 
electrodynamics, simplifies the transition to vanishing meson rest mass. In particular the gauge invariance 
of electrodynamics: is shown to be a special case of an invariance holding more generally in the meson 
theory. 


It has been known for some time that the analogy between quantum electrodynamics 
and the neutral vector meson theory is considerably stronger than the usual meson theore- 
tical formalism suggests. In the following note we shall examine this correspondence in 
detail, and show in particular the way in which the two theories coalesce in the limit of 
vanishing meson mass. Many of the similarities of the formalisms are due to a type of 
gauge invariance which the neutral vector meson theory may be shown to possess in com- 
mon with electrodynamics. 

In the familiar formulation” of the neutral vector meson theory the uncoupled field 


components 9, (7) obey the equations of motion 
(I-F)¢.@)=0 (1) 
2 9,(4)=0, (2) 
Oxy 
in which pz is the meson mass***, These are accompanied by the commutation relation 
. f % 1 fe) ) / 
Ee NaN A(e—2'), (3) 
[o.t2). =H In-4e 5 e— 2) 
where the function 4(7) is defined by Schwinger”. The interaction Hamiltonian for 


vector coupling to spinor fields is 


6 (2) =i wel) +5 ag Ori)” C 


* This note is based on material in the author’s Ph. D. thesis submitted to Harvard University in June 


1949, and further developed during a stay in Zurich the following year. 
** Present address : Harvard University, Cambridge, Mass., U. S. A. 
*x* We use units in which 4=1, c= 1. 
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in which 7,(7) is the usual Dirac current vector with a mesonic charge, and the pies 
components of the normals to a space-like surface through +. The latter term, ye is 
necessaty for the Schrddinger equation to be integrable cannot, of coer vga es 
physical effects since the choice of space-like surfaces through x is arbitrary. Bons this 
term, and the second term of the commutator (3) owe their presence to the equation of 
motion (2), which says, in effect, that of the four quantities pula) Bou ee a 
independent. Rather than destroy the symmetry of the treatment by explicitly SEE 
one component, we use a reformulation of the theory due to Stueckelberg”. The eae 2 
of the reformulation ate required to have the same physical content as those above, while 
retaining four-dimensional symmetry. 

Following Stueckelberg, we employ five field variables, the components of a four-vector 


A,(#) and a scalar B(x). The Lagrangian without coupling may be taken to be 


L, a at; OA, BEE ee) a : ( OB =« ap + 2B), (5) 
2, Onn OX» 2 OX) OX, 


from which it follows that 4, and B obey the Klein-Gordon equation 
(—#*) 4,=0, (-#)B8=0 (6) 
and may be taken to satisfy the simple commutation rules 
[Ax(2), A, yy =20 4G — 2), [BG@); Ba) = a2) (7) 
[4,(2), B(x’) ]=0. 
Stueckelberg has shown” ‘that the expectation value of the Hamiltonian which follows 


from (5) will always be positive if the fields obey the self-consistent supplementary con- 
ditions 


(0A, (x) /da, + pB(x) )P=0, (8) 


where Y is the state vector. These conditions effectively reduce to four the number of 
independent field variables. 

Only three independent variables are required, of course, to specify the state of a 
vector field. The fourth independent variable still present, while preserving the symmetry 
of the theory, must be required, in effect, to be an ignorable coordinate. The group of 
transformations under which the theory is correspondingly required to remain invariant may 
be taken as the gauge transformations, 


A, (x) >A,(*) + (1/p) 04 (4) /dx,, B(4)> B(x) —-A(4). (9) 


These already leave the integrated Lagrangian, the equations of motion, and the supple- 
mentaty conditions unchanged, provided A (1) is any function which satisfies the Klein- 
Gordon equation. In particular the choice (7+) =/ (x) eliminates the scalar field, leaving 


a four-vector field which may then be identified with the vector ¢,(x) of the usual for- 
mulation” 


g.(4) =A, (+) + /n)dB( 4) /dx, - (10) 
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T Seat 
‘To confirm the identification we observe that (10) implies the commutation relation (3), 


and that, owing to (8), the equation of motion (2) is replaced by an analogous supple- 
mentary condition, ‘ 


(99, (%)/ax,) P=0. (11) 


Since the relation (10) is itself gauge-invariant, direct use may be made of it to 


generalize the familiar form of the theory. In particular the interaction Hamiltonian (4) 
may be rewritten in the form 


(4) =j,A,+ (1/P) 4, 0B/dx,) + 1/2) nA)’ (12) 
an expression whose advantage has also been discussed by Matthews’. 

The last two terms of (12) may be recognized as the interaction Hamiltonian for 
the vector coupling of the scalar field B. Such couplings, as Dyson has indicated” lead 
to no dynamical effects, and may be eliminated by an elementary redefinition of the state 
vector. It suffices to define the new state vector /(a) by the relation 


Y (oc) == ga) OF (a) (1 3) 
with 


he 1 “ at / I) 
S(o) = ae \B(x")do’, (14) 


the integration being carried out over the contemporary surface o. (da, is a directed sur- 
face element parallel to 7,.) It is then easily verified that #7(o) exactly satisfies the 


Schrodinger equation with the simple interaction Hamiltonian . 
He (a) =f, (nA); (15) 


which is the direct analogue of the electrodynamical interaction. 


The supplementary condition (8) is transformed by writing it in the form 
5) (dA, (4) eR a pB (7) i eee '—0o (16) 


where, for generality, + need not lie on o. The exponentials commute with the first 
term, and the multiple commutator expansion may be used in evaluating the second one, 


yielding the transformed condition : 
{22D 4 Be) [aceite | v=o. (17) 
vy 


The latter relation, in the limit of vanishing /4, is just the electrodynamical supplementary 
condition given by Schwinger”. | 
Calculations with the interaction (15) proceed almost exactly as in electrodynamics. 
The field B(x) has no further bearing upon the interaction, and, as a consequence, the 
supplementary condition (17) may be regarded as a definition of B(x) in terms of the 
four variables A,(7). The condition then no longer restricts the values A, may assume, 


and may, for most purposes, be ignored. 
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The invariance under the gauge transformations (9) assumes a more familiar form 


in the modified theory. ‘The substitutions 
A,>A,—dA/ar,, — Pe *OP", (18) 


where 
G=| ANAC) aol, (19) 


leave the Schrédinger equation unaltered, a property which is directly analogous to the 
gauge invariance of quantum electrodynamics. 

Gauge transformations allow, in effect, the elimination of one of the four independent 
field components A,, the remaining ones representing the three orientations of a particle of 
unit spin. For vanishing meson mass, the field 2(x) no longer enters. the supplementary 
condition, which then resumes its importance as a restriction on the initial values of A,(x). 
This corresponds physically to the fact that a photon has only two independent states of 
polarization. 

In calculating radiative corrections to the quantum mass, the situation encountered 
differs somewhat from that of electrodynamics. Correction to the meson mass may bé 
separated into a non-gauge-invariant, and a gauge-invariant. part, both of which are formally 
divergent. Here, as in electrodynamics, the non-gauge-invariant integrals must be presumed 
to vanish. (In second order the integral is identical to the electrodynamical one.) 

The remaining gauge-invariant addition to the meson mass is a real divergence of the 
theory. It may however, be removed along with similar difficulties for the mass and 
charge of the nucleon, by the procedure of renormalization. For this purpose it must be 
noted that the field L(x), although eliminated from the interaction is still present in 
the free-field Hamiltonian. Gauge-invariant corrections to the energy density arising from 
mass renormalizations must be shown to have the form 0(°){A,A,+°}, which may 
be done by using the supplementary condition to reintroduce 2 at the last step. (Its 
reintroduction is otherwise unnecessary.) The meson mass correction is logarithmically 
divergent and vanishes as /¢ goes to zero : 


b= —1H(- 7 ){ : ik £08 7 dw -+ finite terms, oe). (20) 
47 27m Once 


The author is grateful to Professors J. Schwinger and W. J. Pauli, Jr. for their kind 


interests in the foregoing material, which was completed under an A. E. C. Postdoctoral 


Fellowship. 
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A set of orthonormal states is constructed by operating (free) photon-, electron- and positron-creation 
operators one after another to the (free) vacuum state Y%. Any state, say Y[a], can be expanded in 
terms of these orthonormal states. An equation is derived in a covariant form which is satisfied by a 
coefficient of the expansion which is a functional of ¢ and whose absolute square may be interpreted 


as the transition probability. 
The procedure may be regarded as the transition to the Fock space. In the last section, relation 


to the S:matrix is also discussed. 


§ 1. Introduction 


As we stated previously’, the convergence of the S-matrix series may be attributed 
to that of the coefficients of the expansion of the S-matrix into the normal constituents. 
As explicit calculations of the coefficients are very difficult, it seems desirable that other 
strategies will be prepared (the more, the better). This amounts to search other methods 
to evaluate the transition probability. 

Now, a set of orthonormal states can be constructed by operating (free) photon-, 
electron- and positron-creation operators one after another to the free vacuum state ¥). 
We assume the set complete. When any state, say [a], is expanded in terms of the 
orthonormal states, the coefficients may be regarded as wave functions in the. Fock space 
and their absolute squares give the transition probabilities. The idea is not a new one 
and have already been used by several authors, for example, W. Thirring and B. Touschek”, 
G. Liiders”, etc. Their results, however, are yet unsatisfactory to apply to our case. 


Transition to the Fock space in the interaction representation has been done by I. Sato” 


in a slightly different way. 
The transition amplitude is essentially non-covatiant, but in § 3 a covaria 
defined and the covariant equations satisfied by the function are 


nt function 


associated with it is 
derived. In § 4, connection with the S-matrix is discussed. 


§2. A set of orthonormal states 


We will follow the Schwinger’s notations’, unless we give some remarks, and we 


introduce for the sake of convenience the following notations : 


pr=(pie(p)), p= (BD, —7(P)). eet 
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for electrons and positrons, where 


(p)=VP+E, 2) 
and 

p=(p, ipl), 2 =, — |p) (3) 
for photons. 
a) The electromagnetic field 


The four-dimensional vector potential A,() satisfies the commutation relation, 


(A, (x), A, (4) J=ihe 6,,D(4—2’), (4) 
and can be expanded as 

A, (2) = j 3(k)exp(ikx) A, (2) (de). (5) 
Then we define 


a,(k)= WV (27t)'/2he|ke| A, (2), 


pares Sth yee (6 
ait (—hk) = V (an) */2hc|e| Ay(E-), 2 
which follow the commutation relations : 
[a (A), aC) J=[ak (hk), af (k')]=0, 
[a,.(), af (h’) ]=0,,0(K—K’). (7) 


Here. ai (K) is not hermitian conjugate of a,(K%) but antihermitian conjugate. We have, 
however, denoted it by an asterisk for simplicity sake and we will use @* in the same 


meaning as @'=@*y of S. N. Gupta” and K. Bleuler?. Then we need not seriously 
take the supplementary condition. 


b) The electron positron field 
¢’(x) which satisfies the free Dirac equation can expanded as 
al2)=| Croan +2) dy ge (ay), (8) 
and follows the commutation relation : 
{Pa(#), Ja(2')} = 1 San(4—2’). (9) 
As $(9) in (8) has superfluous freedom, we may impose upon it the restrictions : 
rwlg=0g), rH) =—H(g), (10) 
or. 
$,(9") =$0(97) =0, (p=3, 4;¢=1, 2) 
Then we define c,(q) and a,(q) by 7 


$9 )= Vv 2e(q)/(27)*(e(q) +x) ¢(@), (e=1, 2) 
og = V2 MDB AD ata), @=3,4 
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which satisfy the commutation relations (See, Appendix I) : 
{ep(He), chi (H)} = pp 8(Ke—W’)(p, p= 1, 2) ue 
12 
{dg(k), der (Ke) } =0ee0 (K—k’), (6, o' =3, 4) 


other anticommutators=0. 


c) The orthonormal states 
The (free) vacuum ¥, is defined by 


a, (Kk) P =c, (Kk) P =d, (kh) F=0, (13) 
and assumed to be normalized as, 


Y xe =1. (14) 


Now we define 


Dy nw, en ae ee Cie xce ders 9s 880. Di, => Ia) | 
=(/V Timi nl ak (he)...a8 (hi) c8 (D,) ..c8 Du) dB (Uh) de (Aa) ¥ 
(15) 
These states are orthonormal in the following meaning: unless 7=/', m=n', n=n', 
O* (fFe]..-[Fee] 5s {ar} == (Pars (Qh {nr} ) x 
O([K,]...[Fe]s {0s}. (Pubs {Oi} --- {An} ) =9, (16) 
where we ceased writing vector and spinor indices explicitly and denoted ‘it by square 


brackets and braces as, 

fo k=], ps P=LPd, — Fa GAA), (17) 
and in the case of J=/', m=m!, n=1', 

D* (Hey). [h Ts {a} (Dds AG} An} ) X 

O ([Fe,]-..[Beel, {Ds} {Pb » 1D} + {Mn} ) 

= (1/1) S 8] —[eo) ..0([hi|-[kp a) 

x (1/m!) 31 8 d({D:} — {Din} )-- FC Pm} = {Poowt ) 

x (1/2!) 33 8x 9A} — {dein} ) «+-8C4dn} = {Grom} ) > (18) 


where 


3 ([He]— [A ]) =O pays Oe), ete. 


and the summation with respect to P, Q, & should be taken over all permutation : 
ie ng oe 
P= (say 9@) 90)? 


PU cGy san) 
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Lg SRD gy satiety tat FZ 
a ay’ GAZ) fet a) rF 

and 0g and 0, are +1 according as the corresponding permutation is even or odd. The 
above Eqs. (16) and (18) result directly from (15), (7), (12) and (13). The right 
hand side of (18) reduces simply to 

O( (ke, J—[K,']) .--6 (A, ]—[4r]) x 

OCD) S1DL)) 6 CPml Pal 

OC {Qi} — 10's} ) 8 CLAn} — {Gn} ), (19) 


. é a é i ry : = 
if we multiply it by a function, symmetric with respect to [A,'],..., [A] and antisymmetric 


with respect to {p,/},..., {g,} and {@,'},...5 {Qn}. 
If we assume the set of the orthonormal states (15) is complete, any state WY can 


be expanded as 


v= 3 | Ae. dp,...dp,@q,...dQn 


u([K,]...[4] 5 (Ds) od Donte 4 Dap stay des 
P((K,)..:[Fr]s {i}. (mb s {Qi} --- {Qa} )- (20) 


Taking into account the definition of @ (15) and the commutation relations (7) and 
(12), we see that # must have the very property mentioned just below the Eq. (19). 
For a given &, m can be determined from 


m([Rey].--[4e] 5 {;}--- {Pad 5 {i} ---{ Oa} ) 
= O*([K,]...[i]s {ps}. {pnb s {a}. {On} ) v. (219 


d) The normalization 
i) When ¥ is normalized as 
PA VEN 


# must satisfy 


>) | ahh, ap,...dp,aqg,...aq, X 


Zm,n=0 


u*( [hy |...[%e,] 3 {p,}.2. {p.); {Qi}... {Qn} ) x 


um ([K,]...[Ai]; {2}. { pnb s fab. faab})=1. (22): 
fi, )eoy, En scattering problems, another normalization. is often available such as 
Pe = co 


so that the probability that a particle exists in some unit volume —1. With this 
normalization, for instance, in the case that /’ free photons with momenta (and polariza- 
tion), [2°], ...,[%], 72 free electrons and wn’ free positrons with momenta (and spin) 
{pr}, ...,{p%,} and {Q} ... {an} respectively, we have, 
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u([Fe,]..-[e]s {Dd {DPurk 3 4Qy---1 Ant) 
= 11 0((ki]—[ki]) 1 3( (p;} — (p5}) HW OC{an} — {an} ). (23) 


§ 3. Covariant formulation and the equation of motion 


It seems desirable in many cases to perform calculations in covariant forms. For the 
purpose we expand ¥ as 


P= >t (fim! ee (dy) «:. (Bm) (de) -:- (en) X 
l,m,n=0 


DIME AS aa Ea ras © ba eee ey Ce ae ad eae ee es 
POC Wb) GO es leah Ge Ae Zt ) Pos (24) 


instead of (20). We obtain in the momentum space*’, 


v= 3 (1/Viiml iy (dk,) ... (dks) (db). (dba) (dg,)«»» (bag) x 


Z,m,n=0 


veil [ids (BabA Pod 5 (aah dah) AP (EDO) X 
AGO 23) PDO B+#) Mirae) 1G *) IO Cae} ) Fo 25) 
where . 
o(Ley--Lea] s {Dib {Pm} 5 {gab ++ {gab ) 
=| (dz,)... (dy) (dy,) «+. (dm) (dy) ++ (den) X 
vey ]---[ai)s { y1}-+- {Hm} 3 Ler} Lea} ) X 


exp [2{4,4 4 + hit — Di I1— ++ —PmImF V2 4 + + nent |; (26) 
and 
AD (k) =A, (24) 9(—2), 9° (QI) = HQ) 4-9); 
: $ (p) =$™ (0) =F(P)4(2). 


Performing the integrations with respect to Rioy Dior Qi, We have 


aes (1/0 Tt nt) | did ey dpe ntl AMD * 
Z,m,n=0 


o([er].--[4r]s (ath {md 5 tar }--tae 1D) x 
It (4/24) ACAD) fh 1/283) PA8F}) GB} 9) * 


It @/20(a) (rar) 8400) ro oi 


* The multiplicands must be placed in increasing orders of the indices. 
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Since we have from (10) 
PD) =P" (Ps), 
considering (6), (11), (15) and (20), a felation between « and v is derived : 


u([ Re, }..-[Kr}s {gs} --- {mts {Qa} --- {Mat ) 
= (hc) Teg aot i (1/ ¥2|i|) ul (1/ /2€ (py) (© (Bs) +*)) (i7p} —*) x 
a (ey lela, WARE Pals (Et Aga) 


I (1/26 (a) (eC) +#)) Gra =) (28) 


Factors multiplied into v in (28) show that w is not Lorentz-invariant. A covariant 


function U/ associated with w~ can be defined as follows : 


O (4). fa 4 Pi cine nt == (— )™ (he) = g jltmin x 


(22) -3demem toh dk,...dk, dp,...dp,dq,..-dd, Ul (1/ “2\kj] yew 44x 
f=1 


i v (e (py) +2) /2e(p,) 65% fl Y (e(Qe) +2) /2€ (Ge) ee X 
w(ERy).-[Hi], {2s} {Dab 3 {Ob {Ma} )- (29) 
U can be written also.in terms of v 
GF [4 ,)-..f4)] ; {1} se {Imi > {24} Wii sent ) 
ts j (di,)...(de') (dy!) ... (an) (dey!) (dh) 
D (4/]—La)) DO (Ca -LaDS™ C9 — {97} ) SOC Int = rnb) x 
SO Clay} = ferb) SO Cent — fen} oa’). Lai], {ai} Lain} fer!) {24}. 
(30) 


Insert the expansion (23) regarding v as a functional a @ into the Tomonaga- Schwinger’ s 
equation of motion for V[a]: 


ihe (8/d0(x)) P[o]=H (x) ¥[o], 
IT(ey=— (i /eyju@yAy), 
jul2) = (ee) 1w OO), (31) 


and operate 


PAGO (ent) PO Ces} PO {Im} ) 8) A® Ce) AOCeD, 


from the left and take into account the commutation relations : 
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Pe eae 4 — ico, DO (zx), 
WG); $(4')} =—iSn G2’), 
Op (4), $2 (#)} = —iSH (2#’—2), (32) 
and the definition of the vacuum 
ALP = $F = YF »=0, 
PAP SEs GO H=0 pO =0. , (33) 
Then we have the equation of motion for U: 
0/0a(x)- Oa, fay; Pics ees seeny so) 
= —iey's[ (é/hc) V(m+1) (n+1)/E 24 D© ((4]—[4]) x 
O (4). [ee nIEZ si} Aaits plat Pe, ly teen 03 ER aes aa a) 
+ ¥ C41) (+1) (e411) U(r]. Les tah Lah Lah 5 AR fea tend 5 
+i vI+1 S) SOL} — {2} ) 0 (Le ] Ly). Leds (ah. ea} (24 {Yet} od Im 
{23} --» {en} 5 @) 
—i VIFTD SO ({x} — {ex}) OC Le). Leds Lab Lamb 5 {aah teat 1A 
ge cooker) 5) 
= (a/te) (A/V TF) BDO (Le]—Led) BSC ash 181) 


O [e)---[eel4ers]---Le) st Gree Bale Ws Aral erst 4 a 


+ Vif 3 (1) SOC ahd 1) Bh (-1)F SO a} Lee) 
O([x]l4)---L%), 4 { 5-r}{ Hirth Imbs {ea} Leer} (esrb ea} 3 9) 
+ G/te) V¥fnn ¥) D? Ce] Lee Jy! Sad BY BD" 
SO ({e}= eh) x 
Ul a ee --L4e] 3 {V3 see {J5-1} {Vye1} oe {I mb > 
Leow A Sect (Snape EPS eau ae (34) 
where [xJ=p, +3 {2} =B8, 73 {2} =4¥ and U has been defined by (29) or (30). 


If we give an initial condition : 
w((de ee] s (ia) Sd Ate (ash) | 
= O* (ho )-c[Fe] 5 {Pv} {Dmnth 5 (Qh AQnt ) Plo], Par G65. 
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and solve (34) and obtain, 
° f Y 
u([K,].. [Ki]; > wet eDat ? 1M} on% Uns ys 
then the transition sane is given by its absolute square. Accordingly, by this 
procedure the transition probability can be computed, in principle, without using the as- 
sumption of the adiabatic switching-on. However in practice we do not know how to 
choose the actual initial state. If we adopt the state where /’ free photons, wm’ free 
electrons and x free positrons are present (normalization ii) : 
7 . oy. ( 
Xe SA rd Ply tnd oo Cele CD Pap (35) 
as the initial state, it is equivalent to the adiabatic procedure. This is related to the 
fundamental difficulty of the present field theory. Since we adopted as the basis of the 
theory the free fields which have not any real correspondence in the nature, it is not 
surprising that we are obliged to take the visionary free particle state as the initial state. 


I believe that this point should be corrected at the future stage of development of 
the field theory. 


§ 4. The relation to the S-matrix 


We consider the transformation function S[¢,¢,| instead of the S-matrix. S|¢, a] 
connects J [a] at o with Y[o,| at a, by the relation, 


3 P[a|=S|o, o,| F(a]. (36) 
Now we expand ¥[o,] as 


Flal=, > | ak. 0 akgdp,...dp,idq,...dqox 


sA((ief. [Perr] 5 1Ds"} Dat} 5 {O°} {Ont} ) X 
P((Hes"]. [Av] {2}. {Dmtk 5 {Qa}. {Ant} ), (20’) 


and operate 


O* (A ,]...[Ai] 3 (ast pate aes 


from the left and we have 
w({hi,].. [Fei]; { {Dy} - {Din} 5 19} aay 1g,} 30) 


ed | adk,’...dlep dp, ...dp»idq;...dq,) x 


(UA) [Aes ake (Pm stat - {Qs} | Soro] [Aes]. --L25] 5 {a0.%t .. (pr, dhs 
{Q1°} + {Qarh) x 2° (They)... er] 5 (99,°} {pant 5 fa} fant), (37) 


where* 


* (k;p3 q|5|Kk°; p®; q) is often referred as Green-function of quantized field. 
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(...| Sle, a]|...) = 
O* ([k,]...[ he] 3 {Pi} a ak {Pn} > 19} On {Yn} ) S[o, a,| x 


OK e)...[Fer); (prt. (Dash 3 (as). Aah). (38) 


If we take (35) as the initial state, we have 
4 ({&,]...[%,] 5 {DP} oo {Pin} 5 iq} BOD {Qn} ) = 


([%,]...[ 4] > {p,} ose { p,,$ 3° {q,} Se {Dnt |S |[7e,"]. here > {Di} -. ADats > 19} S18 {Ynr} )- 
(39) 


When the S-matrix has been calculated as 
Sosy J as So Ws Ges oie) x 
MeddecLea} 3 (ah oo Cant 4 fedk teah) 


> A((4%))- Ae DPC} )--$ Cia PCat) Cleat) = (40) 


it may be convenient to obtain the relation between a and MV. 


Introducing 
MK ).--LKr]s {P}.-- (Pats {On {Onb) 
=| (de,)...(de,) (dy). (dys) (der) + (dex) * 
Maidens {ah Ca} 3 er) fad) * 
exp[Z {Kyat + Ky x1— P,—---— Pu Int Oeit --. + On ent )h 


and following the similar procedure as the transition from (24) to (27), we obtain, 


(<= x \aGy) Be Je ewee I V he | (277)*| Kal : 
N2 a1 


DL, x, + 


Ht V1] aay P) (CPs) +9) HM 1/ (2H) "2 Qe) CDs) +) x 
| IK.,..dK,, dP,...dPy dQ,...dQy a (Py 2) M (ipP= —x) x 
MK 7) KEK LAE Pt APE Pineal Pads 
(0.7: {Oa} (Osh AON) M Or—), I Oi -9)- 


-a* ([—K,)):..0*([— Ki, ))---¢ ian) ao Ph) et Pah) 
d* ({Q)}) -2-d* (Om EAB mst} )e- PAPs} eA Qaank)--eQat). CAL) 
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Thus we have immediately, 


: = 1)@= nl) (g+h—n!) +l’ —2f ee ais I 
(.|S|. = 2 ( [=j )( m—J 


=e FIGh AV Ll mt ull! tol nil 


urea Q@ 24 32% 3a Oe pas 


n—h ) BY VQ 
O((Ke,0 p41 |—Lera- pen ))- (Re |—Lpran)) X 
0 ( { Poon-as »n} ie W LEA Ay ) - OK { Pucny} im {Poremn} ) x 


et od 
Of {D-c-asit re {Dor cut- nets aoe: OC 10 -Gjh VD (nt) 5 )x 


En a ER (2 og cl SS 
di Whe/ (27 )'2|Kycs| Wl Vihke[ (27 )'2| Koy a| x 


_nl—k 


Ui 'V4/(n) "26 (Paw) (€( Pag) #4) i V1/(27)*2€ (dra) (2€( Qiu) +X) X 


n-h __ mi—g : 
IT V1/(27)*2e (iu) (€ (Ge ) +*) Ml V1/(27)*2e (Ding) (€ (Daw) +%) X 
k=1 j= 


I tia—* , i ‘@tiw—) M- Row |. Sepaen | 5 [Aare _p]--- Leto] 

{Pau} += {Dama} {Gernr—n} «1 gerant 3. (@rcn}--- (orma—m} {Perma} --- Parent ) 

n—-h cE m!—g : ; , 

ff (279-4) —*) uy (rpg —*), (42) 
where the upper limits of the summations with respect to f, gy and / are respectively 
min(/, 7’), min (az, 1’) and min(v, 2’). If we write the spiaor indices explicitly, we have 

([K]; op; og|S|[He"];. op"; o°@°)= 31 >) >} (factors) ( tee, x 

HM (irp* —*) ww WH OGrg-—2) oan M([ —*], [2"*]; yit@ nga tes 
— fo'g7}, {0"2"*}) HT Grq7 =) are IT 2 ee 


In general ([A‘]; {p} 3 {a} |S|[A"]; {p"} ; {@°) contains a four-dimensional 6-function 
0(P—P°): 


(LA); {p} s {a} | SILA]; {p"} ; se 
= (27)*0(P—P°) ({k]; {p} ; {a} |S|[A"]5 {0 5 fa"), (43) 


od 


where 

PH=dSkh+UP-UH, P=Dki+ Dp Dat; 

Py= Mil + ReCps) + Vege), Pr= kil + De(y)) + De(at). (44) 
Then the scattering probability per unit volume and per unit time is 


2 oe = 


le) te} s {ah |S] [40's (ets {a"}) |*(22)0(P—P) dh,...dp,...dq,..., (45) 
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(See Appendix II). 


Multiplying into (45) the normalization volume of the initial state (27)*”/*™''" and 
dividing it by the flux of the incident particles y, we obtain the differential cross-section : 


a= (20) (c/e)| (he), (pt, fas |S ILA], ("}, (a°} 
(22)10(P - P)dk,...dp,...dQ,... - (46) 


For the essential scattering we need only retain the term f=0, =0, y=0._ If we write 


M= (27)*0(P—P*) K, we obtain finally by averaging over the on spin states and 
summing over the final spin-states* 


G=l1! mi nlm’! n'! seers eeeeea Ney oh ‘yf (c/¢) x 


1 (hep an%l) Ti (eC) +2) 40) Hl (e(a’) +8) /4e(a)) * 


2 ons CAE Ys tent to'a"h 5 tog} 2) Px 


II (te/ (2) sath ((e( py) +%) / (27)"26( D3) av, IT (eds) +%)/ 


(27)*2e(q,))2q;, - (47) 


Generalization in the case where external field is present will be straight-forward. 
The author is much indebted to Mr. Oneda for his helpful discussions. 


Appendix I 


Performing the integration with respect to g in the eq. (8), we have 


Pa(4)= “acta {(ipg* —%) ass (q* ee 7+ Gra —*) a's (G7 e™ }- (A-1) 
q ‘ 


Now we define $2, (2=1, 2, 3,4) as follows, 

uP = N(ixpt—x)ar» u = N(irp* —%) a2 

=z —Da, w= NP —Do (A:2) 
and we have accordingly 

uO*=N[(i7p* —*)7ile, G=1, 2) 

uO*=—N[ (7p —*) rs )te » (2=3, 4). (A-3) 
Then we can easily verify the relations, 

uP *uP = N°2¢(p) (e(P) +*) F155 (A-4) 

i? uP =e N* 2x(€(p) +2) bp 

OS foe Gat, 2:2 — for 123, 4. (A-5) 
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Thus we see from (A4) that the functions wf? are orthogonal and can be normalized, 
if we choose, 
N=1/V2e(p) (e(P) +%)- (A-6) 


Taking into account the restrictions (10), we have 


JCD; ty) == (25) -3 \ aye ( s ge (Qe SCENE Ye Sa udb,* (Qe), (A-7) 
2 o=3,4 


p=! 


which gives the commutation relations (12), when inserted into the eq. (6). Another 


u* uf = (e(p)/x) oy 


(igs +0;,(= (74) i): (A-9) 
Appendix IL. 
From (39) and (43), z can be written as, 
u(k ;p;q) =| EOP Ae (Ke; p; a|S|k ; p’; a"), (A- 10) 


where x stands for a particular point, for example the centre of mass, of the system. 
At first we confine the domain of the variable + to a four-dimensional box : 


Be <4 < ol (4“=0, 1, 2, 3). 


Then we have 


\u(k, p, Q) Pll dk I dp M1 dg= 


z + 9 a) OY tk 2 ; se 
at yp Se Ea Pelt 2) esp; q|S|k°; ps 4°) [°M die I dp I dq, (A-11) 
p be 


where the repeated indices must not be summed. 


Next we change the variables (K, p,q) into (P, P,,A) and define P(A) as, 
I ak Il dp Il dg=adP dP, p(a) Il aa. 


If we choose 4, for instance, as, 

(A;) = (Roy, Roas Kes, Sysre ee ; q). 
then 

eA) =9(k,, ky.) /O( BP, Fy). 


The scattering probability per unit volume and per unit time is 


w= lim | |ul’dP aP,/VT, 


O) 3 : ; é 
t the Transition Amplitude tn Quantum Electrodynamics 


where V=L,L,/, and T=L,/c, whence we have 
qwo(d) [dd= (277) *c| (P°, P,’, A|S|R°, p°, 9°) |? (A) Maa, 
which we may write as 
qw IT ak Il dp Il dq= 
c\(k, p, @\S\k°, p", g°) 7 (27)10(P—P°) IT dk IT dp IT aq. 
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The processes of the pion nucleon scattering and the photo production of positive pion are calculated 
with the pseudovector coupling in the pseudoscalar theory by using the corrected nucleon propagation 
function obtained from the prescription of the non singular theory proposed by Kamefuchi and Umezawa. 
It is shown by this calculation that, in this non singular theory, (i) the pole appears in the corrected 
propagation function and (ii) difficulties with respect to the gauge invariance happen. The circum- 
stances of these problems and the methods to overcome them are discussed. 


§ 1. Introduction 


When the renormalization procedure, although its brilliant successes in the quantum 
electrodynamics, is applied to the meson theory, as known to all, whether it can give the 
close non singular theory or not, depends on the type of the interaction”. In the 
pseudoscalar meson theory, e.g., this procedure is completely successful for the pseudo- 
scalar interaction (the first kind interaction) but it is not the case for the pseudovector 
interaction (the second kind interaction), which seems to be required from the latest many 
experimental results. Recently, Kamefuchi and Umezawa” have proposed a new prescrip- 
tion obtaining the close non. singular theory also for the second kind interaction. The 
fundamental idea of their method is to take into account some part of the reaction of 
the proper field from the beginning, while the remaining part is considered later on. That 
is to say, the suitably corrected propagation functions are used for internal lines. Many 
possibilities, however, are permitted for interactions introduced in order to correct the 
propagation function. Hereupon, the purpose of this paper is as follows: in such infinite 
manifold of many prescriptions for getting the non singular theory, we adopt one that 
the propagation function S, of nucleon is corrected by the pseudovector coupling itself in 
the pseudoscalar meson ‘theory without introducing any other second kind interactions 


($2). This method belongs to the (A) type in K. U.’s terminology. Using this cor- 
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yi . . . . 
rected S, function, we calculate then the cross sections for the pion nucleon scattering 


(§ 3) and for the photo positive pion production (§ 4), and we investigate general charac- 
teristic features of our one patticular case of K. U. prescription in these concrete 
examples. The reason why we correct the nucleon propagation function alone but not the 
meson’s, consists firstly in that at the former case, considering the physical systems which 
consist of merely nucleons and mesons, any divergence does not appear except renormalized 
terms: (proper nucleon self energy part >})~—(its finite part jc); but it is not the case 
for the latter. Secondly, one may expect that the former procedure would give better. 
tendency for the anomalous magnetic moment of the nucleon (cf. §5). In this pres- 
cription which we used here, there exist however various difficulties with regard to the 
zero point newly occurring in S’, function and to the gauge invariance of theory. On 
details of these situations, general characteristics of our prescription independent of above 


difficulties and possibilities ((2,) and (B,) type in K. U.) of overcoming these obstacles, 
we shall discuss in the last section (§5). 


§2. Calculations of the corrected propagation function 


The corrected propagation function of nucleon, S;/, is obtained from the uncorrected 
one, S;, by the following relation” : 


Sy! ( p) = Srp) + Sef) Se (P) Se (A): 


or 


fi ae rn @ 2) boerante ; 

aS) MERC ea LON - 
where 379() is the finite nucleon proper self energy part of the second order after 
performing the renormalization procedure for the divergent parts and / is the energy mo- 
mentum four vector of the nucleon. Using the above defined S,’, as long as we consider 
only the interaction between the pseudoscalar mesons and the nucleons, we can obtain: the 

non singular theory as verified in K. U. 

Now the nucleon self energy part of the second order, S1( p), is given by the 


following expression in the symmetrical pseudoscalar theory with the pseudovector coupling : 


Jk (i(p—k) —x]7,k t 
> 2) =G | (a) 15 Jb Ts EEANLE mre tel (2) 
ee (poe) +H 
where G2=3ig?/(27)*, K=hy-Ta & 18 the coupling constant of the pseudovector in- 
teraction, and x and yp are the masses of the nucleon and the meson respectively. We 
can separate the convergent parts from this divergent integral / by the conventional 


method, namely,* 


*) The methed of separation of finite parts from the divergent integral is not unique. But, our 
standpoint in this paper, as described in the introduction, is to refer to the qualitative results rather than - 
quantitative; hence we have calculated the divergent integral straightforwardly without any cautions to the 
“ ambiguities” as if for the convergent integral. 
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T=C6,+C,A4+ 647+ 6,4 +1; A=ip+x, 
L,+*#1—-4)NV a (3) 
Ly 


[p= —it? i ax | ah +bA°+cA+d \log 
0 


where all the coefficients c,(=0,1, 2, 3) are the divergent constants which are renormali- 
zed by adding the counter parts into the Lagrangian, and 
a=—az(1—+4)(14+ 42), b=xr (5464-127), 
cHvx(9r°—x—6) + (1434) L,, (4) 
d= — #2 —3(14+ 4) xL,, 
Date be oa), N=o-Px: 
Vs 


in (3) is also the terms to be renormalized, which can be obtained by retaining only 
the terms of A"(7=1, 2,3) when we expand the logarithmic term in /, to the power 


series with respect to A. Thus we have 


De (p) =@- Te. (5) 
Since S,( 7) =—A™!, S,’(p) becomes as follows 
Sf p)=—[A+ Ted (6) 


As shown in the Appendix, when we rationalize the denominator with respect to 7-matrix, 
we can write also as 


; _ “(ep) =v 
SrA) wept, * 


(7) 


where w and w are both the functions of f°, x and yp. 


§ 3. Pion nucleon scattering 


The cross section of the pion nucleon scattering can be easily obtained using the 
expression (7) of S,’ and we have the results : 
da sx ox AGL AME (OG far) 


u 


(e+ £)*| 2747 |? 
x 42 | u(2b°— pb — xp’) — xv P-N*[ (ky hy) +e] [luler+ lol}, (8) 
in the center of mass system. But for the exchange scattering the cross section can not 


be expressed by this formula and the abbreviations in Eq. (8) must be understood as the 
next tables : 


| initial state final state | p | B 

| pion | nucleon pian | foclean mt++Pont+P | phy | —(p,-&) 
energy-momentum hy fi us) po m-+P>2-+P | 2, Pe. ( py’) 
energy € va; € v2, 3 : 
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Since in the case of the scattering of negative pion (z~) by proton (PY w and wv ate 
both angular independent as they are the functions of /” and so is of B, it is easy to 


obtain the total cross section. The angular dependent part is only the following : 
(4,- 22) + =F cos) — = — f° (1—cos A). 


This fact shows immediately that our results do not agree with the experimental ones 
and this will be discussed in the section 5.) The total cross section must be calculated 
by numerical integration in the case of 7*+P->7*+P. The results are shown in 
Figs. 1 and 2 by putting the coupling constant g°/47=0.18 which is adjusted to the total 
cross section of the meson energy 135 Mev to the experimental results. 
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Fig. 1. Excitation functions for pion Fig. 2. Angular distributions in C. M. 
nucleon scattering. The experi- system at the meson energy 135 
mental points were obtained by Mev. 


H. L. Anderson ¢¢ a/#, 


§4, Photo positive pion production 


When using our corrected S,’ function, we cannot get gauge invariant matrix ele- 
ment for the process in question by summing up Feynman graphs which are permitted to 
the eg-order. (Since our prescription is equivalent to take into consideration a paar ot 
contribution of higher order in lower order, indeed there remains a possibility of making 
it a gauge invariant form by adding suitable class of higher order graph.) Here, we a 
tied out the calculation by taking only such parts of .S,’ function that satisfy the relation 


for ordinary propagation function hs ed are ye 
Ss (p49) 7uAulQ) Se (P) > Se P+ Dt vgS¥ (P)> (9) 


when A, 7g,. (jp=1 if P is virtual and 7,»=0 if P is actual.) Then we have, 


LU TE ae Sige erga ad | ; Sud EB +——F(Qt BU 
GO) 4m An ye Eg(g+ £y) g(é—k cosf)* | 2 


| —gh += -9(gt E,)U eos o| + 2(9/#) (94+ Li)" VEE. * + 9h cost) | ,» (10) 
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where U7 and V are the real part and the absolute square of 27771/ (P40), respectively. 
E, and Ey are the initial and final energies of the nucleon; € and # are the energy and 
the momentum of a meson, severally. g is the photon momentum. These all quantities 
refer to the center of mass system. The magnitude of the coupling constant g /4m=0.93 


is adjusted to the recent experimental data” (at 90°, photon energy 255 Mev.). 


bk x 10+ cm" 


sterad. 


Me we - ; 
‘150 200 250 200 { D 135 180 
Fig. 3. The excitation function of photo positive Fig. 4. The angular distribution in the C. M. 
pion production. The solid line corres- system. Our result lacks the flatness of 
ponds to our result and the broken line curve compared with the ordinary perturba- 
to the ordinary perturbation result in tion result. 


eg-order. The experimental points were 
obtained by J. Steinberger and A. S. 
Bishop®. The new curve shows somewhat 
better agreement with the experiment. 


§ 5. Discussions 


(i) Lxcttation functions for the pion nucleon scattering and the pole which has 
appeared in Sf 

As seen in Fig. 1, relation o(7*+/)>oa(27~+/P), exists concerning to the total 
cross section. This is the relation which was not obtained lowest approximation of the 


perturbation theory and results from the pole, discussed below, of S;/. But quantitatively, 
in the present case, 


a(m*4+P)/o(z- + P)= 20 (at 135 Mev). 


which does not agree with experimental result”. 

A very remarkable character is that the zero point appears in the denominator of 
a(m*+P). We do not find yet any suitable method to solve this difficulty which was 
presumed from the beginning by form of Eq. (1). But this may be considered as the 
“infrared catastrophe-like”* phenomenon since this is a divergence at the intermediate 
state. In such a case, this difficulty might be solved by considering graphs of higher 
order, but we did not try this prescription since it was practically impossible for us to do 
it with S, of (7). 

This fact might also inherit the incompleteness of method of the higher order cor- 
rection assumed in this formalism as will be seen in. the discussion of the gauge invariance 


(cf. (iii) ). Because the above mentioned appearance of the pole only for the case of 


~ 
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a(a*+P) and not for o(7~ +P) is due to the fact that the energy conservation can 
be satisfied in intermediate states for the former but not for the latter when the calcula- 
tion is carried out by using our S,’. From this circumstance the damping effect exists 
for o(t~+/?), which depresses the resonance to be finite. This corresponds to the fact 
that integral /, has the 770,-term. (See Appendix). Hence, if we could correct any 
“vertex part’’ we might avoid this difficulty by introducing also the damping effect for 
a(z*+P). This problem, however, is essentially the “two body problem” which is not 
solved yet. From this point of view, we did not calculate processes ; the charge exchange 
scatteting and photoproduction of negative and neutral pion, in which can not be avoided 
the effect of the pole. (Moreover, there exist difficult problems with respect to correct 
definition dealing with the poles of S,’. This will be discussed in K. U..) 
(ii) Angular distributions for pion nucleon scattering 

The angular distributions are foward-up for the pion nucleon scatterings, as seen in 
Fig. 2. It. can be understood from numerical calculations that this fact is due to pole. 
There may be possibility of backward scattering by adjusting position of the pole appro- 
priately (of course, if it could be only assumed that the problem of (i) had solved). It 
must be noticed here, however, that the factor (1+ 3 cos’) obtained in the strong coupling 
theory inherits the spin isobar states, and so, even if we could change suitably the position 
of the pole, it should be still infered to be unable to obtain the angular distribution of 
the cos’-type. This fact does not agree with the experimental results, but this defect 
may be avoided by~adopting a method in which one uses, for instance; a .complementary 
field of spin 3/2 discussed in K. U.- (Astype method named. by them) or corrects the: 
vertex part as described in (i). 
(iii) The gauge invariance of the theory 

The other obstacle for our prescrition concerns to the gauge invariance of the theory. 


The renormalization procedure for divergencies >\— die, requires additional counter terms 
SAG (p+) '¢ to the Lagrangian. In the case of taking the interaction with the 
4=0 : 


electromagnetic field into consideration, we must introduce new electromagnetic interactions 
(PAu — 9.99) Ay, 19, 00,PA,Ay, -*- etc. which leads to divergent results again because 
of their infinite coefficients 2;. This situation is almost always accompanied by the intro- 
duction of the second kind interaction with higher derivatives for the correction of propa- 
gation function. In spite of adopting the gauge invariant Lagrangian, moreover, when 
using the corrected propagation function, we cannot get gauge invariant aie cok 
merely by summing up Feynman-Dyson graphs for process in question which are allowed 
to certain fixed order in the coupling constant. It is the reason for above fact that the 
relation (9) is not satisfied for our S,/ because of its complicated momentum dependence, 


with which finite results were warranted and from which the difficulty (i) with respect to 
the newly appeared zero points of S;/ happened ; 


(iv) Diminishing of the contribution from the nuclconic current 


In our prescription we corrected only the propagation function of the nucleon diffe- 


: i i 5 i ributions from 
rent from Hu’s one”. Accordingly it may be expected the reduction of cont 


318 S. Goto, R. Kawabe and M. Takasu 


the nucleonic current and the increase of effects of the mesonic current. This aspect of 
our method, we can see most clearly in results for the photo production of positive pion. 
Although the separation of gauge invariant term on the basis of Eq. (9) is, of course, 
not unique and this convention takes out only one part of gauge invariant terms and does 
not exhaust the ali, this circumstances would not alter essentially above tendency. Indeed, 
as results of remarkable diminishing of the contribution from the nucleonic current, the 
angular distribution of Fig. 4 was wanting in the flatness such as ordinary perturbation 
result and the necessity happened that the coupling constant g°/47 must be set equal to 
a fairly large value 0.93 compared with that for the case of pion nucleon scattering. 
(v) Another possibilities 

From aforesaid characteristics it might be expected that gauge invariant prescription 
with similar nature as ours would be promissing for, e. g., the anomalous magnetic mo- 
ment of the nucleon. Hence the investigation of the (4,) and (/4,) type of K. U. 
prescription and the method of correction by using the vertex part are desirable, though 
for the latter we do not know how to dispose of. 
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Appendix 


Derivation of eq. (7). 
Since /, is the terms of A"(7=0,1, 2,3) in expanding the logarithmic term in J, 
to Taylor series with respect to A, using the relation /V: =/A(2x—A), we can easily obtain 
[,= —17 [o! +¢/A+c/A +c A], 
where 


1 
65 =0; =| ax -2xd-u, 
0 
1 
cs =| dxu(2xce—a—2xXd- “) ; 
0 


mele po 
=|, AXU(2xb—C—2x(xe—d Ju + BEd: u?/3), 


u=x(1—x)/L,. 


/ Mi 
These c¢,/ are all the numerical constants and can be calculated by elementary integration 
9 
thus we have 


al 
ph UIE VIG 2 es AS aq: 1— 
loc in| a Banari +cA+d] log aa a)N [a Atel Pol A}. 


0 
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Using the identities, 
A= 2x (ap) + (2 —p"), P= (3x%°— 7") (ip) +24(F— 32"); 
this can be written as 


L.= —i?(QGp) +k], 
where 


O=Q,— Q,, R=R,—R,, 


t . EN ATE 
a.=| ax [ (32°—Pp Ja + 2x6 + c| log Lo+ i . =—2)N ; 
0 
0 


L,+4—+7)N 


1 
R= | dalxGP—3p")a Gag SUS es ee L 
0 


O, = (3H — fp”) cs! + 2x0) +7, 


R= — 3p") ce) + Hf’) ee +20). 
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It is necessary only to calculate Q, and 7, because Q, and KR, are easily obtained from 


c, which are already calculated. If we define integrals ; 


Lj+«(1—4)N 


1 
TE| dere 
A Ss ay 6 og - 


(n==0, 15:2, 3) 3 


Q, and R, are transformed into as follows : 
Q= PL + (N+ 20) L+3(N— 2) LAP Ty 
R= —x [22,4 2.N— PL 3 PT) 
By integration by parts 
Ir= [Ln — Fn e+ 1), 
where 


dle 


y fd se \ ax: al 
0 ax 


Wo 


oy dev an? 2x'a — p+ (1-24) 
0 L+40—4)N 


in which J, is also calculated by elementary integration. Thus /,, remains only. 


the two roots of equation, 
f(~=L+40—41)N= (2—N )a?+ (V—p’)ret v=, 
as x, and x, (say, x; >»), this integral becomes as follows : 


eek 


ee F 


| 
VANE g de [og | 


4 


Writing 


320 S. Goto, R. Kawabe and M. Takasu 


é se n+i > C; iL. hide Zui wa) 


r 1 , n+1 
+ 1700 y ae ie —1," iF 


where 


Ov= for Z 
rh N>0. 


Since we have thus obtained Q, and F,, and so /,, using abbreviation, 


Ruaes 39° 
pP=-—imTG= : (2), 
* 4m \47p 


Sp becomes finally from equation ( 6) as follows : 
—] Die ay re ma! ; , estan ee 
iptxt+f?(QUip)+R| [14+f C]Up)t+[*e+ PR] ulip) +e 


which is the equation (7), and 


4 


u=1 +/°OQ, 
V=xtfPerR. 
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’ Letters to the Editor 


On the “ Optical Method” for the 
Scattering of High Energy Particles 
by Complex Nuclei 


Toshio Marumori 


Institute of Theoretical Physics, Nagoya Oniversity 
March 3, 1953 


The relation between the optical method!) and 
the quantum mechanical many body problem for the 
scattering of high energy particles by complex nuclei 
is investigated. 

The total Hamiltonian of our problem is 


H=1h+V, (1) 
with 

M=Mi +H", (2) 
and 

HU=KLU. (2)/ 


Hy! is the kinetic energy operator of the incident 
particle, A the total kinetic energy operator of nuclear 
constituents, U7 the nuclear potential energy, and 
is the total interaction potential between the incident 
particle and the nucleons. We shall suppose /” to 


be of the form - 
; | Pein 
V=>\ Vis (3) 
iat 


where 1), is the interaction potential between the 
incident particle and the /th nucleon. We start from 
the exact solution of our problem 

Vr sry. Pa) =o) Oi - i) 

4 (Et ig—L)ITPG (1) 9 O1.-1A)s (4) 
where v(2). is the eigenfunction of 7/4)! belonging 
to £,, the energy of the incident particle, and 
0,4(7;...r-4) is the eigenfunction of 4)! belonging 
to #4, the initial nuclear energy. There is the re- 


lation : 
E=E£; + £4. 


Using the relation 


(E+ig=Hy—-V)IV E= (on —1) 
+ (£+%-M—-V YAY, on] 
+ (V—V x) (ox —1)}, (5) 
the transition matrix 7+) is represented, according 


to Chew Goldberger”), as follows : 


? 
TM AS {O40 (E+ — MV YMG, o6) 
k=l 


HEV E+ h—-V) A PVs) (ox ~ D3, 


(6) 


where 
op) =14 [EZ +i9—-T +4) Vil V es - 
t,) = V0, '*, 


and £;/ is the eigenvalue of 74)’ +A. 
Assuming the impulse approximation : 


[a o,)]=0, (1) 
we obtain 


(E+ in—My—V)7V g= (ox —V) 
4 (E+in—-My—V)31(V—V 2) (on —1), 6)? 


and by applying (5)” successively (6) becomes as 


follows : 


A A 
TH=3> th) + = > tn) (one) —1) 
k=1 k=1 k#k 


A 
+> > SS ty) (og —1) (og) 1) +... 
k=1 khltek kl lek! é 


. (6)/ 


In order to obtain the correspondence of the above 
theory to the optical method, it is necessary to 
introduce the following approximation : 


LK, 7,)=0. Bi gcecGeh 


With these approximations, (I) and (II), (4) is 
expressed by 


U(r37...74)= (3 7y-TA) 0; (7";...7.4) 
=[¢(”) +ah2 ine Hot), (rn) GPO) 
xO, (7...1%4), (47 
where 
RO) =o) +, Bit in Mot)” 


x 0 gt Ora) Oh (P) 5" 
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and 


14,0) =Vgwy 
=V,f1+ (2, +—Apt —V2) IV 4). 


Integral eq. (4)’ is the basic equation of the self- 
consistent procedure given by Lax") for the multiple 
scattering problem, and is the starting point of the 
optical method. (/, + in— yt) 4/7, ph (0) re- 
presents the wave scattered by the “th nucleon, and 
(1) the wave incident on the scatterer /. 

The particle wave which has been used in the 
optical method is the absolute coherent wave, which 


can be represented by : 


OP) S| OF... PONS MTA) 


x 0;(71...% 4) a7,...ar 4- (7) 


It can be shown®) by solving the eq. (4’) with some 
approximations that the coherent wave obeys the wave 


equation 
[72 +22 +4rncf (0) |< ¢(17)>=0, 
Z A—Z) 
AD a) =e ‘ Ps D £.(0), 


where 7 represents the average density of nucleons, 
Fpr(O) and f,(0) are the forward scattering ampli- 
tudes by the single proton and neutron, and ¢ is a 
constant depending on the correlation between pairs 
of nucleons, and further that the effect of the in- 
coherent scattering, the wave density of which is 
represented by <|¢|2)—|(q¢)|2, gives the nuclear 
medium an turbidity, i.e., the absorption coefficient 
JX of the coherent wave. Thus the absolute coherent 
wave travels in the nuclear medium with the index 
of refraction (/ek/)/2, where “(4/)?=22+42ncf(0), 
and the absorption coeficient KK, which agrees with 
that given by Fernbach, Serber and Taylor!) provided 
that the nuclear system can be described in Hartree 
approximation. : 

We have seen that the many body problem for 
the scattering of the high energy particles has been 
reduced to the optical method by using the two 
main approximations ; (I) the impulse approximation, 
and (II) which may mean that the change of the 
nuclear state is neglected. 

The details and the discussion of the validity of 
these approximations, i.e., the applicability of the 
optical method will be given in the later issue of 
this journal. The writer wishes to express his thanks 
to Mr. E. Yamada and Dr. O. Hara for their 


valuable discussions. 
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Electromagnetic Shifts of Energy 


Levels and C-meson Hypothesis 


Osamu Hara 


Institute of Theoretical Physics, Nagoya University 


March 10, 1953 


Since the first discovery of 253—2P3 level shift 
by Lamb and Retherford), and its theoretical ex- 
planation by Bethe”, both the experimental and 
theoretical determinations have been improved con- 
siderably. The most recent values are*)»4) 


Experimental ; 
S71 = (1057.77+0.16) Mc/sec. 


(1) 
Sp = (1059.00+0.10) Mc/sec. 
Theoretical ; 
S7q= (1057.19-+0.16) Mc/sec. 
(2) 


Sp = (1058.49+0.16) Me/sec. 


Although the agreements seem rather striking, the 
remaining discrepancies are well outside the estimated 
error (the experimental values are about 0.5 Mc/sec. 
larger than the theoretical ones in the case of 
hydrogen as well as in the case of deuterium), and 
the explanation has not been given within the frame- 
work of the current quantum electrodynamics. 

In this connection it seems of some interest to 
examine the effect produced by the C-meson field, 
which was proposed by Pais»), Sakata, and the 
present author® to solve the divergence difficulties of 
the self-energy problem of charged particles. 

The C-meson field produces a short range repul- 
sive potential 

ems 
= @) 


Qe 
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between the proton and the electron’), where y is 
the reciprocal of the Compton wave length of the 
C-meson. The level-shift due to (3) can be calculated 
easily by taking (3) as a small perturbation. Extra 
contributions to (2) is thus obtained as 


ASp= ASp=2a7(A/p)* Ry 
= 3.2 x 105(A/u)* Mc/sec. 


where a, A, and 2 denotes the fine-structure constant, 
reciprocal of the Compton wave length of the electron, 
and the Rydberg frequency, respectively. Therefore, 
by taking 


(A/a) = 10%, 


we can fill the gap between (1) and (2). This 
yalue of (A/y) corresponds to the C-meson mass of 
about 1000 x (electton mass). It is not in contradic- 
tion to previous result of Ogawa‘) who, from the 
analysis of cosmic ray data concluded that the mass 
of the C-meson must be larger than about 500 x 
(electron mass). 

Although the above estimation is very rough, we 
may expect that further experiments would confirm 
the existence of the C-meson. 

The author would like to express his sincere 
gratitude to Messrs. S. Ogawa, S. Kamefuchi and 
H. Okonogi for their helpful discussions. 
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On the x-meson 


Kenzo Inoue 


Institute of Science and Technology, 
University of Tokyo 


Match 25, 1953 


Recently O’Ceallaigh') has found in the cosmic 
ray a new heavy meson (x-meson), which seems to-- 
disintegrate into one charged p-meson and one or 
more neutral particles. He also has found the life- 
time of a new particle is about 10-° sec. As the 
experimental facts seem to indicate us that x-meson 
disintegrates at least into three secondary particles, 
we assume tentatively a following decay mode for 
the x-meson. 


xt pt+ M+ No pt tn9+ +N pt tn + 2%, 


where 1V, VV’, and 4 mean the nucleons and anti- 
nucleon respectively. Though we shall calculate the 
lifetime of x-meson according to the above assump- 
tion by the covariant formalism, here we report the 
results of the preliminary work, obtained by the 
more simple method”), in order to estimate the order 
of magnitude of the disintegration rate. 

The momentum integral of nucleons in the inter- 
mediate states was cut of at (Mc). Ajter the usual 
computation we has obtained the results as follows ; 


a~G2(e,2/4c)2(me/4) 4127242 m4 2M 6(p/p)3!? 


X (fe — Ay — 22/1 (n —2M— ws (Hae — 2M pr — > 
x [(2ppy) 2) (2+ ps) 427 — ay (20) 7/2 w)9/?} 


+27 sin { (2) /(2a+ wy) 1/7] 


where, G is the coupling constant of x-V-p, ¢» 
the coupling constant of V-r; and.m, AZ, my far | 
and , mean the mass of electron, nucleon, z-meson, 
pemeson, and x-meson respectively. 

Using the above equation, experimental value of 
the life of natural decay of x-meson, ¢(=1/¢)~10~* 
sec., and the following values, 4,~1300m, e9°/4c~3,, 
p= 280m, and p; ~ 210m, we may estimate the 
value of the coupling constant G as follows ; 


G ~ 15x 10> erg cm*. 


It is interesting fact that the value of @ has the 


same order of magnitude as the coupling constants 
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for the B-, w-, and forced p-decay, which belong to 
the same types of decay mode as the present one 
for x-meson. 

The writer wishes to express his gratitude to Mr. 


T. Inoue for his stimulating discussions. 


1) C. OCeallaigh, Phil. Mag. 42 (1951), 1032. 

2) M. G. K. Menon, Report given at Bristol 
Conference in December 1951. 
J. Trembley, Report given at Bristol Conference 
in December 1951. 

3) E. Fermi, 2lenentary Particles, London (1951). 


Symmetric Fission 
Tatuya Sasakawa and Taturo Sawada 


Departinent of Physics, Kyoto University 
March 1, 1953 


This is a preliminary report on the theory and 
calculation of fission. Many theories,')—!) being 
based upon the conception of the uniformly distributed 
charge of droplet, has been proposed since the discovery 
of fission. Especially, the celebrated paper of Bohr 
and Wheeler!>* has been regarded as a complete one 
on the subject, and quoted and referred on many 
books‘*)-"8) and papers without any remark. But 
as it seems that their paper made an error in calcu- 
lation, the writers will criticize it in the following, 
shutting their eyes for the. moment to the farther 
problems, for example, of the relation between incident 
energy and mode of fission, incident particle and 
threshold, or and cross-section etc. 

According to B—W, for small deformation the 
surface energy plus the electro-static energy of the 
‘drop has increased to a value: 


ALE s+ n=4n 19 OA? [1+4+2a02/5+5 pa ys Soconce 
+ (721) (#2+-2) Giy.2/2 (20+ 1) Po ] 
+3(2Ze)?/5 79 A'S [1—ay2/5 —10 452/49 —--+-»- 
CZ 1) Gin (2 1) ree ake 
(B—W, 9) 


* 


This paper of Bohr-Wheeler will be quoted as 
B-W in the following. 


the Editor 


This is well. “A more accurate calculation to the 
fourth order in a.” obtained by B—W, is 
AE s+ n=4n re OA2!3 [2 ao?/5-+ 116 433/105 


+101 451/35 +2 ao? 44/35 + 247] 
—3(Ze)2/5 1) AU [as2/5 + 64-a9°/105 
+58 ao4/35 +8 as? ay/35 +5 ag?/27 
(B—W, 22) 


Against (B—W, 22) the writers’) obtained a 
expression 
AEs ¢n=41 19° OA?!® [a —1)(7+2) an?/2(22 +1) 
—4a,3/105—8 a, as2/105 —4 @o"a4/35 —443" 44/77 
—40 ao a42/693 + (3) an2/(2%+1))? 


n=2 


1 
a (1/16) j > a, (dP,/dp)i—p*)*dp| 
n=2 
a 
—3(Ze)2/5 17 AV3 [S35 (#1) an? (2 4+-1)* 
n=2 
+4 as°/105 +6 OxO.4 35+92 A3°G5/735 
+ 60 ag2a/539 +80 a420./693 
= (5/2) (Cm: An?/ (2 at DD 
2 


n=Zz 


+ (45/2) >) >) Gn? Ap?/ (22 +1)? (2m +1) 


nm m 


= (5/4) 102 +n+1)/(2%+1) 


m=2 
+1 
x \ an Palevite Pi) duet (5/8) 
t=2 
-1 


+1 

x j (2a P7,)tdut (15/32) [2)("+2) (7—1) 
= n= 
+1 

x{| Paar Pda, 1) 


=I 
or neglecting dissimilar terms from B—W, 


AE 3+ 4 =41 7792 OA2!3[2 ao?/5 —4 a8/105 
—38 ag!/175+ as] —3(Ze)?/5 79 A'/3 [ag?/5 
+4 ao°/105 — 157 ao4/12254+-6 a@o2a4/35 
+5 242/27]. 2) 


Clearly the coefficients of terms higher than third 
power in a of -(1) or (2) different from those of 
B—W, but coincides with the result of Present and 
Knipp," though the latter gives the coefficients of 
terms with decimals and lacks some terms. 

Another defect of B—W, it seems, is the result 
of (B—W, 23). (B—W, 22) leads to (B—W, 23), 
only if the coefficient of a2 a4 in the bracket of the 
Coulomb terms is —8/35, instead of 8/35. Present 
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and Knipp") has pointed out on this point, though 
it seems that they did not found the origin of the 
fault. 

Whether * (B—W, 22) 
writers feel some incompleteness in the manner of deri- 
vation of (B—W, 23), which is derived for x=1, 
where x stands for (Z?/4)/(Z?/A)1im- 
the fission threshold #y calculated from such expres- 


is correct or not, the 


Because of 


sion as (B—W, 22) or (2) is only of accuracy to 
the number of two or three significant figures, the 
writers propose the relation 


325 


For such heavy nuclei as uranium, the sign of a 
in the nieder saddle point is positive and that of a4 
Thus a tradi- 


a, must also develop a concavity about 


is also positive as predicted from (3). 
tion that “ 
its equatorial belt such as to lead continuously with 
variation of the nuclear charge to the dumb-bell 
shaped figure” is no mote correct. 

If one takes 5.8 Mev for the value of “Hy of 
U9, which is given by the experiment of Shoupp and 
Hill plus the theory of Seaborg,?® 1.5 A1/3 10—' cm 
for the nuclear radius, surface tension coefficient 


becomes 47 792 O=14 Mev. Using these constants, 
g 


a eco Ve ine (3) the expression (2) leads to the values of Table I, 
which show not so different values from those of 
in place of (B—W, 23). B-W 
Table I 
eee 
| j 
Compound , | our B-—W2 20) 

Nucleus % a2 | a4 Ey (Mev) | 27 (Mev) B.E Exp. 
Misc bi 0-717 0.516 | 0.0653 6.30 69. | S48 [5.92 8 
Pa®ss 0.733 0.495 | 0.0616 5.41 1607, 

U*5 | 0.740 0.485 0.0596 5.10 5.0 | 5.4 

U235 0.737. =491 | 0.0608 5.28 5.4 | 6.5 3 
5.8? 

U9 0.727 0.503 | 0.0630 5.82 5.9 | 4.8 | 5.122) 


The last column: Experimental value+ B.E.* 
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Errata 


Principle of Detailed Balance in Quantum Field Theory, K. Goto, Prog. 
Theor. Phys. 8 (1952), 565. The adjoint wave functions of spinor fields are misprinted in 


some places. They must be written as ip always. Moreover we may be allowed to add, 


on this occasion, the explicit definition of them: ¢ should be defined as a contravariant 
spinor (of the same kind’* as #) which is equal to ¢*7, (¢*: Hermit conjugate of 9) 
in our coordinates and transforms as 


P=ep*=$S (Y=SH) 


where ¢ is +1 or —1 for orthochronous or antichronous Lorentz transformations respectively.. 


( dy, is a spinor of the third kind if ¢ is a spinor of the first. kind.) 


On the Meson Wave Equation in de Sitter Space, K. Goto, Prog. Theor. 
Phys. 8 (1952), 672. There are misprints in the sentence lying in the lines from 24th 
to 27th of the right half of p. 674. They should be rectified as follows “Thus S** is 
a special representation of /**, and we can say that if irreducible representations of * 
were seeked for such ones will be obtained, in the same way as in the investigation of 
Kemmer", that give the matrices of (12, a) or (12, b) as the form of /4,2?"—/# A. 


39> 


sen eee 


This note gives a concrete form to 


On the Group of Transformations in Six-dimensional Space, Y. Murai, 


Prog. Theor. Phys. 9 (1953), 147. Figures 1, 2 and 3 (p. 163) should be read as. 
follows : 


Fig. 3 \ 


327 


Progress of Theoretical Physics, Vol. 9, No. 4, April 1953 


On Some Properties of the Interactions between 


Elementary Particles* 


Sadao ONEDA 
Institute for Theoretical Physics, Kanazawa University 
(Received March 6, 1953) 


To secure the sufficient stability of matter, the Law of Conservation of Heavy Particles is 
postulated. From this postulate, a sort of intrinsic charge called nucleonic charge is assigned to every 
elementary particle uniquely (§2). In analogy to electric charge, our law can be stated as ‘he con- 
servation law of nucleonic charge and the properties of this charge are investigated (§3). Availing 
of this charge and recently obtained knowledge about heavy mesons, the possible existence of families 
of elementary particles is presented. Discussions about the interactions between families which seem to 
have primary importance are made in § 4. Bearing the conservation law of nuckonic charge in mind, 
the production mechanism of heavy mesons is analysed, and the necessity of the ordering of the inte- 
ractions between families is stressed (§5). In appendix I, some speculations about heavy mesons and 
in appendix II, the threshold energies for productions are discussed. 


§ 1. Introduction and summary 


From the discoveries by Rochester and Butler”, a sizable number of heavy mesons” 
have been reported. While definite statements do require more experimental elucidation, 
the following established facts seem to be full of suggestion from the theoretical point of 
view. 

(a) While their productions seem to be copious, they have rather long lifetimes <107"° 
sec. 
(b) They may be classified as follows by their decay schemes, 

(1) V’° which-transforms into proton. 

(2) Heavy z-mesons which seem to decay ultimately into 7-mesons or posssibly 7-rays 
without passing through p-mesons. We may have ¢*, v’, t* and y~ in this group 
at present. ; 

(3) Heavy mesons which decay into j-mesons directly. The decay modes of 
x-mesons are reported to be x>+2 neutral particles. 

Confronting with such a many megalomorphs, the first problem will be whether they 
are composite particles or elementary particles. As discussed by many authors, the point » 
(a) seems to make it impossible to treat |" as strong coupling isobar in the usual 
nucleon-7-meson interaction, because it will be difficult to stabilize 1” ° against 7-decay or 


ae = . . | 3) 
y-decay into lower states. The attempts to treat heavy mesons as composite particles 


* Read at the Kyoto Meeting of the Physical Society of Japan, October 31, 1952. A preliminary 
account of the present paper was given in Prog. ‘Theor. Phys. 8 (1952), 255, 568. 
| 
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will be very interesting from the standpoint of uniformity* and simplicity, though our 
poor knowledge about bound states does prevent clear conclusions. Here, however, as 
was proposed recently by Pais**”, we may take an another viewpoint that the point (b) 
will be interpreted to indicate the possible existence of fazilies of elementary particles. 
Indeed the appearance of such unstable particles makes us imagine there are some sorts 
of regularities among the mass spectra and the constitutions of the elementary particles. 
If we prefer to such standpoint, we must look for the substance which discriminates 
these families and for the structures of the interactions between them. In setting up ele- 
mentary interactions, we should, first of all, guarantee the stability of matter. So the 
law of conservation of heavy particles is postulated. From this law every elementary 
particle has a sort of unique intrinsic property called “ wacleonic charge” (§ 2) and 
our law becomes very analogous to the conservation law of electric charge in any reaction. 
The nature of nucleonic charge is discussed in § 3. Every elementary particle can be 
characterized by its nucleonic charge. We call family with unit nucleonic charge as 
nucleon family and the members of it are heavier than proton and must always have 
complex amplitude even when they have no electric charge. The family with no nucleonic 
charge is divided into two families, that is, <-meson family and electron family pheno- 
menologically. These families may be described by real fields when they have no electro- 
magnetic properties. Our present knowledge about elementary particles seems to suggest 
unique statistics to each family. In assigning elementary particles to each family, photon 
seems to play a particular behaviour. Namely, charged particles and neutral particles in 
each family are distinguished by electromagnetic interactions. Recently Nambu® presented 
a proposition that the mass spectra of elementary particles are realized in unit of 137 
m(e"/hc=1/137), where 7 is the electron mass. This proposition seems interesting, 
because all our means to specify elementary particles are electromagnetic and this proposi- 
tion implies close connections between mass spectra and charge which allows its specifica- 
tion. In §4, some remarks are also made about the simple interactions which seem to 
exist between families of elementary particles and to play a role of primary importance. 
Generalized Furry’s theorem is also discussed from the different standpoint. In $5, 
keeping the conservation law of heavy particles in mind the possible production schemes 
of heavy mesons are analysed. The strong interactions for copious productions are liable 
to cause unwanted processes and we may expect to learn the structures of the possible 
couplings between nucleon and z-meson families. It is pointed out that promising pro- 
duction schemes are apt to be pair-cise producton of newly found heavy mesons. So if 
these fairv-zwise productions are not checked, recourse to the models of unobservable parents 
of observed heavy mesons will be needed. In these points, the possible existence of more 
members of nucleon family is suggested. In appendices the possible assignments of spin, 


parity etc. to the 7-meson groups are speculated, and the threshold energies for their 
productions are discussed briefly. 


* 


Heisenberg proposed a model of unified field theory. W. Heisenberg, ZS, f. Naturf. 5a (1950) 
251, 367. ; 


** The aut i i is f i ; : 
uthor wishes to express his thanks to Dr. A. Pais for sending his manuscript before publication. 
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$2. The law of conservation of heavy particles*” 


Nambu et al. and the present author” proposed a theory which treats the ]7° as a 
heavy nucleon and extensively discussed the problem of newly found heavy mesons. Adopting 
the same standpoints as these authors, Pais” attempted the ordering of the various sorts 
of coupling schemes and the magnitudes of the coupling constants introduced there. In 
these theories, attention was given to ¢he conservation of heavy particles**. Here this 
problem will be discussed from more general point of view. In constructing the couplings 
between elementary particles we should, first of all, notice the stability of matter. So far 
as we know, our universe seems to have been stable and no phenomena has yet been 
observed in which a heavy particle has disappeared without the formation of another heavy 
particle and, in particular, the proton seems to be entirely stable. So actually, we may 
not be far from truth, even if we assume hereafter the absolute. stability of matter. That 
is, no reaction should occur which causes the decay of proton or diminishes the number 
of nucleons in matter ultimately. 

As regards the stable particles, which never undergo natural decays, only two sorts 
of them are now believed to be present. One is proton and the others are leptons such 
as electron, neutrino, photon and possibly y’-meson. This fact may be suggestive and 
full of interest from the viewpoint of families of elementary particles in § 3, but the 
possible existence of other sorts of stable particles cannot be denied completely in the 
present state of our knowledge. The observation of some elementary processes such as 
collisions or natural decays of unstable particles will establish the empirical interactions 
between particles participating in these reactions and we have known the existence of the 
various sorts of close connections between all known elementary particles. In our present 
formalism of the elementary interactions, it is possible that two or more interactions may 
couple so as to cause new interaction between some particles and sometimes this interac- 
tion may be observed experimentally. For instance, the introduction of 7-meson-nucleon 
interaction will cause the y— production. Therefore, every interaction which we want to 
introduce should be consistent with each other so as not to cause the unwanted processes. 
That is, they should not destroy some conservation law ultimately and in the problem 
of heavy mesons we must decouple the strong interactions for their copious production 
from the weak interactions for their longevity. As unstable particle will, in the end, 
disintegrate into lighter stable particles, there exist the ultimate interactions between this 
unstable particle and its stable decay products. So if there are no stable particles heavier 
than proton, every unstable particle will disintegrate into proton or stable particles lighter 
than proton. Taking these circumstances into account, we ate tempted to postulate. the 


following ad soc but acceptable conservation law for guranteeing suficient*** stability of 


matter. 


* The analogus results were obtained independently by E. P. Wigner Proc. N. A. S. 68 (1952), 
449, The author wishes to express his thanks to Prof. S. Tomonaga for noticing him Wigner’s work. 
** J, R. Oppenheiner, discussion remark at the Rochester Conference (1951). 
; 


x** Jt may not be a necessary condition. 
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“ Postulaie’’ 
“In every possible interaction scheme between elementary particles* which are not 
heavier than proton, the difference of the number of protons and anti-protons should be 
2? 
conserved 
Consider a certain elementary particle A, and suppose. the existence of the following 


type of interaction is established. 
Az ™m protons+n anti-protons+ other particles* lighter than proton (1) 


Assign a characteristic number 2A=72—7 to A as A (A). 

Then the following consequences will be obtained from our postulate. 
Consequence («) 

The assignment of A-value to A is unique. 

This is because otherwise by the intermediary of A, reactions will occur which are 
incompatible with the above fostu/atc. By the coupling scheme (1). 

Consequence ({?) 

If the field A is described by complex amplitude, the hermitian conjugate field 
A* of A(a) has —A. 

On the contrary, if A is descirbed by real field it will have both signs of 4 and 
cannot have unique /-values except when 2=0. So we have the following remarkable 
consequences for electrically neutral fields. 

Consequence (7) 

Neutral particle which has non-zero h-value could not be described by real 
amphiude. 

For instance, from the decay schemes ]”°-> +77 and /-decay 7 —>p+e +, V° 
and neutron should have 4=1, because 7-meson, electron and neutrino are lighter than 
proton. Then /’° and neutron should be described by Dirac fields. That is, if ° is 
Majorana particle, the decay 1°» £4 77 causes also the unwanted reaction P+/ — z+ +77 
through 17°. However, our postulate will not decide whether neutral particle with A=0 
should be described by real field or cornplex field. Usually, y-ray and z°-meson which are 
shown to have A=O (see (0)) are treated as real fields. As regards the neutrino which 
has also 20, the existence of its anti-particle will be decided by investigating, for instance, 
its electromagnetic property or the phenomena of doudle P-decay which will favour the 
distinguishable or indistinguishable theory of neutrino respectively. 

Consequeuce (0) 

Those particles which are lighter than proton should have A=O. 

This is evident because if A which is lighter than proton has non-zero A in scheme 
(1), this reaction is incomptible with our postulaté. So we can state, 


* In reference (5), we stated “‘ stable particles which are not heavier than proton ” instead of “ elemen- 
tary particles which are not heavier than proton.” Also in scheme (1) we write “other stable particles lighter 


than proton” in place of “other particles lighter than proton”. This -is equivalent in its contents as is 
easily shown by consequence (6). 


’ 
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(0 1) Unstable particles which will ulltemately decay into elementary particles lighter 
than proton will have 2=0: 

Thus, it may be noted that our consequence (0) does not mean that all particles 
heavier than proton should have 4=+=0. It means only that 
(0 2) among particles with A+: 0, proton is the lightest one. 

Note also that the assignment of A does not relate @ fiiori to the spin of that 
particle. For instance, both decay schemes |7°—> p+z2-and At—> n+ p* (of course, this 
decay scheme is speculative) will lead to A=1 for J”° and 4* but they have different 
statistics. Next consider the general interaction A(/,)*2(A,)*C(A,)*....-. L(A) MA, ) 
DAT Ae 85; +/.¢. which is assumed to satisfy the conditions for elementary interaction 
such as Lorentz invariancy, gauge invariancy, etc. 

Conseguence (€) 


This tnteraction is allowed in only the cases when 


— (A+, tA 4 eee Veta AS EA oss. )=0. (2) 


It is clear from the cowseguence (u) that only under this condition our postulate 
is satished. That is, this condition is the concrete realization of our postulate and is 
analogous in its structure to the conservation of charge in any reaction. Note that this 
condition (¢) is also of use to decide 4 of the elementary particle from the known 
A-values of other particles which participate in the experimentally established or assumed 
interaction containing that particle, even if there exist stable particles heavier than proton. 
The electromagnetic interaction gives A=1 for proton. From the above considerations we 


can make explicit decision of A of every elementary particle and 4 may be regarded as 
‘ nucleonic charge” 


‘ 


the intrinsic property of elementary particle. So we will call it as 
in the following discussions, and consequence (¢) is nothing but the conservation of it 
in any reaction. It must also be noted that electrons are also the stable constituents 
of matter. But, at present, besides the neutral stable particles such as 7-ray and 
neutrino no existence of other charged particles lighter than electron is known. So con- 
servation of electric charge and nucleonic charge seem to be enough to prevent the reac- 
tions which destroy the absolute stability of matter. Of course, another stable particle 
which has the same stable properties as proton and electron may exist. In that 
case another 2’ and its conservation law will be required and this stable particle will 
define a sequence of elementary particles which contain this particle as its ultimate stable 


decay product. Our present knowledge, however, seems not to assert the necessity of the 


existence of such sorts of stable particles. 


§ 3. Electromagnetic properties and nucleoni¢ 
charge of elementary particles 
(a) Conservation of electric charge” 
Usually, we postulate that Lagrange function Z of the complex field y under the 


presence of electromagnetic field A, is invariant with respect to gauge transformation 


332 S. Oneda 


p —ta (e A u au(x) 
Tea et ACOA AAC? fend CS cael Sects C ect EF eA apsoness 


where u(x) is any real space-time function and Q is the charge carried by this field. The 


electromagnetic current is defined by 


pe 
j.=i0{at/al-S2-)-e—erab/a{ 3 )p 
There Siies the possibility of introducing additional terms in L which depend explicitly 
on the field strength /,,=0A,/d1,—9A,/dx, and which are consistent with the pos- 
tulate of gauge invariance. The new current vector is J u=Iu—9/04,(0L/0F,,) which 
also satisfies 0/’,/07,=0. 


For spin one meson 9%, 


Ue el to ai Py Py. —GPu Pv) (3) 
: OX, 
and for spinor field ) (f=*7,) 
plete Mh a aie : 
J. =hy+— !—|ororv F1- (4) 
2 Or, 


Note that these expressions cannot be constructed from real fields. Consider the 7-th 


particle with chage Q, in terms of ¢ as a unit. Introduce dichotomic variable J/ for 


each particle; J7=—1 when the particle is absorbed and /=1 if the particle is emitted. 
Define also the dichotomic variable K=J/Q. Thus if ¢,; has A,, ¢,* will have — XK;. 
We use the notation gj’ for y; with A;. For securing the conservation of charge in a 


simple way we may postulate the gauge invariance of the following restricted type. 
‘The Lagrangian of the system containing several interactiuz fields should at least de 


invariant under the following gauge transformation U’ ; 


Ugh 3» ghigikia, 


where « is a real constant.”’ 

The Hamilton function and other measurable quantities constructed from Lagrangian 
will then be gauge invariant in the above sense. Especially, transition matrix 7” which rules 
the reaction will become gauge invariant (/7(/-'=Z7. This means k= >, IZG7=0 
where summation is extended over all particles associated with this reaction. Thus con- 
servation of charge is secured in any reaction. 

(6) Conservation of niucleonic «hare 

In analogy to the conservation of electric charge, our law of conservation of heavy 

particles in § 2 can be stated in another way. 
** Postulaze”* 
(a Every elementary particle has definite value 2 of the nucleonic charge where proton 


has unit positive nucleonic charge (A=1) and other elementary particles* lighter than 
proton have zero nucleonic charge (A=0). 


* It is equivalent if we replace “elementary particles lighter than proton” by “ 


? 


e. stable elementary 
particles lighter than proton ”. 
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(?) The Lagrangian of the system containing interacting fields should be invariant under 
a sort of gauge transformation (/’ 


Uhl = of seis, 
where is an arbitrary real constant and LEGS ALA,. 


From these fostulates (4) and (7) our consequences. (”),(),(7), (01) and (02) 


in § 2 follow at once. Our postulate of gauge invariance requires 
Ds L;= >) MA;=0 


in any reaction where summation 7 is over the fields participating in this reaction. This 
is nothing but ¢he conservation of heavy particles. 
(c) Remarks on neutral fields 

As remarked in § 2, neutral field with non-zero nucleonic charge cannot be described 
by real field. In such case we are forced to use complex field and put electric charge Q 
equal to zero. If the two body decay 1° f+477 is excluded and 7° p+a-+y (v... 
neutrino with /vy77 statistics) is true, this ]”° with integer spin should be described by 
such field*. As is evident from (1), the charge conjugation also means the wzc/eonic 
charge comugation for field with non-zero nucleonic charge. From (3) and (4), 
charge conjugate field (als> nucleonic charge conjugate field when this field has nucleonic 
charge) is also conjugate with respect to the magnetic moment of the particle. (A and 
change their sign. See also § 4, (IV)). As regards nucleonic charge it is not yet 
known which field plays the role of electromagnetic field in the case of electric charge. 
Neutral field can still be discriminated by the nucleonic charge unless it is zero. Thus 
V° and anti-l’° can be distinguished by their decay modes |”°—> p+77 and anti-l/°—> 
anti-proton+7*, Moreover, if }7~—>7+77 occurs, ’~ has unit positive nucleonic charge 
in spite of its wegative electric charge, and it is remarkable that from our consequence 
(e), 1’* will hardly be produced compared with //~ by nucleon-nucleon collisions”, as is 
the case of the production of anti-proton. The same situation occurs in the anti-V° 
production” and we may attribute to this the cause of the fact that no definite examples 
of the decay of /”° into anti-proton are reported. It is quite interesting whether nature 
permits the existence of wewtral Boson with non-zero nucleonic charge (such as V "> 7p 
4m-+v) or not. In the case of spinor fields, consistent with our consegucnce Geis 
electrically neutral neutron has anomalous magnetic moment and should not be described 


by Majorana field. 


§4. Families of elementary particles and 


interactions between them 


So far elementary particles have been characterized by their charge, mass and statistics. 


* In the attempts to intermediate B-decay couplings which are the interactions of the second kind by 
Boson field from the standpoint of yenormalizble theory, same situations .are encountered. S. Tanaka, 


unpublished. 
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Here we refer to the possibility of another phenomenological classification suggested by 
the appearance of the socalled megalomorphs. 
(1) Family of elementary particles 

The law of conservation of heavy particles decides the characteristic nucleonic charge 
of every elementary particle. Then it may,be natural to attempt classification with this 
charge. We have not known elementary particles with |4| >1 and nuclei which have 
4 >1 are regarded as the bound states of nucleons. 

(A) Nucleon family (we call it as V. /.) 

This family is characterized by its unit nucleonic charge. The lightest stable 
member is proton and other members are neutron and |”° at present. As discussed in § 2, 
our assignment of nucleonic charge does not a priori predict unique statistics. But if 
V°- p+ is true, all at present known members of /V. /’. have Fermi statistics. So 
it may be very likely that /V. /. has Fermi statistics as its characteristic. Then it cannot 
contain Majorana particles. Though only small members of this family are known, it 
will be suggested in §5 that the existence of more members of this family is likely. We 
arrange them as /V, (nucleon), /V,, V,... in the increasing orders of their masses. Note 
also that as discussed in the last section one can only get anti-particles of the existing 
members of /V. /., if enough energy is available to create a pair of heavy Fermions. 

(B) Families with sero nucleonie charge (4=0) 

We have many particles lighter than proton which have zero nucleonic charge. But 
the possible existence of particles heavier than proton which still have zero nucleonic 
charge will not be excluded. From the viewpoint of simplicity, the existence of 7-meson 
and t-meson with Bose-statistics and electron, neutrino and #-meson with Fermi-statistics 
seems to make it very desirable that the division of these elementary particles into two 
groups one of which has usc-and the other has /vrmzt-séatistics, may lead to reasonable 
classification. For the present, we shall follow these lines. 

(B.1) 2 -smeson family CII. F.) 

7,(z-meson), 7,, 7... etc. with Bose statistics. 

We imagine that from the believed decay modes, (=, 0, :* and 7* will belong to 
this groups. Transitions are likely to take place between these members (such as T> 37, 
Y—> 7 +7%(or v) etc.). It may be of interest to inquire into the poe whether 
this family has unique spin value and parity (see appendix I) 

(B.2) Electron family (E. F.) 

/,(neutrino, or electron), /,,/,,... etc. with Fermi statistics. 

Also “meson and. possibly y’-meson will be the members of EF. F&.. If our assign- 
ment of statistics is true, VV. F. and E. F. have the same Statistics, but there is remar- 
kable difference. that Z./. may have Majorana particle contrary to JV. F.. Next we 
briefly summarize the known interactions between these families. 

(a) Interactions between V.F. and JJ. F. 
Strong interaction (nucleon-%-meson int teractior.) and week interaction (V° > p+n- 3 


(b) Interactions between AV. F. and £..F. 
Only weak interactions such as decay coupling and #-capture by nuclei (u> 4+ p—> 


Dy gag a > Hee Paya , . , 
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w+). 
(c) Interaction between //. 7. and E. F. 

Only weak interaction (7 — pw + (")). 

The points (a) may suggest that some members of /]. /. have strong interactions: 
(responsible for their productions in high energy nuclear events) and weak interactions 
with /V./". As regards the point (c), it may be possible that in analogy to 7—> p+ 
y(p°) one may expect 7, /,+/, or 7,27,+/,4+4, which will compete with possible, 
transitions 7,—>7,;+7, etc. between 7-family*. The points (b) and (c) may suggest 
that £. /. will interact weakly with both V./. and £. F. and will be mere their decay 
products. But in these points situation is not so clear. If x-mesons which are produced 
rather copiously in nuclear collisions have Fermi statistics (their decay, for instance, may 
be x #+¥ +) there exist, at least, members of &. /. which have, whether directly or 
indirectly, strong couplings with NV. F.' contrary to (b). On the other hand, if the 


decay schemes such as x* 


—>p*+r"4 are true, x becomes Boson (//. I.) and z-produc- 
tion is nothing but the strong interaction (a) between WV. F. and //.F. and the above 
decay which has the form 7,—> /,+7,;+/,, will be deduced from the interactions consistent 
with (a), (b) and (c). Finally it must be remarked that photon plays a particular 
tole. That is, it decides the charge of each family as a fine structure. It seems to be 
the lightest member of //./. (z'->2;) but has fairly large interaction (¢*/#c) with all 
charged members of each family and has spin 1. 

(II) Lnteractions between families 

In discussing the primary interactions between families, we may first of all, give our 
attention to those of the first kind from the standpoint of renorimalizable theory’? or 
to the “dev type interactions from the viewpoint of simplicity**. Here, however. we 
take, for the time being, from the familiarity and phenomenological reasons the following 
interactions as the fundamental interactions. We write V;, ¢, and y, for the members 
of V.F., £. F: and /I. F. ‘respectively. 

(A) Universal Fermi interaction between N.F. and &. F. 

It is quite remarkable that the following various sorts of phenomena can be explai- 
ned approximately by Universal Fermi coupling constant /, 10°" erg cnt’. 3-decay, 
pedeeay, ps--capture by nuclei (“7 +/-74) and possibly x-decay” (x y4(e) +4 v) ***, 
Note also that the same g, will lead to [7°>p4+y7>+» with life-time comparable 
with 7°+4+4+7-. It is hoped that these arguments will be extended to other mem- 
bers of these families with some selection principles. 

(B) “Po” type interactions between NF. and Il. £. 


* Our selection used in §1 (b) may not be adequate if members of electron family other than yu 


exist such as possibly x.meson which might decay as x>ut(¢) + y(n") +y(y"). Then some z; may disintegrate 
into x instead of ». Thus, as a possible first step, our procedure to inquire whether the division by s¢atistics 


leads to families with their own features or not will be justified. 
** By this types of interactions every possible interaction may be constructed by virtual processes. 
***R EB, Marshak and L. Michel, discussion remarks at the Rochester and Copenhagen (1952) Con- 


ferences respectively. 
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Known interactions are the famous nucleon-7-meson interactions G°/fic~1 and the 
weak interactions responsible for [7° p+7° (g°/iic ~10°"). There may be other orders 
of magnitude of the coupling constants. Of course, other sorts of primary interactions, 
such as Boson-Boson interactions “ 0,¢40,"' ot “ 8,¢,2,¢1'' (which are renormalizable) 
as indicated by the decay modes between the members of 7-family, may be considered. 
But it is very interesting to note the combinations of “ Eo” and Universal Ferm: 
interactions might be enough to cause the decays of //. /.. It is remarkable that we 
ate succeeded jin 7° 27 and r—>3z' decays by the intermediary of “ TU o” 
type interactions. Moreover, 7+ might occur through nucleon-7-meson interactions 


) 


and nucleon-//-meson-neutrino interactions with Universal Fermi couplings’. In the same 


way, it should be noted strong “&,W,0,’’ interactions G°/7ic~1 couple with Universal 
Fermi interactions (¥',7;)(¢/,u',,) and lead to the decay 7,—>/,,+/, etc.. Thus primary 
“thio” interactions (such as 7—>y2+V) between //./. and £./*. might not be so 
necessary*. Of course, some selection principles of the couplings between families are ne- 
eded to forbid unwanted processes (see reference‘). 

(Il) Remarks on Pais even-odd rule” 

As stated in (II), typical orders of magnitude of the coupling costant of fundamental 
interactions are known. However, Pais’s even-odd rule, as he stressed, must be regarded 
as provisional and be replaced by more complicated ones, because strong even interactions 
aN tie IVAN 55 IGN Tasco oo and V,NV,7,, M,N ,x, .-. will lead fast decays =,—>%, +7 
M,—>T)+ 7%, Ks—>T,+7, etc. and these rules will only stabilize =, and JV, against 7, or 


y-eustadility. WNevertheless, we seem to have more 7-meson groups which are fairly 
stable. 


QV) Note on nucleonic charge conjugation 

In setting up primary interactions discussed in (II) of this section th? conservation 
of nuclconie charge excludes the possibities such as uw and (PMP y*) (O¢") with 
Li+ 15-70. Moreover, the notion of families of elementary particles seems to prefer 
(PP i3) (hd!) to (PJ) (Cj if’) where L,+L,=0. Thus the interactions we are fond 
of are Piel fig and (PiiV Fi) (Gd') type with /,+£,=0 and we investigate some 
properties of them. Describing the 7-th member and j-th member of ‘nucleon family, 


Ly 
Vir and fs by 8-component spinor oa we define 
J 


n=(}¢ ae r4=(2 =) ee tO 
Der NOL Tie EOP Oe | fe r=(5_;}. 


According to nucleonic charge conservation, our interactions must be of the form 
—- Ti : = Ap 
GE 2eP’\o+h.c. and g(V-'2-") (Gish) hen 


, . . . . . 
whete .2 and 2" are appropriate functions of 7, and c’ is the isotopic variable between 


* 


Of course, it may also be possible that “ UV” and “doe” 


interactions are primar d other: 
. . y and other 
interactions will be deduced from them. 
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#.F. G and g are interaction constants. 
Consider a nucleontc charge conjugation (this is equivalent to charge conjugation 
when field under consideration carries electric charge.), 


VP"VI=CE™ and VE" V I= C18! (P= (P")*y,) 
nites tee 7) 4 eete ad and e, 9G. ee — 1 


Then we get dropping an infinite C-number by usual procedure, 
Ye 2c YE FOr ee 
in the cases; scalar, Pseudovector and pseudoscalar couplings, and 
VENI VV A= — POE" 


in the cases; vector and tensor couplings. 
Next, consider the interchange of the particle 7 and 7. This is realized by 


WOW ar B". 


Using the properties of +;(c2=0,1.2, 3), we get 
Ww yt ti pry yng Fie ye, 
2 2 
WU Oe PEV = VED Bl, WE QTE Wa BD EE. 
Thus our interactions can be written in the form 
GBD) 0+ hee. 


=} 1 GU-" 028° 4 OG WV ERE VAW Fo +hc, 
2 
g (P22 Fs (GQ! s'f) +h. ¢. 


= 1 {g( POP") + Og WV EQ B)VAW'| GR'e'p) +h. C 
24 f 


where 


6=1 when 2=s, pv, ps and t=— 


or when 2=zv, ¢ andate= ts, 


6=—1 other cases. 


Fig. I shows these procedures schematically and arrow fneans the conservation of 
nucleonic charge. These properties of sign changes of the coupling constants under both 
the nucleonic charge conjugation and interchange of the associated members e ne 
family will lead to Generalized Furry’s theorem™ and were extensively used in the discussions 


of 2°27" and c—>37"9" If we take the viewpoint that transitions of 7-meson 
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Figs 1: 


1 
\ 

7a Ly £4, 
' 


j t 


original interaction nucleonic charge exchange of 7 and / 
conjugation 


Fig.) 2: 


groups ate caused by the inter- 


mediary of these interactions as 


a 
-. 


Fig. 2, these properties will give 
various absolute and relative selec- 
ened tion rules. If Majorana particles 
oe Nn = Ades Nn “ i may exist-lin 2. £7; these [pro- 
j h, perties will not appear in such 
cases. 


§ 5. Productions of N. #. and [I]. #. 


In our current meson theory, we have no good tools for strong or intermediate 
couplings and, moreover, there appear many divergences which cannot be renormalizable 
by simple procedure. Our arguments, therefore, are forced to be qualitative or order 
estimations by simple but reasonable procedure. In the following analysis, however, we 
can use confidently the fact that piow is pseudoscalar and pion-nucleon interaction is very 
likely charge independent and the magnitude of the coupling constant G°/fic~1. Heavy 
mesons seem to be produced rather copiously in high energy nuclear collisions. So the 
empirical coupling constants of their production schemes will be fairly large. Combining 
with known strong interactions such as nucleon-7-meson and electromagnetic interaction, 
these interactions for production are apt to cause the 7, or j-instability of heavy meson 
and we may expect to find a clue to the concrete structure of the interactions between 
N. F. and II. F. Our arguments assume that WV. /. and /J. F. have Fermi statistics 
and Bose statistics respectively, but the cases when each family has no definite statistics 
can be discussed similarly with few modifications”. Conservation law of heavy particles 
restricts the possible production schemes and we will analyze each case briefly. 


(1) N+M,—> Nit Ny 
ey, M+ M+N.+ (%) G0), 
ee T+My> m+Ni+(m) G0). 


These fairly strong interactions will couple with large interactions N, N,% ot N,N. r 
) ; 0 4Vo 
and lead to V,—> N,+7,(7) at once, since the existence of Fetmions will not permit 
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selection rules. The order of these decay lifetimes is in general* much shorter than 107"? 
sec. which is the order of decay life-time of 7">p+77. It should be stressed that 


these single production models of /”° are not successful. 

(Ib) N+N>NAN, (+40, j-0), 

(Ib’) +N Ni+m, G+ 0,7 = 0). 
Unless we do introduce strong interactions such as V,V,z, or WV,N;7, etc., we need not 
trouble with the 7 or 7, zvstadility of N, or NV; for (Ib). Pais solved this problem 


by his even-odd rule. But of course, pair-wise prodution such as(JV,, V;) or (JV; V;) 
should be checked by experiments. The case (Ib’) will be discussed in (IIb’). 


(I) Ni +N N,+Nj+7, 
(IIa) N+N—>N+M+n (é--0), 
(Ia’) T+ N—=>Ny+ t+ (7%) (=0). 


In these cases, at least one of the following fast decays is inevitable ; 
T;—> T+ 7+ (7%), Tmt + (7) and 7,27)474+7; 


because as a result of charge independence and ;-decay, conservation of charge is not 
useful and selection rules based on Lorentz invariance and gauge invariance and charge 
symmetry etc.” cannot be enough to forbid all the above decays. So this scheme cannot 


be used for 7,’s which are fairly stable (such as, C=, v’,7*, y* etc.). 
(Ub) MtN> MtNete, GAs £0), 
(1Ib’) Ty sh Pee (7) +NV;+ Tj (2 a Oj 0) . 


If we make /V,J,7,, N, Nim; etc. small by some ordering principles, we need not trouble 
with the 7, or 7 instability of 7;. But these cases are also the pair-wise production of 
NV, and 7,, Further it must be noted that if the same /V, or 7; participate in two 
reactions such as 
Fig 3. NAMA NAN AA; 
NAM Not Nitm 
or N+ Not Nj+% 
NvtM— NotNit% > 


these reactions will also lead 
to fast decay 7,> 7,+7,(7) 
or WV,-> Vz +7)(7) etc. as is 
shown by Fig. 3. 


m,(7) 


* In a special case the use of regularization method for the treatment of the ambiguous integrals from 
the standpoint of gauge invariance and equivalence theorem leads to surprisingly long life-times of the order 
10-19 sec. K. Aizu and T. Kinoshita, Prog:. Theor. Phys. 6 (1951), 63. 
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(IIc) N+tM—> MiANj+Am (0,740, == 0), 
(ic’) t,+-Ny> Nit +e, G0, 7=-0, 24-0). 


: 7 Ar ray be 
These do not cause troubles unless we introduce strong V,\%,7, M,No% etc. 


But the theshold energies will be larger than previous cases. Next we must proceed to 
(IIT) : NAN SN AN AT AT 


but we are interested in the schemes which do without large threshold energies. Indeed, 
if N,(i=: 0) does not play a role in the production schemes, as the schemes (la), 


(Ia’), (Ila), (IIa’) are wrong, we must depend on 
(IIa) M+M > Noto + 7+ 7%; 
(IIIb) T+ VM, +7, +7; 


Tf 2=0 and f= 0, 7,>7,+%,(7) of >) +7) (7) + (7) etc. and Popes ge s 


and isk 7, tO 747,(7) of Mo7mA4+7(7)+%(7) etc. are liable to occur. The 
harmless case is 7=7 = 0, but we must face also with pair-wise production of (7;, 7;). 

In summarizing these results emphasis should be made on the following points. 

(1) Heavy particle conservation law and the 7 ot 7,-dustability of N, and 7, impose 
fairly severe restrictions on the production modes. Single production models such as 
(Ia), (fa"), and (IIa), (II’a) with the smallest threshold energies must be abandoned by 
these reasons. 

(2) Even in the schemes which do not lead 7, or y-decay of MV, or 7; directly, some 
ordering principles of the coupling schemes and their coupling constants are inevitable in 
order to stabilize NV, and 7, against unwanted processes. 

(3) If we reject the possible existences of unobservable parents, we are forced to face 
with the situation that the promising schemes require the fair-zwise productions such as 
(Vij), (Ni 2s) and (,,7,;) with 7=—0 and 7=-0. These should be checked by 
experiments. 

(4) Comparing the schemes (Ib), (Ib’), (IIb), (IIb’) with (IIIa), the existence of other 
members of nucleon family seems to be desirable to lessen the threshold energies. (see 
appendix II.) 

So far, we have no recourse to the unobservable parents of observable JV; and 7,. 
But as discussed above, if pair-wise productions such as (JV,, NV;), (NM; 4) or (,, 7;) 
are not true we are forced to remove to these models. Even in such cases some remarks 
are also needed. 

(a) The strong interactions responsible for the production of parents are also liable 
to cause 7, or 7-2s/abiltty of parents and these compete with the decays of parents into 
daughters we want. To sfadilize parents against unwanted decays still some ordiring 
wager tte will be needed, and the simplest and safest way will be the patr-zise produc- 
tion of parents. For instance, in schemes such as (Ib), (Ib’), (IIb), (IIb’) and (IIIa), 


we can assume that the /V, and 7, are unobservable parents. 


| 
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(b) Next, we set up sfrong interactions responsible for the unobservable Jast decays of 
parents into daughters /V, or 7, which we want. But some selection principles are needed 
to stadilise observable WV; or =; against the decays into unwanted daughters through és 
construcicd interactions. 

(c) The models of unobervable parents have the advantages that by availing of the 
freeedom of choosing the decay modes aad the masses of the ‘neridiate parents, we 
‘can make the production of /V, or 7, take the apparent form of single production and 
can adjust the threshold energies. 

(d) If the unobservable parents of /”° or 7, exist, this parents must belong to WV. 
or //. /.. Thus the models of unobservable parents will inevitably predict the existence 
-of more members of V. F. and //. F.. 


§ 6. Concluding remarks 


In view of our poor knowledge about elementary particles the Preliminary nature of 
our discussions about families of elementary particles in § 4 must be stressed. There, our 
arguments prefer to wuigue statistics of each family. Present experimental facts seems to 
support this viewpoint. This assumption also makes it possible to expect that each member 
of given family will be distinguished from each other through some gvantization process of 
new kind. However, as discussed in the attempts to intermediate /-decay coupling through 
renormalizable interactions, Bosons with nucleonic charge might exist (if |”°->fp+m + 
is true ]”° may be such field). Also the properties of xmeson seem to be enlightening in 
our standpoint. Moreover, we must order the various interactions between families so that 
they may be consistent with each other. So the attempts to get phenomenological 
ordering principles should be pursued*. The increasing number of elementary particles 
and their complicated interactions may rather give some insight into the hidden structures 
concerning with the constitution and interactions of elementary particles. In these points, 


‘we may say “the more, the better’ as regards the occurence of unstable particles. 
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Appendix I. Possible properties of JT. tf. 


Se a pe: 
The decay modes of charged <-mesons seera tc be settled; ct a*+4+7*+4+7* (or 


ct 7 47°4+2*) This implies that t-meson is very likely pseudoscalar”. Then we. 


pn 6 


* Recently Nishijima presented some otdering attempts. K. Nishijima, Soryushirvon Kenkyu (minteo- 
eraphical circular in Japanes:) 5 (1953), 89: 
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may be impressed that two members (7 andz) of //. /. are already pseudoscalar. The 
decay modes of other 7; are suggested to be, 


(a) Ctesatan (7~10-™.sec.), Coa +n (7 AQ sees) ; 
(b) > n= 4nF (c~10-" sec.), (or may be mR OTL) 


(c) yt mite’ (or v7) (¢~10 © sec.)- 


These modes are not so well established and it may be possible that two or more decay 


modes appear with comparable frequency or that there may be neutral counterpart among 


their daughters. As discussed in § 4, if their transitions will occur via “ EE oe” interac- 
tions we may have many competing processes and also expect various sorts of selection 
tules to obtain adequate models. But it may be premature to discuss them in detail’”. 

Among the competing decay modes, the cases which are most dangerous and easy to 
occur will be the 7-decays of the type 7, 7;+7. To fordid these processes completely 
we may be tempted to assume, 
(A) A members of Il. F. have spin 0 

Then 7-decays will be of the form 7,>7,+7+7 or 7; 7;+7,4+7 which will be 
tare compared with 7,— 7;+7 and we may not be so worried about 7-decays. Conversely, 
if 7-decay of the type 7;—7,+7 1s established, this means that //. /. contains the 
particles which do not have sfzv 0. 
(B) If the decays 7;—> 7,+7, occur such as (a) and (b), z; must be scalar or vector. 
To make all the members of //. F. pseudoscalar, the decay modes must be, at least, 
three body decays such as (a) (=> 7r*4r°47°(7) (b’) vo xrt4aF4 7% (7) (c’) 
yr TE+ (wv) + 2°(7) etc. 

Thus definite experimental decisions of decay schemes ate hoped. If is scalar 


o. 
a 
meson, we may explain the remarkable difference of the life-time of ¢* and ¢£° by 


F : ; 0 + -- Se a = aati, , 

assigning decay schemes; (°—>*+77 and (= —> ct47°4+79 For this purpose we 
take € meson as sca/ar meson with scalar coupling with certain member of WV. F 
(such as nucleon). Moreover we make ¢° have c, and 2° have rs. Then Generalized 


> ‘ D ate =e —~ : 
Furty’s theorem will forbid ¢*-> 7*+7° as a lowest order process which may. otherwise 


occur similarly to ("+ 7++ 27 As Brueckner and 


‘ 18 . 
Fig. 4. Watson" suggested, we may attribute £°—> z*++ 77 to 


bh strong meson-meson interaction and deny ¢°. Finally, in 
S$ 4 we discussed the possible decay schemes x*—> joa 


oh i A . 
+7’ +v which might be desirable to make x belong to 


N. LN; Sg 
N; M -£. Such decay modes will be deduced by the 
2 e schemes shown in Fig. 4. But we must order 
es, Ni Sc = . a7 : 
N, Ny ~y PP sg, and LZ dh’ suitably in order not to cause 


see oe s 
\ the faster processes than x*—> uw +7°+y or the other 
unwanted procevses. ™ 


t 
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Appendix II. Threshold energies for the production 


of N. F. and //. 9b’. 


We write the production reactions in §5 as M,+1/—> M+ M+.... Denote the 
masses of JZ, (incident nucleon or 7,-meson), J7 (nucleon in target nuclei) and 7, 
(member of WV. F. or /I.F. produced) as 77%, m and 72; respectively. The threshold 


energies required for production reactions are 


E[e,=1/2m-| (Sy)? — (my + m)"\ + O/2n? +f (S0;)? — (ne +m’) | 


=1/2m?- VQ. 2m + O){ (Sami? — ym)? (Som)? — Om— m4, 


where Q is the kinetic energy of the internal motion of nucleon in the target nuclei. 
First of all, we shall show the orders of the magnitude of £ in the promising but 
pair-wise production schemes. For brevity we put Q=0O (nucleon in target nuclei is 
rest) and take approximately 777,,=180077, 72;y)=22007, 17,,=8007, 772,44=1500m 


and 772,.0== 30071. 


NM+N V+ V%, #=0.9 Bev:, (Ib) 


yt Nel 4K, aa alee Oe (Ib) 
Ni +N oN, 4 V4 7, eee ne ape ge (IIb) 
tN V4 Ry +R a pecans (ub) 
NAN OM tM tet Gnas Be ayy, ND 
+ N=>N + 1,4 Tp Seppe ee (IIIb) 


It may be noted the schemes (Ib’) and (II) require smaller ene enters than 
schemes (III). Thus the appearance of /V;(7 == 0) in the production oe seems to 
be convenient to lessen the threshold energies. If these fair-wise productions are not 
favoured by experiments, recourse to the znobservable parents must be made. Eo 
we may regard the above reactions as the productions of parents and Sie V° and 7, 
by the unobservable parents N,! and 7’. One of the members of the Pe — decay 
into JV, or 7, and the other into vdservable N;,(such as V’) oar quickly in order to 
pretend the form of sizgle production. Thus by choosing suitable modes gate 
decays we can lessen the threshold energies. For example, take V,(7,) +V,>;' (7;') 
+4’. To lessen the threshold energies as far as possible, we may take the 
unobservable fast decays as Vj (7,)--N.(%)) +leptons and Nj N, (such as V )+ 
leptons. Then the threshold energies ‘ecome comparable with those of the- reactions 
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Ni (™) +MeM(%) +N; (such as V’*). (When V,;=V'°, Ey,~ 0.42 Bev. or Ex 
0.26 Bev). If we take into account the kinetic energy O of the internal motion of 
nucleon in target nuclei we can further decrease the threshold energy. Of course, as 


noted in $5, some ordering principles are needed to make these procedures without 


: ft / : 
contradictions. It must be stressed that in these cases also /V,’and JV,’ belong to Fite as 
The author is indebted to Mr. B. Sakita for his numerical calculations. 


ip) 


18) 
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On the Electron-Neutrino Angular Correlation 
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The electron-neutrino angular correlation functions are calculated for the allowed and first forbidden 
transitions in the Fermi theory of beta decay taking into account the effect of the nuclear charge. The 
interferences which arise due to squaring of terms in the interaction are worked out perfectly. The 
Majorana theory is also handled for the allowed transition. The differences observed between both 
theories are not so serious. The experimental data of P*? are consistent with the tensor interaction. 


$1. fntroduction 


There are five relativistic invariants of the interaction Hamiltonian in the theory 
of beta-decay. Recently several efforts” are concentrated to diminuate this arbitrariness of 
the types of the interaction. The main tool of these arguments is to find the certain 
nuclear matrix elements which make the Kurie plots straight. But the, straightness of the 
Kurie plot is not so sensitive’ to the change of the correction factors that we can 
diminuate the arbitrariness of types of interaction not completely. The other one is the 
8-7 angular correlation which is more effective than the Kurie plot but not sufficient to 
our purpose. 

A latest proceeding of the experimental technique makes the measurements of the 
electron-neutrino angular correlation possible” which is most effective to decide the types of the 
interaction. For example, in the allowed transition it is definite whether 0—-0 transition is 
S or V7 and 1—0 transition is 7 or A when the spin changes of the nucleus are well 
known by any other method. In spite of the extreme difficulties of the technique the 
experiment of c-Y angular correlation will be widely done in near future. This is ne 
ptincipal motive by which we calculate the ¢-» angular correlation functions W (0, W, Keys 

In the approximation Z=0, Hamilton” calculated W3(0, WW’, K) up to the first 
forbidden except the interferences between two types. In the approximation v7< 1, 
Greuling and Meeks® calculated %(4, 17, K) up to the first forbidden except all the 
interferences in the same types or between other types. 

Therefore we calculate YS(0, I’, A) by its present formulation for the allowed and 
first forbidden transitions including all the interferences in the same types and between 
other types, and taking into account Ye effect of the nuclear charge perfectly. For the 
second forbidden transition the calculations will be easily performed ‘when they are neces- 


sary. It does not happen the interference between two nuclear matrix elements which 
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belong to the different eae The Majorana theory* is also handled in the case of the 
allowed transition. The differeces observed between both theories are not so serious on 
the limits of nowaday experimental technique. 

The data of P® that Scherwin” explained as the first forbidden are consistent with 


the allowed and tensor interaction. 


§2. Theory 


In this section we introduce the forms of the ¢-» angular correlation functions 
YO, W, K) which are convenient in the cases of the mixed nuclear matrix elements. 
Mainly we follow the peocedures of Yamada and Morita.” 

In the -decay of the Fermi theory an antineutrino disappears, (this is equivalent to 
creation of an neutrino), and an electron appears the same instant, then the nucleus 


i 


changes /, 72,4 —,/’, m',u'. According to the usual quantum mechanical considerations 


the transition probability /,,,,, is 


mm 


Pim = lees; ne | fT | a, J, mt) ? (igss 


where /, 77 and « are the total angular momentum, its s-component and other quantum 
numbers of the initial nucleus respectively, and /’, 777’ and wu’ are those of the final nucleus, 
/7 is the interaction Hamiltonian. © indicates the sum over the spin of the neutrino, 
(in the case of 7 *< 0, where the spin of the electron can not be a good quantum number), 
or the sums over the spins of the neutrino and electron, (in the case of 7Z=0), but 
without the integrations over each of their directions because the energies of the electron 
and the neutrino, ]/’ and 4, and the angle 7 between their directions of emission are 
known by the experiment. 


From eqs. (5), (6), (7) and (8) of YM the interaction Hamiltonian is 


L 
pe PX ATS? ele 
Bg AML Pew Ad. @ 


The notation is as follows: NX, are vector operators for the nucleus, A, for the electron, 


ga indicates the sum over various irreducible tensors retaining the Z constant, S} indicates 
L a L 


the sum over various ranks / of the irreducible tensors, Y);y, are the polarized solid 
harmonics, a[ 7(X;)] are numerical coefficients. 


Pm (8, W, K) =S | _ By WX) (JL | ILI!) Y* sx (Az) |? 


=DCJimM | ILI !)S\ S | al TX) MX) Y* py (A) |? 
77, (X;) 


+ JL | JL, Sn) (JLynM | JL, fm!) SY Pee Ac 
LyL4 V1 (X%) Tr9( XG) 


* The existence of the Majorana particle is somewhat doubttul®, but we do not enter into this discussion 
- : t 


** The constant factors are dropped, and the natural units are taken hereafter. 
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x {a*[T(X,) Jel 7X) ]Me* (XM (X5) Yer (Ay) Yiom* (Aj) +c.c.}, 


(3) 
with 724+ M=n! 
The notation is as follows: (/J/mM|///'m!) are real numbers and called the trans: 
formation coefficients for the vector addition which vanish unless m+ M=m', and this 
shows the selection rule for the magnetic quantum number. i(X,;) are complex 


numbers and called the reduced nuclear matrix elements. SY SY excludes the square terms. 
TAOXD Tie 2(-X;) 
Eq. (3) is somewhat different to eq. (10) of YM where the first term of the last 


equation includes the interferences in the same rank. To the contrary all the interferences 
are included in the second term of the last equation of eq. (3). 

We do not distinguish the magnetic quantum numbers of the initial and final 
nucleus so that /,,,,’ is summed up for the final magnetic quantum numbers 7’ and 
averaged for the initial ones 7. The total transition probability W,,,, is 


WA, W, K) eee S Pont (4) 


+ 1 mm 


Using the properties of the transformation coefficient and |” function the eq. (4) 


is simplified. 

SW (abe 5 87) V (abe! ; oBy") = 8,8 q1/ (2641), (@4+6 Se >| a—4|,e>|7)) 

i V (acd ; uy) =(—1)**°*°V (abe 5 uf), 

(JimM|JL Jnl) = (1) (27 +1) VSL 5 mM nl), 

Hence 
SLM | JL, J 0!y (JLynM | JL, J) 
-si( 17" (271 41)2V JL 3 mM ml) (1) 2]! 41) V LJ mm) 
= (2f'41)(—)E SVL: m—mt Mt) VI! Las m— nt M) 
= $715 (2)'+1)/(2L,41). (5) 


Therefore the interferences between different ranks all vanish as same as the case of the 


correction factors. From eqs. (4) and (5) YW is as follows : 


; 2 ef aL ai Pe ‘ogi ; He.€ Me (X70 ais (0, W, KY 
WY, Wile fay 2 Pty, it a ) (Xi) Tr Xt) 
4 2+) Baty ’ Lin 

2/ET eB.) T(X3) 2L+1 


m*CX,) MCK)S) K* (6,1, K)+ec}, (6) 
{a*[7(X,)] [7X] XY M AK) BES) cick 


where 


gy (0,W, K)=S Yim(A)Yin(A;) including i=]. (7) 
T7( Xs) T7,(X3) 
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and YW are called c-v angular distribution functions and e-» angular correlation 
functions respectively. 

Next we calculate the explicit forms of the e-» angular distribution functions defined 
by eq. (7) and we do not formulate the relation between 5¥¥, so that each 77 is 
calculated and summed up, then YX is found. 

% are obtaind by an analogous method for the correction factors of -decay or 
B-ray angular distribution functions i. At first we calculate the matrix elements of the 
interaction Hamiltonian corresponding to the definite change of the magnetic quantum 
number of nucleus. We denote them with /H/,,,, where x and sz are the quantum 
numbers of the emitted electron. //,,, is obtained by extracting the corresponding 
parts of the concerned nuclear matrix element from the entire matrix element of the 
interaction Hamiltonian. 

In order to do this procedure the following simple relations of the solid harmonics 
are available for the first forbidden transition. 


Yio(-A) Yio( B) = (1/ 6 ) Yoo A, B) + (1/3) (A-B), 

Yar (A) Ye B) = (1/2) {/ V6 ) Yoo A, B) £19)(A x B) — (2/3) (A- B)}, 
Yrs: (A) Yoo BB) = (1/2) {A/V 2 ) Yess (A, B) £294-(4 x B)}, 

Yio(A)Y 1B) = (1/2) {C/V 2 ) Yous (A, BY FAY-11(4 x B)}, 
Yrai(A) Vier CB) = (1/2) Youo(A, B). (8) 


The first two equations are already used in the calculation of /-ray angular distribution 
functions 77°, of YM. 


Neglecting the common factors the asymptotic wave function of the emitted electron” 


g=>5 Ve Pe Don (9) 


nym 


Yxm ate the parts containing exp(7ér) of the asymptotic forms of the eigenfunctions. 
We construct ¢*% from eq. (9), sum over all the neutrino states and compare with 
eqs. (7) and (6), then the 9! and QW are obtained. 

If we replace @ with @j72,{d2,, W become the usual correction factors where the 
parts with z’=z of #*W only remain as the results of the otthogonality of #,,,. In wr 


. , - . “i 
the cross parts with x’=-x all remain so that the calculation of %¥ and QW are tedious. 


To avoid a cumbersome calculation we assume that the neutrino mass is zero, and take 
+) 


that the direction of the emitted neutrino is %-axis, then average on the surface of the 
nucleus, 
The f-r istributi cies i 
(ray angular distribution function 7}! for any nuclear matrix element containing 


7 (Dirac matrix) is obtained from the one for that without by replacing A’ (neutrino 


energy) by —A. But in the case of the e-» angular correlation functions wr for that 


with and without 3 we replace K by — X if A axe in the even power term of cos 4 and 
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replace A’’s sign if A are fulfilled by both conditions that the power of cos @ is odd and 
the power of XK is even. In the case of 347’ for the interference between two nuclear matrix 
elements with and without 7, these considerations are not available. 


The phases of the nuclear matrix elements are described in YM. 
¢ 


§ 3. Results 


Using the method of § 2 and the /?-ray interaction Hamiltonian in the Fermi theory 


Fig=A,St+AyV+ApL+A,A+ApP, A; are. real, (10) 
we obtain the ¢-y angular correlation functions. 
1) Allowed 
a) scalar 
IW, s=|M(F)|2{Z,—24, cos O}. (0S) 
b) vector 
YB p= |ME(1) |? {2,4 2A; cos 6}. (OV) 
c) tensor , 
Wo r= | MEI) |? {2+ (2/3) A, cos G}. (OT) 
d) pseudovector 
Wy a= | WEG) |? {Z.— (2/3) A; cos G} . (0A) 


Interferences do not exist. 
2) First forbidden 
square terms 


a) scalar 
Wis= [We (fr) aA (1/3) K°L,+ (273) KN. —(2/3) KL 2+ 2L,+ My} 
“3 {— (2/3) K*A,— (2/3) KM;; ite (4/3) KLyo+ (8/3) Nio— (4/3) Ap 
— (2/3) Mi} cos 84+ 2K Ly, cos” a). (1S) 


b) vector 
Wy =| Ma) 7, { (1/3) APL — (2/3) KN + (2/3) KLy.+2L,+ My} 


4+ {(2/3) K2A,— (2/3) KN + (4/3) KEyp— (8/3) Mint (4/3) Ae 
+ (2/3) Mi} cos 9—2KLy, cos’ ]-+ |M(a) |?{Z,— (2/3) A, cos Die. AAV.) 


c) tensor 


VW p=| MPO) |? [{/9)K'Lo+ (2/3) KN, + My} 
4+ {— (2/9) K°A,— (2/3) KN 4+ 2M,} cos O] 
4 | MPa) [24 Lo + (2/3) 4s <os.9} 
+| M(Po xr)? [4 (1/6) K 'Lg— (2/3) KN, + (1/6) KLyo+ (1/2) Ly, + MG} 
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+ {(1/3) 2A, + (1/3) KL (2/3) KN — (4/3) Nw (1/3) A, 
— (2/3) m;} cos 0— (1/2) KL yy cos? G] 
+ | MBE) 2] (4/12) K2L y+ (1/20) KLyot (3/4) Li} 
4+ {4(1/30) KA, + (1/2) KEy,+ (3/10) A,} cos O= (3/20) KL,9 cos” O]. 
(1T) 
d) pseudovector 
We ~=| M(o-r) |? [ { (1/9) K°L,— (2/3) KN + MG} 
+ {(2/9) K7A,— (2/3) KN — 23} 008 9] 
+] M75) |2{Zo+ 24, cos 0} 
+ | Wax)? [{ (1/6) A°L, + (2/3) KM, — (1/6) KL,.+ (1/2) 2,4} 
+{— (1/3) K°A, + (1/3) KD,.— (2/3) KN, 4+ (4/3) Ny. + (1/3) Ag 
+ (2/3) M,}cos 9+ (1/2) AL,, cos” 4] 
+ | M(B,;) P[ {(1/12) APL— (1/20) ALy.4+ (3/4) LZ,} 
+ {— (1/30) K2A, + (1/2) AL,.— (3/10) A,} cos 8+ (3/20) KL yy cos’ (4A) 
e) pseudoscalar 
Ws -=| MeCG7,) |? {LZ)—24, cos 6}. (1P) 


interference terms 


f) scalar and tensor 
Wise= M*(F) M(B x v) +-c.c} [ {LZ,—I} 
+ (2/3) {KDy5+ KNy,—Nyo+ MX, —A,} cos 6] 
— {0 (Gr) MR Ba) +e} { (1/3) KZy+ Mo} 
+ {— (2/3) KA, + (4/3) L,.+ (1/3) W,,} cos 6]. (1ST) 
i), scalar and pseudovector 
Wrsa=— LM * (Sr) MG x 1) +e. .}[ {(2/3) Ko + (1/3) KLa4+ Le + MS} 
+ {—(2/3) KLin— (2/3) K Ny + 235} cos 0 — K Lis cos? 0}. (1SA) 
h) fects 
Wryr= UM) Ma) tech {1/s kom} 
+ {(2/3) KA, + (4/3) Ly + (1/3) N,}c0s 4]. (1VV) 
i) vector and tensor 


Wirr= UM (9°) NM (2a) a Gch [ { (1/3) Kigge 4 
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+ i— (4/3) Li— (1/3) Ni} cos 6] 
+ AME (7) MBO x 9°) +c. c.} [ { (2/3) KN." + (1/3) KLg— Le — Me} 
+ {(2/3) KL + (2/3) KNG+2N 3! cos 0— KLa cos"0 | 


—{M*(a)M (Bo x 2°) +c. c.}[ 1(G/3) AL; —N;5} 
+ {— (2/3) £34 (1/3) Ny} cos 8] 
+ {M* (a4) M (Pa) +c. .} Ly. (1VT) 
j) vector and pseudovector 
Wir a= {eM (1) MG x vr) +c.c.}[ {Z,—M} 
+ (2/3) {KL + KN, + Nio— M+ A,} cos 0] 
+ {WM* (a) Mo x 7) +c. ¢}[ {(1/3) KZ, +} 
+ {— (2/3) KA, 4+ (2/3) Eys— (1/3) N,,} cos 6). (1VA) 
k) tensor 
Wier=— {M* (Po x 1°) M(Pa) +c. c.}[ {(1/3) KL,—-M,} 
+ { (2/3) KA, + (2/3) Ly.— (1/3) Nj,} cos 6]. GED) 
1) tensor and pseudoscalar 
Wor =— EM* (Go-1) M75) +e.c.} [ {(1/3) KL, +N} 
— {(2/3) KA, + N,,} cos 6]. (1TP) 
m) pseudovector 
Baa — AEM* (75) M(O-1) +c. c.}[ {(1/3) KL,— Mp} 
+ {(2/3) KA,—N,,} cos 6]. (1AA) 
n) pseudovector and pseudoscalar 
Wrap = EM* (F-1) M(F7,) tec} [{(1/3) KL — My} 
+ Nj, cos 6] + {M* (75) MECF5) +.c.} Lo. (1AP) 


The Z;, M7, and JV; functions are given by Konopinski and Uhlenbeck". The Z7, 
M,; and NV; functions are given by Smith'?. The other functions have to be introduced 
as follows. The arrow in each case is an approximation good for u7<1. It should be 
noted that the suffixes of f and y are quantum numbers x. 


fan Er) Hla ND2p 6 ta2.) p 
é Qn 470 3 


Nx =( ras ry Fi fr— Gar) 9-5 —0;) _ Pep 
Oe 4p 203, 3 
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faAg=s sin( 0_,— Woe IS» sin (0, —9,) eure Pre pa ae 
‘ } 4 ee Re HS ow 


N.=(2F \é — 


4 m0" 


tae (L ry Ghia pda ae = P i 
ma rae Arp 3W 


wy=(2F ig (ffi t 911) sin( d_,—9,) pie Pp Dee 

MNGi any 3W 

Now Pp F iP f_9-2sin(0_,—9_») + 91S sin(4,— 0.) ee Pe ae 
: PGs Ane? 3V 2 


—f Bp\7! g-xfecos(0_1—%) —fig_2008(4;— 9-2) _,_ 
ye( Lp Helier 8) =f | 
arp 2 3 


P Pr i Jats cos(0_,— 9) + fi J—» 608 (0; — 9-9) 
470 


ja( fry’ tabs) b, 
Fs 2 


; =—(LF “? g_of, sin(O_»—9,) 25 Pe ; 
= 27 470° 181V 


2m Arp? 27 Ag see ae 


A. =( ios Bi 7 fa gi sin(0_,—4;) Pons Pp ae” fe Lp 


Therefore in the approximation uZ<1 f), g), ....-..-. n) become : 


f’) scalar and tensor 


Wi sp= {EM* (Pr) M (Bo x 7) +.c.c.} |- Bes (1 rr es — Der J (p+ Keos 0)| 


— {2M* (Br) M (Ba) +c. c.} 


ALE p leg eae i ; 
«| sae ary, cos) + : (K+ Pp cos @) A (p+ Kcos @)}, (1ST) 


g’) scalar and pseudovector 


( 2Z? j 
WH — AN* GYM(G x7) + cj ie ee aS cos )}, (1SA)’ 
im V P 


h’) vector 


Wipy = (Wer) M (a) +c. c.} 


ao (. % eS le ? ; 
x ip i af 0) + (K+ pe sf) Dien y ee cos a) |, (1vv)’ 


i’) vector and tensor 
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Wi pp= (EM* (PIM (Ba) +c. c.} — - + = (K+ 7 cos @) 


+ {2M* (v)M (BO x 7) +e.c. {— Bgl eal 2 Ags | 4 
(ry) MF Dire c.cs} ear aa lH (K+ / cos aI 


— {M* (a) M (sox) +0} 124 1.4 1 (x 
{M* (A) IMG ) +e} | wet Ir (K+ pcos 0)| 


+ {M* (a) M(Pa) +...) (1/W), (1VT)’ 


j’) vector and pseudovector 


Boy = M(H) M(Gxr) +e. 6} {— £2 (1-4 cos #)- % 2. p4 Keos 6) 


40° 3W 30 W 


+ {M* (a) M(T x 1) +c.c.} 


aZ p a : p : 
a 1 6 ra I i] ey oe ee ee if] , 
{ 20 ( Sa cos ae : (K+ cos 0) iE (£+ K cos yt, (1VA) 


k’) tensor 


Ws op= — {M*CPa) M (Po x 7) +c. ¢.} 


se ea Oe Bob ic p E 
ee (a+ ii cos 0)+ : OT cos Orta cos t)}, (1TT) 


l’) tensor and pseudoscalar 
Wire = — {iM (Bo -r)M(F75) +c.c.} 
pe ee a ac ; 
x{ iF (1 cos) + ; (K+/ cos 6) aw (p+Koos0)|, (1TP) 


m’) pseudovector 


Wua=— {2e* (75) M(G-7) +c. c.} 


GZ p a vad : s 
| if ese 0)+ = (K+p cos Ee (pp +K cos at, (1AA) 


n’) pseudovector and pseudoscalar 


: eee. 1 1 5 
Wrae= UIM* (Gr) M(fys) +6.¢.) ie + one (K+ pcos @) | 
+ {M* (75) Me (Ars) +0.) 1/7). (1AP)/ 


The square terms are as same as given by Greuling and Meeks.” 
The case where neutrino mass is hot zero is handled by the approximation P=) 


only for the allowed transition in the Fermi and Majorana theoties. 


354 M. Morita 


3 i] 
TByy= [MR(P) Pj ——_ PES _}, 


WK—em,my, 


d 
Wy =| Mea) [241+ —_ S08 _|, 


WK—en1,71, 


: . 1 pocosf | 
MW, =| M( Lo “1 = esse = 
oe A EME ae 3 WK-—em,m, } 


= Ra te 1 pq cos | 
Se ile (oy i ——— —_ = —_—}, 
Bra 1A) 3 WK—s:myn, 


whe re 


€==1 for Fermi theory, 


2=0 for Majorana theory. 
Me =1, pHevwW*-1, gqa=v K>—wm’,. 
The differences observed between both cases is not so significant because of #7, <0.057,.'” 
In spite of the several studies” on the determination of the interaction types we 


take only the well known Fierz condition which excludes the mixtures of S and V or 


if and A. 


§ 4. Comparison with experiment 


) 


Scherwin” measured the angles between the emitted directions of an electron and a 


neutrino by the coincidence experiments of the /-ray and the recoil of S® nucleus. The 
results are in Figs. 1,2, 3 and 4, where 

He=3150 is equivalent JV=2.2, 

He=2150 is equivalent W=1.6. 
He assumed that the transition is first forbidden and parity change yes, and calculated 9 
with the results of Hamilton. His conclusions are : 
if P* has spin 1, 

\Poxr; Wr1+ (4/3) cos 0+ (1/3)cos°@ is preferable, 

if P*’ has spin 0, 


(7,5; B=1+ cost) 


C 


and 


(6-7; Wr1+cos are preferable, 


and in these cases §-spectrum shapes are shifted within 4% from the allowed shape 
But it is seemed that we should make the Kurie plot more straight. Also the 7=0 
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¥) Fig. 1 Curves of % of P® for 
the first forbidden transition. 
Hp=2150. 
I: Sa, 
Il: \Box7(Z-0), 
III: Sy;, §o-2(Z=0 and 
Z+0) 
three curves are not dis?in- 
guished, 
IV: \Soxr(Z=0) 


The experimental values are 


given by Scherwin.”) 


ae 20° 40° 60° $02 100°, 
——__~. 


Angle between electron and neutrino 0 


Fig. 2 Curves of % of P® for the 
first forbidden transition. 


He=3150. 

I: {fa, 

Il: §foxr(Z+0), 

Ill: Sys, §o-r(Z=0 and 
three curves are not distin- 


guished, 
IV: §Boxr(Z=0). 


os yae 40° 60° 80° 100° 
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Fig. 3 Curves of % of P*? for the 
allowed transition. Hp=2150. 
Pil ses, 
TTRIV 205i: 
An arbitrary normalization is 


taken in each curve. 


Hp =2150 
GUS sO” LUO- 


Fig. 4 Curves of %8 of P®? for the 
allowed=transition. Hp=3150. 
I, II: (ae, 
IMM, NZ Wine 
An arbitrary normalization is 


taken in each curve. 


f7p =3 150 


oc 90° 40° Ae : = 
. ; : HOS S05 HOS 
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approximation is crude one*. If «47< 1 approximation is taken, Scherwin’s results change 


as follows (See Figs. 1 and 2): 


(Poxr; W~1+4+0.57cos6 (W=2.2), 
Wa1+0.51cos? (W=1.6), 
(o-r; QW is almost as same as the case of 7=0, 


7,3; YW does not depend on Ls 


We assume that the transition is allowed because of the experimental spectrum. And 
as in the present situation the experiment is very difficult, it is seemed that the sign of 
cos 4 is only probable. In allowed transition 7” and 7 which have the positive sign of 
cos @ are drawn with arbitrary normalization (two curves per each type and each energy) 
in Figs. 3 and 4. According above considerations the curves are well fit to the experimetal 
data. It is correct that S® has spin 0, and P® has spin 1 probably, so that the interac- 
tion of f-decay is tensor. But if P® has spin 0 it is vector. Recently it is indicated 


that tensor is preferable in the case of He®.® 


If the measurement of the ¢-» angular. correlation is performed in 0-0 transition,” 
we will decide S-7-P ot V-T7-P as the interaction of /t-decay perfectly. We hope a more 
developement of experimental technique in these region. The analysis of these combina- 
tions is proceeding by us. 

The author wishes to thank Professor S. Nakamura for criticism and encouragement, 
Mr. M. Yamada for valuable discussion. He is also indebted to Professor T. Yamanouchi 
and Mr. M. Umezawa for their kind guidance and to “ Yukawa Yomiuri Fellowship” 


for the financial aid. 


* Although Z-+0 calculation was not published at the time, 
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A theory of antiferromagnet based on Heisenberg model is developed by a method which is much 
more directly the analogue of the original Bethe method than Weiss-Li’s. By the present method, 
the calculations can be carried out over all temperatures. Especially, the situation at lower temperatures 
which is obscure in Weiss-Li’s papers is made clear. Thus we can see that an anti-Curie point which 
Anderson has proposed, does not occur, if we calculate the density matrix of a cluster exactly without 
the perturbation method. By considering only a small cluster, being characteristic of the Bethe approxi- 
mation, the long wavelength spin waves, which are important at lower temperatures, are excluded, so 
that the magnetization of the sublattice is completely saturated at O°K in just the same way as in the 
Ising model. It is shown that, in the Bethe approximation, Curie point of antiferromagnet is higher 
than that of ferromagnet, for the same magnitude of |_/|. 


§ 1. Introduction 


) seem to 


The results of neutron beam analysis of various antiferromagnetic substances’ 
indicate that we can rely upon the Heisenberg model of superexchange interaction 
with sufficient accuracy in the theoretical treatment of antiferromagnets. Theories of 
antiferromagnets using Heisenberg model have been developed by Kubo ef a/.” and Li” 
respectively. The former is an expansion method of the density matrix of the entire 
crystal using the general expansion theorem introduced by Kubo, while the latter is the 
application of Weiss method”, in which the internal field parameter is determined self- 
consistently. In contrast to the Bethe approximation in classical systems, in the Heisen- 
berg model, owing to the non-commutability of the operators, there are several possibilities 


in introducing the internal field, besides Weiss-Li’s one. Here we shall develope the 


‘theory based on another alternative of introducing the internal field. Which is the best 


will be made clear in future, when the rigorous solution is obtained. The present method, 
however, is much more directly the analogue of the original Bethe method than Weiss- 
LA's, ‘since the molecular field introduced in the present method acts only on quantum 
mechanical averages instead of changing the eigenstates of the cluster such as in Weiss-Li’s 
method. At present we can only remark that in every method we must make some as- 
sumption when we represent the effect of surroundings by the internal field. The accuracy 
of our assumption may be of the same order as that of Weiss-Li’s. In practical evaluation, 


however, our method is far feasible to mathematical manipuration than the rests. The 
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calculation at lower temperatures which is unsurmountable owing to the mathematica! 
complexity in’ Weiss-Li’s, can be carried out in our treatment. Anderson’s remarks’ on 
anti-Curie point, using the perturbation treatment of the Weiss model, are not appropriate 
for our case.. Indeed, in our treatment there can be found no anti-Curie point, in fair 


agreenent with experiments. 


§2. The outline of the method 


According to the Heisenberg model, the partition function of the antiferromagnetic 


crystal, with no external magnetic field, can be written ; 


—— > S; S f 2 
Lee 2) eae (1) 
where Sj, represents the spin operator of the £-th atom, | /| is the superexchange integral, 


B=1/kT, 3} shall mean that the sum is carried out over all pairs (4,2) which are direct 
(4,0 


neighbors. The lattices to be considered in this paper are confined to those which can 
be divided into two sublattices a@ and &, in which all the nearest neighbors of any site 
(a- or d-site) are on the other sublattice (d- or a-site). The crystals which break these 
limitations cannot be ordered antiferromagnetically, and therefore will be excluded in our 
consideration. 

If we take traces of the density matrix (1) about all the spin variables except those 
of the central atom on the a-site (,) and of 2 neighboring atoms (S;, 7=1, 2...... 2x), 
the reduced density matrix can be written in the form; 


2n 


Alf |B SSonSe). 7 ; ; 
é i=1 Dihe Os fe Sg Sin), (2) 
where /(S,, S,,...,S.) is a complicated function of the spin variables S, and S,, expres- 


sing the effect of the surrounding, and we can assume that the function can be expanded 
in power series in S, and S;. This function is, of course, symmetrical about the 272 
spin operators of the d-site atoms, but the expansion coefficients of them are, in general, 
different from that of the central spin. Further reducing (2) about the spin operators 
except those of the central atom (S,) and of one é-site atom ( 


tion function of one pair of spins in the following form : 


see |7| B0So, Ss) 


S,), we get the distribu- 


[1+a(S,°+8,"4+S,°) +a’ (S;° + Sj’ +8) 
+8 Si'S3' + 8.183! + S585) +c( 8,78, + SYS 4...) 
+c! (S,"S7 +.8,78)! + =) + cae 


From the symmetrical considerations we can conclude that q—a’. 


: C=C but these 
relations are 


insufficient to determine all the expansion coefficients. Therefore, giving 
up treating this expansion faithfully, we assume that it can be written in the form 


BSzH ei Ke 
e . Here §* is the s-component of the resultant J-site spins, and ZZ” is the 


internal field acting on the d-site in the s-direction, which is to be determined  self- 


i 


¥ 
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consistently. Here and henceforth, the symbol 7 stands for a magnetic field in gauss 
multiplied by “4, where 4, is the product of the Bohr magneton and the Lande ¢-factor. 
Thus the partition function of the system consisting of the central (a-site) and its 
nearest-neighbor spins (we shall call the system the a-cluster) is given by 
r == vf Ss ’ S Sz77b 
Zp 21T | BS 8) See 


(3) 


Thus from our standpoint, the density matrix of a@-cluster in Bethe approximation consists 


of two factors. One is e 2 lf! B(So, 8) 


BS2H% 


i.e. the Hamiltonian of the cluster and the 
other is ¢ , the effect of the surroundings is taken as a statistical factor. 

When the uniform external field 7, is acting in the ¢-direction, we must add 
—(S,;°+S8*°)H to the Hamiltonian of the cluster, and the partition function of a-cluster is 
—2|/7| BCS, S)+B(So7+S2) 7% BS?” 

é ; 


So eetpoe (4) 


Similarly, for the d-cluster 


—2| /| B(So. S)+B(So7+S7) Hy BSH 
e ; 


sgt ga (5) 


i ie Z a = b é Sz H Sz Ha 
These partition functions are different from Li’s in that oP or e 


is separated 
from the first exponential factor. Our density matrices are not hermitian, but the trace 
of them are equal to the hermitized operator 


é 


— { So, S + B(S 7 +82) Z% S21" 
1 (e 2 |/ | BUSo S) oe ) 0B 4 
2 


BS?” -——2 al (So; S) TE Se ees 
é 6 


Following Weiss and Li, we use the representation system in which the superexchange 
interaction term of the cluster is diagonalized. The basic functions of this representation 


are (we assume each atom has only one magnetic electron) 


ga co etek (6) 
ce Mabe AY Seo EEG 
aan e541 mo] Beet 


) 


where v, and /%, are the spin functions of the central atom, 6, ” are the spin functions 
of the 2” resultant spins, and (6) is the recurrence formula for increasing spin one by 
one. .S is the total spin quantum number of the outer atoms and 7 is the magnetic 
quantum number of the cluster. Using (6) as the basis of representation, we get 


Pd 1S -mFy) 0 


—B(—|/|\(S+)—mAo) |° (7) 


~2 | J | BCS. 8) +8 (So? + $2) Zo _ | 
(a = 
0 e 


S2H? ; : ; : : 
Since hi does not commute with the expression (7), the representation of which 


is not diagonal, that is, 


% 
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me Me ; ee oo y Fs 4n0* 
2S+1 2 (2S+1)* 
S= : | (8) 
see) A GA Ne ee ed 
2 (2541)? 2S+1 


The eigenvalues of the operator (8) are, of course, 72 ae 
Z 
Now, let J’ be any operator having 7 eigenvalues 7;, that is, 
Il, T—T;)=0 


and (7) be any function of J’, then f(T’) can be reduced to a polynomial of 
(z—1)th degree as follows : 


JOE) = ID a ee | (9) 
where A; is defined by 
ees gy ; (10) 
T(t=2,)—. - =a 


Making use of the relation (9), we get 


pSeur A H70( m3 ) a see (m+) \ $4 | Be m— 2)( m+) 
Dy 


After all, 
oie |7 | BUSo, S) +8080? +82) BSzH> 
é 


aS ae H fl 
Pere) ae a i ch PE |, oe 4 
mp? ae : : 
e (a eel 
Sean , page alae ie 5 + ch se 
z D, 


DSeoaL 


(12) 


The non-diagonal elements are not explicitly written down, because they are unnecessat y 
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for our calculations. The non-diagonal element a ia Ant 
(2S+1)? 
eliminated in the expression (12), which is the reason why our calculation is far simpler 
than Weiss-Li’s. 
The density matrix of the cluster is the direct product of the expression (12), 
and, taking the trace of it, we get the partition function 


in (8), has been quite 


1 
s+ HA fi 
es n 2 mBH” —B\ J S m LL i E 
Z,= dj (S) | x ots Sea bet = Zs A : ) 
S=0 Pac 2) 2541 2) 2 
ea HT | FA 
2 rh | aS 70 FL : ; 
A mbH +B) 1\ (S+1) + Bm EAE Bree ie -)}, 3) 
or 1) ‘2541 2 2 


Ail) Loe GERI eS AC Eee (24) 
3 (tS)! (v7—S)! (7+S4+1)! (a—S—1)! 


(13), of course, contains a characteristic of the lattice type, but it is obtained in the 
closed form for any crystal. 


§3. The transition temperature, the specific 


heat and the susceptibility 


From now we shall confine the calculation to the case of a simple cubic lattice. The 


partition function of the cluster is, from (13) and (14) 


Z,,=10 ch Pe +18e°%\"\ch pH? +20) 46(—28"" +e%\7') x 


‘ b 
x sh (Hf? — Hh) sh ee 


Deke =. Veh 
+18(e3l71 etl) ch FC? — Hh) ay 10:2" | ch( 2H? +2") 


b 
4 (— er"! ae) fete (H?—Ah) gee (2+ 3ch BH?) 
2 


i b pokes —38 FI 
+20 (e717) 4. 6% wy) ete (A? — fh) ch PU ch Bi +2e IY! ch A(3 Hy + =e 


Se 


b - x 
Tce (a | oil) sh-2 (HP —H,)sh P22 (—1 + 16:ch BH} + 20 ch*BH?) 
7 22 2 


b 
42 (ele pe) ch (Hp—H,)h PE (1 + 4ch'P/1/’), (15) 
Zz, 


where 


Hp Hy, (16) 
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and quite similar for 7,. Though ///’ and //," have the physical meaning as the sum 
of the external and internal fields, here they play a role as a selector of the spin of the 
outer shell. 7%, also can be regarded as a selector of the central spin. Thus the 


‘magnetizations of the central and outer shell atoms are given respectively 


mitt (—F log aa : (17a) 
t 0 
fe) i. 
8 pt log Z, Jie (17b) 
B ( 0H; 
For the d-cluster 
ne = fe ( log Z, ine aed (18a) 
f : 0 
mm = Spek 2, ees : (18b) 
t of ; 


Or, one can get the magnetization directly, without evaluating the partition function 


2 —. tr. Size? ah BUSo S) + BSo7 : eBbS*H° 
719° = Py So = My 


=== E 19a) 
tr. ee [J B(So, S) + BSo7 Ao x pS?" : ( 


tr. S%o— |7| 8S S$) + BS? Hy BS*H? ; 


7) a) 
Ae a a { * << 
m Le --2| J | B(So, S) + BSo?% ~PS*H” 


(19b) 
Chae 
If the density matrix commutes with S,° and S*, the expressions (17), of course, give 
the same result as (19). But even if it does not commute with S,° and S*, both ex- 
pressions give the same results. The proof will be given in the Appendix. 
The requirements of self-consistency are expressed as, 


a 1 b 1 
My = —m" ,  -~m,?» =—_m’. 20 
: 21 ; 2n ( ) 
These equations have two solutions W“=//*, and “= — Ff’, and the latter is the 
stable one. From now we shall write H*=—//°=/{ For the simple cubic lattice, the 


equation (20) is rewritten explicitly 
sh BAT[ (15 e~*'7! —6 e!!) + (14-4ch BFL) (6e7*8171— g*817\) 
+ (—2+4 ch 8H+12 ch*B A) e~*'7'\]=9. (2h) 


At higher temperatures (21) has only one real root ZV. =0, but when the temperature is 


lowered below certain point, there appears non-trivial root A/ =: 0, which makes the free 


energy minimum. This temperature is interpreted as the Curie point. Therefore the 
Curie point is determined by 


ise 84/1 4 39 e Bel Sly 14 2 3Re Jing AeIJ\_s5 eho J |l_o, (22) 


a 
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In Table I, the Curie tempratures of various lattices are listed. For comparison the 


results of Li and Kubo ef a@/. and Opechowski are shown. According to our results the 
two and three-dimensional lattices can become antiferromagnetic. . 


Table I. The Curie point of different lattices. The numerical values are those of £7"./|_/| . 


present authors Li Kubo Opechowski 
(The fourth approximation) 
Linear chain a = 1.387 0.313 
Quadratic layer 1.582 —_ 2.073 0.439 
Simple cubic 2.618 2.004 2.710 ; 0.654 
Body centered cubic 3.636 3.18 3.278 0.613 


If we treat the ferromagnet by our model, every lattice has no Curie point. It is 
concluded quite generally that in treating both ferromagnet and antiferromagnet by the 
models of Weiss-Li’s and ours, the antiferromagnet always has a higher Curie point than the 
ferromagnet, for the same magnitude of | /|. For, in ferromagnet the lowest energy of 
the cluster is — /S, while in antiferromagnet it is —|/|\S+1). For the first, second, 
ay , excited states antiferromagnet has lower energies than ferromagnet. This is the 
reason why antiferromagnet has a higher Curie point. In this point, the quantum- 
mechanical Bethe’s method gives quite different results from those of the Ising model. 
As wili be discussed later, at extremely lower temperatures antiferromagnet has larger zero- 
point energy, and the treatment of only one cluster becomes very poor approximation. 
For the discussion of the Curie temperatures, . however this zero-point energy matters 
little, i. e. treating one cluster becomes a good approximation, the above conclusion that 
antiferromagnet has a higher Curie point seems to be correct. In most real substances, 
the magnitude of | /{ is much smaller for antiferromagnet, so the Curie temperatures of 
which lie lower than that of ferromagnet. 


The internal energy £ is given by 


aM 6(142 ch BA) (e-F! — 2814") 


£6(=4--2'ch PH+ eco eH \ (er?! 7!—c*2") 
412 (1-4 ch BH+4 ch’'BH+8 ch'BH ) (e741) ] 
7 
= 1 pun 8), (23) 


and the specific heat is 


C= APN || 
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The Curie point is the branching point of the partition function so that the phase change 


is of second order. The discontinuity of the specific heat is 


Beak fn 3H E23 56. EN. . (25 
Bes ee ie ery ce oe 


a 


This is larger than Li’s value 1.0 2£/V. 
If we expand the susceptibility above the transition point in terms of 2, it coincides 
with the result of Weiss-Li’s. This fact is derived from the general theorem of the 


density matrix”. 


Consequently the paramagnetic Curie point #, which is defined as the 
crossing point of the asymptote of inverse susceptibility at 7—>co and of the abscissa in the 
1/y—T diagram, . coincides in both methods. On the other hand, as can be seen from 
the Table I, the Curie point is higher in our model, so 6/7), is 1.15 which is less than 
1.50 of Li's. The experimental values are often larger than these. But taking into 
account of the fact that the experimental values are derived from the inclination of the 
susceptibility little higher than 7), and that almost all the antiferromagnetic atoms have 


larger spin values than S=1/2, this disagreement is not unsatisfactory. 


§ 4. Considerations at lower temperatures 


Using our model, the calculations can be carried out exactly to the lower temperatu- 
tes. The internal field is given by 


ch pu [= (6271414 g-83/ JI 293141) 


ai (7e- 8 A Gen 28 il Oe 884 a 18¢78i71 
+ 1— 1268! 4, e812!) 47, (26) 


In Fig. 1 the temperature variation of the internal 

field is shown. The field increases monotonically 

as the temperature is lowered. This implies that H 

the magnetization of the sublattice increases mono- ab 

tonically, and there are no anti-Curie points. t 
At very lower temperatures the susceptibility 

in the z-direction varies as 


Hii oc eT COnst/aT (27) 2, 


This temprature dependence is different from the 
results of spin wave theoly, y,,oc 7? and of the 
classical theory, y,, 0c 7. 0 ! 2 3 


Near the 0°K, the magnetization of each Ea, ch 

Si ati J| 
sublattice is given by Big. 1.5 207 | oe ear 
diagram. Curve (a) simple cubic 


lattice, (b) body centered cubic 


Hig OE — comet e. Ble) (28) 
2 lattice. 
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This shows that the magnetization of each sublattices saturates completely. The situation 
is similar to the case of the Ising model. But in the quantum-mechanical antiferromagne- 
tic system, the state in which the each sublattice is completely saturated is not the 
eigenstate of the Hamiltonian and the above result is incorrect. As Anderson pointed 
out, the reason for this is that in considering one cluster only, we omit the effect of the 
long wavelength spin waves, which plays a dominant role at lower temperatures. The 
action of this long wave is to decrease the magnetization of the sublattice. As we 
exclude this long waves, we get the saturated magnetization at O°K. This is the weak 
point of our model. é 

Anderson’s remarks on the Weiss’ method, saying that the exclusion of the long 
wavelength spinwaves is the cause of the appearance of the anti-Curie point, are difficult 
to understand. His reasoning ‘is the following”: It is only through the medium of 
thermal excitation overcoming the tendency towards preferential alignment by /7” of the 
outer atoms of the cluster that the Curie point occurs. As the cluster size increase the 
states become more closely spaced and thermal effects become more important relative to 
the perturbation by //’. Thus the anti-Curie point tends to disappear. On the other 
hand, our opinion is that the long waves oppose to the tendencies towards preferential 
alignment of outer atoms and also center atom of the cluster, so the solution of 


Wig nt always exists below the Curie point, that is, an anti-Curie point does not 
2n 


occur, and the exclusion of the long waves works so as to make the sublattice magnetiza- 
tion greater than the real case as shown above. 

To the authors the derivation of the anti-Curie point by Anderson seems to be 
questionable. As shown in Fig. 1, the energy due to the internal field becomes com- 
parable with the exchange interaction energy at the immediately lower temperature than 
the Curie point. Probably this is also true for Weiss-Li’s method. So Anderson’s 
method treating the internal field as the second order perturbation will not give a correct 
result. In our case, the off-diagonal elements of S* do not cause the effect, so we cannot 
discuss the perturbation treatment in the same way as Anderson does. His perturdation 
treatment, however, utilizes the Weiss’ fomulae which are the power series of the molecu- 
lar field divided by the exchange integral. In our case, if we do not calculate density 
matrix. of the cluster exactly, but expand it in the power series of the molecular field, we 
can follow the same procedure as Anderson’s, and obtain an anti-Curie point. This 
shows that the perturbation treatment is not allowed for. 

In conclusion the authors wish to express their gratitude to Dr. R. Kubo who has 
kindly criticized the work in letters, and also to Dr. P. W. Anderson who communicated 


his opinion in detail and commented on our work. 


Appendix 
Since §(S,7 +S8°)H, commutes -fith 2 | 7|2(S,, 8) and B.S°77’, we can write the 


density matrix (4) as 
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o7 2/7 | B(So S) , BCS0* S*) Ho+ BS*H? 


= 9-2) B(Sw» S) , ,BSo* r+ BS*H1?, 


Further we hermitize it as following : 


seks wee: J \B (So, S) PS? ot BS=- Lif" .* (BS0° 40+ BS*H3” neu S| BCSo oy , (A.1) 
2 


If we regard (A.1) as the density matrix, no changes occur in the results of this paper, 
because the trace of (A.1) is the rame as that of (4). 
Let the eigenvalue and the normalized eigenfunction of the density matrix (A. 1) be 


denoted by ¢ Ben and ob, respectively. Then (17a) is given by 


Dae is Ws ener ( BE mm 
m= a3 lig She, Py A ee : oS) 
B OlAs n ws e —BEn 


While, (19a) can be written as 
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TS (Gn, Sete 4 
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> 


if 
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(A.4) with /7,, 
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SF 3 Hn > = oe 2!.7 | BS Sag e BSo° Hot BS* 77? 
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1 ; me 
a is hermitic so that the second term of (A.5) is equal to val a. ly ots) 
m\ 2 " Of 


and cancels out with the first term as follows ; : 
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5555) S . Se z » 
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After all, from (A.5), (A.6) and (A.7), we get 


OF, oe 


y ihe oe En 
51(— 22 ea Bide” 


(A.8) 


This shows the identities of (17) and (19). 
Similar proof can be obtained using the perturbation method. 
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The Hamiltonian of the system, consisting of the electron assembly and of the lattice ion assembly 
interacting with each other in the crystal, is studied, by making use of a kind of a canonical transforma- 
tion, called Bohm-Pines’ transformation. Under our interpretation deduced from the results of this 
treatment, Frohlich’s theory of superconductivity is regarded as reasonable despite of the important objec- 
tion raised by Wentzel and others. Futhermore our approximate treatment is quite accurate in the one- 


dimensional case, and this fact possibly-seems to suggest that our treatment is tolerably well also in the 
three dimensional case. 


$1. Introduction 


The problem.of the interaction between the electron assembly and the lattice waves 
in the crystal, on the-ground of. which Frohlich” and Bardeen’ once tried to discuss the 
phenomena of superconductivity, has been often argued recently”. At the same time the 
treatment of Frohlich and Bardeen has been often criticized”. Though some objections 
have been raised on the perturbation calculation in Frohlich’s theory, no inspection has been 
made on the starting point of his theory, viz. on the starting Hamiltonian of the system 
in his calculation.. Hoping that this kind of inspection may also be instructive, we have 
studied this problem by basing upon the method of the collective description of the electron 
assembly Bohm and Pines” recently studied in the case of the co-existing electromagnetic field. 
In our case their electromagnetic field is replaced by the vibration field of the crystalline 
lattice or in other words, we deal with the lattice phonon assembly instead of that of 
photon. As a result, we arrive at a clearer interpretation of the calculation by Fréhlich, 
and in the light of this interpretation the above-mentioned objection proposed by Wentzel 
and others seems not necessarily to attack the essential weak point of Fréhlich’s theory, 
which therefore is considered to remain to be réasonable. A 

In § 2 we discuss the Hamiltonian of the system consisting of the electron assembly 
and of the lattice ion assembly interacting each other and establish a simpler form for it, 
on which we have exclusively our arguments in the following paragraphs. 


of a simpler form is formally the same as Frohlich’s, but the interpretation seems to be 
different from his. | 


This Hamiltonian 


In § 3 we apply Bohm-Pines’ transformation, a kind of canonical transformations, 


to 
this simplified Hamiltonian, where we pass into the 


scheme of the second quantization of 
the electron assembly for the purpose of automatically taking into account the Pauli principle. 
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In § 4 we perform the perturbation calculation to the Hamiltonian resulting from this 
transformation and on this basis we examine critically Frohlich’s theory. 

In §5 we apply our method to the one-dimensional problem which can be solved 
strictly by Tomonaga’s theory as shown by Wentzel” and show that consequences 
of our theory coincide just with the strict one as regards the one-dimensional problem. 
Furthermore we make comments on Wentzel’s criticism pointing to the unreasonableness of 


the perturbation. 


In § 6 we conclude our theory summarizing the main points of our considerations. 


§ 2. Hamiltonian of the system. 
Hamiltonian of theesystem consisting of the electron assembly and of the lattice-ion 


assembly interacting with>each other is in Hartree units, 


Ham SUA o—M) + LBW Ke) 


ej 


Seip V(R.—k;), (2-4) 


where J/ is the mass of ions, the Roman and the Greek indices refer to electrons and ions 
respectively and where 1, and I, represent their cartesian coordinates. Introducing a 


fictitious potential (7, we may assume the following form : 


a ——234,+ Sto(", =) + UDO (Ba) — U Be)} 


t>j 
g0(—- 4,4. WO (R.)} + UV (Be~ B), (2-1') 
a 2M o>B 
where T (RB) =sUr—R)e(ryar/Se@)ar, 


\ ? (1) dr=J. 


The quantity p(”) represents a total distribution of all electrons, /V in total, ahd 
therefore the last two summands of (2-1’) represent the Hamiltonian of the system of ions 
interacting one another immersed in the sea of this electron distribution. Tea of 
Hamiltonian possibly leads to the state of motions of the ion system where each ion oscil- 
lates about its own equilibrium point; the range of oscillation will be very small on account of 


the large mass M. ; 
If wewrite FR for the equilibrium value* of R, and use the normal coordinates, 


we attive at the following expression of Hamiltonian, 


. 0 2 > 7 
* The value BR. is determined from the equation, ‘ee {W U(Rz) +z (Ro—F)} | 


oh 
R,—R, =0. This value can be adjusted by means of adopting an appropriate static electron distribution 
(Mate ae # 


(rv), and this does not feel any effect coming from the diference between the static and the dynamic distribu- 
oe om to the interaction between the electron assembly and the vibration field. 
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Hadi tu(r)} +e") 
i>j 


z 


1 a) fe) OT os re ; 
431sg,- V(r, ihe-9,) + ( ——— ——- - —— + 9 - 25-m) , (2-2) 
22M, V;,.(1;) exp (2 r,) 3 2M ay 84, z Te" © x) 


where 
= N-*D exp (=ik- BY): (B,— BL), 
u(r) =U (r— RY) —U (RP )}, 


V0) =N-# Dexpl—ik- (#— RO) VU (r—RO) —T (RY), 


Q,= 2S N*VV.0 (RO) +311 —cos(e- (RO RL))} 
MN 8 
x Wise VRY —f°). 


We omit unharmonic terms and terms of higher than the first order of gy; which 
have the meaning of the collisions of the lattice waves by the intermediation of electrons. 
We shall neglect the transverse waves only small interacting with electrons and also neglect 
the static lattice field ~(9,) acting on the electrons and the Coulomb interaction between 
the electrons in order to simplify the problem. Then we have 


i eas | ole Wie a6 
fee eT repay 
Dias Ke 2M d0%90K 2 fb ) 


+ D191 Ve (Ts) exp (2k-7,), (2-3) 


where g;, is now only the coordinate of the longitudinal wave and 23. is one component 
of the original dyadics, 23. This Hamiltonian coincides formally with that adopted by 
Frohlich. We must now ‘all the readers’ attention to the following fact: ‘ the frequency 
of the lattice wave actually observed is that of the vibration under the dynamical influence 
of the electrons in motion and not the one, 2,, of the vibration in the sea of a static 
electron distribution o(”)”. The difference between the dynamical and the static influences 
of the electron distribution is prominent on’ account of the fact that the state of the 
electron assembly is extremely apt to adapt itself to the displacements of the ions. We 
can not regard that 2, in the equation of the form (2-3) is the frequency actually 
observed. Bardeen" noted this fact, but seemed not to try to clarify Fréhlich’s theory to 
discuss the objection raised by Wentzel. 


§ 3. Bohm-Pines’ transformation 


The presence of the virtual frequency 2, does not 


. please us from the physical view- 
- point. We can eliminate this by makin 


g use of the canonical transformation of the same 
sort, by means of which Bohm and Pines” studied the collective description of the system 


consisting of the electron assembly and the electromagnetic field interacting with each other 
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If we neglect what Peierls called “‘ Umklapprozesse” in the same way as Frohlich 
did, we can rewrite Eq. (2-3) 


eet 2, HS ,,) 
23 I 2M 00700 2 


+ Cran exp (@h-7;), (2-3’) 
iF 
where the constant (}, is the mean value of 1%;,(1;) over the entire crystal. We now 


pass to the formalism of the second quantization, which affords the facility for introducing 


automatically the Pauli principle of the electron assembly into the theory. Then we obtain 


Ha ai n+ SF ie nt On O1) 
Ie Dd k $4 


+ SA ek byt by, Bi + by 64+ GEb_E) (3-1) 
a Oy, 


Cy oye “ 
Shape ye Tue (Qicsk An Ont Cie sn OK Ce in)'s 
I Ie 2 Muy, 


where 


1 
Vk= qr Tome /2 Mw, (S1. ce b= x.) 


Oj 


and aj and a, are the creation and the annihilation operator on the electron state of the 
wave number K. Here we have introduced a fictitious parameter «,, which value is to 
be determined appropriately afterwards. ; 
If we pass to the new variables according to the canonical transformation, 
an=e “Ax ae 


k bt *k iS 
aie SAT a 


(3-3) 


Cie By of, 
| bkae® By a, 
the Hamiltonian HT of eq. (3-1) also passes to the new 26, as follows. 
H=e* 4 ys 
=H, 
—i[S, ]+%; 


16 fs, #]—s, %i)+ 4% (3-4) 
Zz 


where 
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=H, +H, 4+ Ho, 


Hy= yy Ae Ant > ‘ (Bt B, +B, Bt), 


j= =))>) Ain Ax (B,+*,), 


aaa 
es Sane (BEB, + B,B* , + BEBE B,B*,). 
k Wy, 
The generator S of this transformation will be so chosen that 
—i[S, #,]+,=0, 
so that we get 


L 
Ax +h AK Li, 


Sibi Cre ( Ak +k Ax Bigs 


=2 
Kk V2Mup, K. k me ia 
Z 


-+ (3+5) 


— OK Keke 
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We then arrive at the result, 


rapier hava 
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The terms under the sixth line representing the multiple collision between electrons and lattice 
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waves ate quite small of the same order as those which was neglected on the way of 
deriving the Hamiltonian (2.2), and therefore these also are to be neglected. After neglec- 
ting this we determine the parameter w; by the equation,* 


fe On =i pee Su ha 
40}, 4Mu,. 1% /4 = ; 
; we a4 (K-k—w,)? 


-_Af- A,=0. (3-7) 


Then we arrive at the final form of hamiltonian 


H=>\* + ee SA SEES : | Ae ae 
RE eel a ee yaoi 
ae Os 1 is . 
S} ee A Ao Ae Ae (3-8) 
(K-h + 5 r= oj, 


+3) 28 (BE Bi ABs Bid. 


The terms in the third line are capable to be regarded reasonably as the Hamiltonian 
of the actual lattice waves, whose frequencies «, have the relation (3-7) to the virtual fre- 
quencies 2. Thus eq. (3-8) contains no more non-realistic quantity such as 2,. The 
terms in the second line give the immediat interaction energy among electrons themselves, 
and there contain no operators representing the states of the lattice waves. It is our con- 
clusion that Frohlich, who adopted the actual frequency in the Hamiltonian of the lattice 
waves, was not allowed to use the immediate interaction, of the form (2-3), between the 
electron assembly and the lattice wave assembly, instead he had to adopt the interaction 


among electrons intermediated by the lattice waves such as the terms in the second line 


of eq. (3-8). 


$4. The interpretation of F rohlich’s theory 


The Hamiltonian (3-8) is separated into the part from the electron assembly and 
that from the lattice waves. We have require to study only the former part. 


If we now take into account the spin suffices /, po’, we can rewrite this as follows, 


a 2 Fe 
Heav{i+3Se PORT ot | Ak, » Ax, ¢ (4-1) 
Be ae ge eee, 


~ 2 il ; ; 
+37 23 ee BE Ae 7p! Aic+n,p Ak,» Agr, yr 
Kp Kip kk 2M (K-k+ ee Phe: wre 
2 


* Therefore wx depends on the state of the electron assembly. Strictly speaking, wy is not a classical 


quantity but a quantum one, The error, however, committed in regarding this as a classical quantity would be 


negligibly small, 
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If we carry out the perturbation due to the perturbing term in this second line, we 
obtain the exchange energy, in the first approximation and then the correlation energy due 
to the polarization from the higher approximations, quite similar to the case of the usual 
Coulomb interaction. If we stop at the first approximation and neglect the higher terms, 


we have the approximate value,* 


B=yifars ey ee Sa 
K Kk IV (K-k+ zs \yrP—a, 


where f(A) represents the number of electrons having the wave number A. 
On the other hand, in manipulating the Hamiltonian of the form (2,3’), Frohlich 
obtained the perturbing energy eigenvalue in the second approximation, as follows** 


B= Sy ae 80) 
Kk MY, Frey ke TG 
5 
HS : — f( K+k) f(b). (4-3) 


Kk 


M (K-h+ =) hee 


The second term in this expression is coincident with that in (4-2), if 2), is replaced 
by «;,. The difference between the virtual frequency, 2;., and the actual «,, is important. 
Frohlich appeared to give no detailed considerations as to the quantity 2, in the expres- 
sion (2-3’), and, owing to the ambiguity arising from this indifference, his theory incurred 
the censure by Wentzel and others. If the theory is inspected on the line of our considera- 
tion, it is free from objections of this kind, as we shall see in the following paragraph. 


§5. The one-dimensional problem 


According to Tomonaga’s theory? the electron assembly in the one dimensional space 
can be substituted by an equivalent phonon assembly. Wentzel” studied the one-dimensional 
problem by utilizing this circumstances. In this problem the Hamiltonian of the system *** 


** This perturbation is equivalent to the calculation that we put ©%=2}) in our canonical transforma- 


tion. Then the left-hand side of (3-7) can never vanish. This state of affairs presumably gives rise to im- 
portant disadvantages, and makes the theory confronted with the objection as pointed out by Wentzel. 
*** A renewed notation will be adopted in this paragraphs viz., 


in the preceding paragraphs | Kyk | OR | 2: Ce/Oe 


in this paragraph | 2Qz, | Wx! | O; | ca? kL] (xM) 


where 7 is the length of the linear box. Please do not confuse especially the new and the o 


é Id meaning of 2;! 


Because there exists no lattice wave having the zero wave number, K=0, the direct integration, which 
: é 3 : 


appears in the case of Coulomb interaction, does not appear, 
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if cs 2 
H=1S\ PEP, +2 OF Q,) 


at ss 9 
a= Ses PE Prt VE Qe) 


1 
+ 2 IC( OE Qt Or gE) (5-1) 


can be transformed to 


i es ‘ (eee i 
RES TE OIG A ee 


by means of the canonical transformation, 
O,=e* OF. Cas St ie a. 
Pee ee Pye Pye, (573) 


: 2S ae 
S=>) sin /2 {1 BE \- Pi OL Pl of = OP = On Pe 
= N > (Oe 15 eG (Pe 9: kz Qk On Pi — Oi *Pe) 


where we used the notations, 


GO, 0 24 we et tw)? re ake 


Peg a= Oe a oO, — V (2 2)? + Tae (5 . 4) 


We next treat this problem by means of our method. If we execute the canonical 


transformation of Bohm-Pines’ type, 


H=,—(5, H+ 6-1, BS; 26, Ma Sy voy) oa ess 


y= Pe Fp en Op On) + Skee’ Pi +O On 9% )> 
- 
H= CO ge + Ox pee & (5-5) 
Swe —w,”) Qn * Qn» 
. Cc. 7 wee ee 7! 2 1K 4 1K 
S21 G58 Gee Gi: h4 Gea OC. Lu Op as Me 
ko ayy — Wx 


we obtain, 


s 1 9 
ae GR Pi +2) Q.* Q,/) + poles” Be +04" gn * Qe) 
DT 


iP Cy 1% Of, 7 oe ee. eos a Uy OI ks : 
ae ie +- w w - 9p + (5:+6 
Sede = 02 2 o ke Bi 22 wo? Te Vk ) 
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We determine the parameter w,’ by the equation, 


9 9 C? n . 
(ipa Opa — & A == (0). ( 5 ‘f 
kT “hk 


and neglect the commutators of higher order, then we attain to the expression, 


H=+S)(Pi* PJ +22 O!* O) 
72 


k 


Spe * be 40," 94 * O24) (5-8) 
3 


We can see again in eq(5-8) that the term of the interaction energy appears in the form 


~ 


. lop2/092 R\-1 Qik Or 
of the immediate interaction among electrons themselves, oe (22 af")* Of = 
- 


If we use the quantity 


nee Milne 5 (5-9) 
22—a, 
we can rewrite (5-8) as 
BaF SUP IM PL OP Of* +S HI b+ os get gd). (5-8!) 
iz Z 


The eigenvalues of this Hamiltonian are just* 
L= S12, (V+ = + S108 (E+ : ie (Mis 1,—=0, 1, 2, =F (5 “ 10) 
Zz r 


Here the values of w,’ and 2,’ determined by eq.(5-7) and (5-9) are both quite equal 


to those determined by (5-4). Thus we ought to say that our method gives quite exact 


consequence in the one-dimensional case. In the three-dimensional case however, we cannot 
solve exactly the eigenvalue problem of the kind of (5-8), and cannot but rely on the 
perturbational calculation. For the purpose of inspecting the adequacy of this perturbation, we 
shall carry out this calculation in the one dimensional case by regarding the last term in eq. 
(5-8) as a perturbation, and we shall compare the result with the exact (5-10). In the 
first approximation the value of energy is 


Si ie 1 
E=3}{2, i BOR a }(Me INV (Cm ale 
| ORO tm) et 7) the. a, Cale 


On the other hand the perturbation calculation starting from the Hamiltonian (5-1), 
where the third term is regarded as a perturbation, leads to the 


following expression of 
energy values in the second approximation 


* In the one-dimensional case we can also derive the result 
of Tomonaga’s theory to (3-8), where w, does not’ actually depen 


the contrary to the appearance of the expression (3-7). 


(5-10) by means of the direct application 
don the state of the electron assembly on 
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E=31{0 Deets Cane }(. ) 
aro SS NOE EFC a GR ae 


“if Gy is 
+33} 0,——— i h(t ; ) (5-12) 


The energy values given by (5-12) are good approximation only when C,/(2, ,) <1, 
as Wentzel pointed out, and when the coupling is so strong that C,/(2,o,)21, the 
perturbation does fail. On the contrary the consequence (5-11) of our perturbation star- 
ting from (5-8) remains to be a quite good approximation even in the case of strong 
coupling, C,/(w, 2.) ~1. Explicitly speaking, the error of our result is only of the order 
of 2, NV,(,/2,)) (10-” 2, N,). 

It seems to be possible to predict, based upon the consequences of this paragraph, 
the following two points: 

(a) Our approximate Hamiltonian obtained as the result of applying Bohm-Pines’ 
transformation is fairly near the truth (in the one-dimensional case, actually quite exact). 

(b) The perturbation calculation starting from our above-mentioned approximate 
Hamiltonian gives a tolerably good approximation even when the coupling is pretty strong. 

These facts give fairly strong support to our method. Actually Frohlich’s calculation, 
if the interaction between electrons and lattice waves is treated as a perturbation as it 
stands, would fall into the catastrophe except in the case of the weak coupling as Wentzel 
pointed out. If we, however, give to Fréhlich’s theory the more appropriate interpretation 
that not the self-energy of electrons resulting from the second order approximation of the 
perturbation but the exchange energy due to the direct interaction among electrons resulting 
from Bohm-Pines’ transformation does make a contribution to the phenomena of supercon- 
ductivity, the important objection in the way of Frohlich’s theory is cleared away. It 
seems that Wentzel’s arguments on the instability of the crystal lattice arised from a con- 


fusion of the actual and the virtual frequencies. 


§ 6. Conclusion 


We itemize the main points of our preceding arguments : 
1) When we write the total Hamiltonian of the system consisting of the electron 


assembly and the lattice wave assembly in the form 
H,(x) +H (9) +H (419) (6-1) 


we must remember clearly that /7,(g) represents the Hamiltonian of the virtual lattice 
waves immersed in the static sea of a fixed electron distribution and not of the actual 
lattice waves. 

2) In the result of applying Bohm-Pines’ transformation the effects of the interaction 


term /7;,,(%, 9) are firstly to displace the energy spectrum of a simple electron, secondly 
HAE 
to vary the frequencies of the lattice waves and lastly to give rise to the term representing 


the direct interaction energy among electrons. The final form of the transformed Hamil- 


tonian is the sum of three parts, viz., 
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Hi ( 4!) + Hi! (q') + in’). (6-2) 
Each term, /Z,/(2’), Hi/(g') and /1’;,,(4') correspond respectively to the Hamiltonian 


of the electron assembly with the modified energy spectrum of one electron, to the Hamil- 
tonian of the actual lattice waves and to that of the immediate interaction among electrons. 
It seems that Frohlich adopted, on the one hand, the Hamiltonian, H',(q) of the actual 
lattice waves, and he adopted on the other hand, Hiy(4,q) as the interaction term. 
This appears us to contain a self-contradiction. 

3) We may regard that the exchange energy due to our interaction term accounts 
for the phenomena of superconductivity. The expression of this energy is formally coinci- 
dent with the self-energy of electrons in the phonon fields of the virtual lattice vibrations. 

4) We have applied our method tentatively to the one-dimensional case, and obtained 
the consequence identical with that obtained by the strict treatment which is possible in 
this case. The perturbation treatment of the Hamiltonian (6.1), distinguished from that 
‘of the Hamiltonian (6-1) gives a extremely good approximation even in the case of strong 
coupling in the one-dimensional case. Even though we cannot affirm that this state of 
affairs remains to be valid also in the three-dimensional case, we are probably able to ex- 
pect that our method is tolerably effective also in the three-dimensional case. 

After all it is fairly to say that Frohlich’s theory is in its main line to be regarded 
as reasonable, if interpreted properly. 

We should like to express our cordial appreciations to Prof. K. Husimi and our 


colleagues in this institute for their kind suggestions and valuable discussions. 


References 


1) H. Frohlich, Phys. Rev. 79 (1950), 845. 
J. Bardeen, Phys. Rev. 80 (1950), 567. 
2) G. Wentzel, Phys. Rev. 85 (1951) 168. 
S. D. Drell, Phys. Rev. 83 (1951), 838. 
D. Bohm and T. Staver, Phys. Rev. 84 (1951), 836. 
E. P. Gross, Phys. Rev. 84 (1951), 818. 
J. Bardeen, Rev. Mod. Phys. 23 (1951), 261. 
W. Kohn and Vachaspati, Phys. Rev. 83 (1915), 462. 
K. Huang, Proc. Phys. Soc. A 64 (1951), 867. 
3) D. Bohm and D. Pines, Phys. Rev. 82 (1951) 625. 
4) S. Tomonaga, Prog. Theor. Phys. 5 (1950), 544. 


Note added in proof: 


After the calculation in this paper had been done eatly in the last year (read at the Sendai meetin of 
the Physical Society of Japan, May, 1952), the publication was so much delayed. 2 


= Dr. S. Nakajima recently told us that H. Frohlich also had carried out the renormalization calculation* 
similar to ours in § 3 in our present paper. 


In Fréhlich’s calculation, the damping term was also treated which was ignored by us 


*) H. Frohlich, Proc. Roy. Soc., A215 (1952). 291. 
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It is a rather curious fact that the exact quantal treatment of forced oscillation has only recently 
been discovered to be feasible. There may be a lot of general arguments!) which make the possiblity of 
such a treatment very convincing, but I myself find the ground for it in an elementary observation that 
the wave equation of forced harmonic oscillation, including the case of subharmonic resonance, admits 
a solution of Gaussian type, ¢.¢. of the form: an exponential of a quadratic. On this basis the com- 


plete solution and the related problems are analyzed here. 
ll. The forced harmonic oscillation 


§ 1. Solutions of Gaussian type 


Let the wave equation be 


FR eee LAO Eset s (1-1) 
Of 2m Ox 2 


where f, the impressed force, may be an arbitrary function of time variable ¢. Moreover, 
we admit the circular frequency w also to be variable in time. It is evident, by mere 


inspection, that the equation can be satisfied by a function of the form : 
paenp| J (a(t) x2-+26(d)x+c(2)} i (1-2) 


Inserting this expression into eq. (1-1) we get quadratic expression on both sides, and 
we have enough degrees of freedom (three coefficients a, 4, c) to be able to equate the 


coefficients of the different power of x separately. We get in fact 


ad da fe 0 (1-3a) 
m at ut 
ab =f— 4, (1: 3b) 
at ML 
de —) th- g a 6B". (1 -3c) 
at Mm We 


If the first equation is solved, itis a simple matter to treat the second, which is linear, 


and the third equation. 
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The first equation (1-3a) is of Riccati type, and it is a well known fact that this 


equation is an outcome of the classical equation of force frve oscillation : 


<< = —w ()°X. (1-4) 
df 
In fact the ratio of momentum to coordinate 
a= mX/X (2259 


satisfies the Riccati equation (1-3a). We may assume the classical equation has already 
been solved. Then the solution of the second equation (1-3b) can be explicitly written 
down : 


b= : (const + |‘ 7X dz), (1-6) 


2 


and the third equation gives 


é 
Cth log xX— ee | Pdi. (1-7) 
i 
The imaginary part gives rise to the amplitude. 

The corresponding circumstance one finds also in the classical theory. If we try as 


usual to solve (1-1) by putting 
=A exp(zS/2%) (4; =S = real), (1-8) 
we get by separating the real and the imaginary parts : 


as 1 Sa Purge : : 
—- = © ») + + nw(t2x2—f (2d) we a = 
O¢ 2m \ox 2 2m A aor 


S 25 
Aas dAS) A eS 


- a 
Ot OL SO% eT Wie Kas 


If it is assumed that A is at most a linear function of x, then the so-called quantal 


: i Sepa 4 
potential oy : = vanishes and the first equation becomes exactly equal to the 


classical Hamilton-Jacobi equation, which is again soluble by a quadratic function of x 


One gets a similar set of ordinary differential equations as (1-3). The second equation 
is -ompatible with the assumption that A is linear and S is quadratic in +. Actually 


we have in the foregoing discussion taken A to be dependent only on f, 


§ 2. The reduction of the problem to the case [= 


Before proceeding it is convenient to reduce our problem to the simpler case of 
vanishing /. The following canonical transformation has kindly 
colleague Mr. T. Taniuti, Kobe University. 


The coordinate of the particle may be referred to a moving origin ; 
> 


been supplied by my 


let the new 
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coordinate be 


#=—x—E (2); (2-1) 


where &(¢) is to be specified later. In terms of x, the wave equation (1-1) becomes 


> a” hog oe Og i PY h 1 
th te a es i. BOR a : 
or Ot, 2m Ox," 2 2 mo" (4,46) b—f (7,+8)¢, 


which is transformed, by putting 


exp (imé&x,/h) 9, (2-2) 


into the following : 


th ag = — __ a oe + 


1 9 9 = Gh 
— —MNOU Xx, P + {mF + muwE—f ar g 
Ot Lit. OF p) : 


f af = bay a 
Se apr? + mute — 78h 9. (2-3) 
Bit 2 
The first bracket vanishes if we choose ¢ so that 


me =f— mw (2:4) 


i.e. the classical equation. The second bracket, which is a function of ¢ only, may be 


eliminated by introducing a further phase factor : 


ag 
= 7 exp( =| {+ me — 3 mw 4 felde). (2-5) 


0 


x(x, t) will then satisfy the wave equation of force-free oscillator. Thus our original 


wave function assumes the following form : 


7” anes 
f(z, 2) =y(4+-€(4), A)exp| ined (x8) /it-+ { Le dt} (2-6) 
where / is the classical Lagrangian : 
eee oe mus? +. fF (2-7) 
2 2 


é may, without loss of generality, be assumed to be that solution of the classical equation 
of motion, which initially vanishes together with its derivative €. Then the extra phase 


factor in (2+6) vanishes at the initial epoch. 


§ 3. The treatment of the case /—0 


The solution obtained in §1 is only a special solution of the wave equation. 
However, we can obtain from it a fundamental solution, the so-called transformation 
“a 


teoration constants. The transformation function U is 
function, by suitable choice of integ 


defined by 
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lin U(4;,¢| 4 4) =O @—%), (3-1) 
t>to+9 
and is given by 
Oi Gen betas ty fib exp {im (x —4,)7/2%(t—t) } (3-2) 
AEs | 2 )= Ge i) XP j ( al 0 


for a free particle. In this section we try to construct the transformation function for 
the case f==0 from the solution of Gaussian type of § <1, by imitating (/, for ¢ ~ Z,. 
To imitate the behavior of the coefficient of 7°, it is necessary to lees X as that 


solution of (1:4) which is initially vanishing as /—/,; we set 
Y=0, X¥=1 for t=. (3-3) 
Next, by comparing the coefficients of +, we have to set the integration constant of 6 in 
(1-6) in such a way that 
b= —mx,/X. (3-4) 
Finally we deal with the integral |d/¢/X? in (1-7). Let Y be a second solution of the 


classical equation (1-4) with the initial values 


Y=1, V=0 for ¢=é, (3-5) 
Then, as well known, we have 
XY—XY=1, V/X=—{dt/X*. (3-6) 
Thus we may put 
c=th log X+ mx, V/X + const. (3-7) 


Summarizing the above results we boy obtain the required function : 


HORE ae ae 


=) Be (xpos Yai). (3-8) 


tA. 2 AX 


One has to note that X=+O0(t—4)’, Y=1+O0(t—4) as th. 
The exponent of (3-8) is essentially the Hamilton principal function, as noted at 


the end of §1, and, as such, may be obtained most easily. In fact we have for a 
classical motion x (/) 


Srl (ah Rey area m 
s=| {ma oe wx *\de= ” (xi — ty) 
2) 


and we have to. set 


Te VE LX H=@— 
; — 3 or , ¢ 3 
4L=Xo V+ Ay Aa a= (4X— %») [X ) 


so that 
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Tet. Sa 
Se eee ar Vee 
ee : of 


There is an apparent dissymmetry between the coefficients of 2° and +,”. 
this point we observe the combination : 


To clarify 


X(t, =X (OV) -—X(7) V4). (3-9) 
It, as function of the first argument /, satisfies the classical equation (1-4) as much as 


/ / 
X(¢), Y(é) do, and has the initial values: X(/’, /’) =0, 280 a, Since it is 
defined completely by these properties, X(¢,¢’) does not depend on 4. If PSRs 
reduces to Y(/) : 


Seer Ew 602) (3-10) 3 


Likewise one sees that 


( 2X@ em) =—Y(d). 


Oe 
Thus we have 
Beg 08 Uri YoO=— AX(t, fo) (3-11) 
ot Ot, 


and a symmetry really exists between the coefficients of x and x”. (3-9) may now 
be written 
OX (2, ty) 


OE) 4 (tj) READ, 


7. i 
X(t, /)=—X(4, 4) z 34, 


= (3-12) 

It holds irrespective of the order of time epochs /, t',t,. This law of composition will be 
essential if we want to verify directly the law of composition for the transformation | 
functien (3-8) : 


\- U (4, they t)U 2p tty 4) at =U (a tte fy). (3-13) 
It is further easy to verify the unitary character of U: 
e U (a tats th) 70 (5 tly 2 =8 (4 1): (3-14) 
It is usual on the basis of this relation to set ! 
Cag b 40, eG o's bo, | *s as (3-15) 


in the sense of matrix theory. But in view of (3-13), which should hold for any time 
: : eles F ; 
order ¢, ¢,, Zo) it is unnecessary to introduce the inverse matrix U~'(% %| 2%; t) besides 
> > 


OU (ty ty | %>4) vith % < f Hence we may write 


U(4,'t | £0 @Y*=U (Xo, % | ¥; 4). (3: 16) 
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This leads to a symmetry of the matrix elements of (/. Let us introduce a complete 
system of orthogonal functions, say the eigenfunctions of the undisturbed harmonic oscil- 


lator. The matrix elements of (/ with respect to this system will show, by virtue of 
(3-16), 
O (t,t) im= T (Lo £) man (3-17) 
or, taking the squares of absolute values, 
| 0% 4) nal =1U Cos 2) mal (3-18) 


This symmetry may be interpreted in terms of ¢ransition probadilities (This might be a 
misnomer, since the term transition probability appears usually in a special, technical 
sense.) Let us suppose the circular frequency changes in time, starting from a normal 
value «, at time ¢, and ending again in this value at a later time ¢ but otherwise in 
an arbitrary manner. Then, through this disturbance, the oscillator will make transitions 
from its original state. The transition probability from the 7th to the w-th state is 


then 
Eee eA ty) = | Fes i) ade: 


Now we consider a second oscillator of a similar structure, but exposed to another 
.disturbance due to the change of w reversed in time course. In this case we designate 


the transition probabilities by P(4, 7). Then (3-18) teaches us the symmetry : 


Penny toe inten lg (3-19) 


This is a quite general tule, resulting from (3-13) and (3-14) alone. If the Hamil- 
tonian does not involve the time variable explicitly, or if, in any case, there is no 
phys:cal difference between future and past, then the time order would be irrelevant and 
we expect the familiar symmetry of transition pcobabilities: P,,.,—=Pyrem to be valid 
for one and the same course of events. A set of conditions for the validity of this 
symmetry will be the following: (1) the Hamiltonian A(z) is a real expression and 
is symmetric in its temporal behavior: //(—¢)=yy(t); (2) the complete orthogonal 
system {¢,(7)} is all veal. From the first assumption follows that, if ¢(/) is a 
solution of the Schrédinger equation, then ¢*(—7) is another solution ; especially, if (2) 
starts from a real function ¢,, ¢(0)=¢,, then’ we have identically ¢,,*(—72) =¢,(2). 
Now we envisage the transition probability P,., (2) =| (rs Pn (2)) P= | (Pins Pn* (=2)) |? 
=|(%,, bn(—2)) ?=Pren (—2), where we have used the reality of ¢,,. This equality 
reveals the expected time reversal symmetry. Combined with the general rule (3-19), 
_this leads to the symmetry of transition probabilities 


aon (t= ee) (3-20) 


as anticipated. I have intensionally repeated the probably well-known arguments for the 
symmetry of the transition probabilities in order to. clarify the conditions for their 
validity. 
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Fig. 1 Symmetry of transition probabilities 


We shall learn still another symmetry of transition probabilities in our special case 


of harmonic oscillators, quite outside the reign of the above theory. 


§4. The determination of the eigenfunctions 


for the stationary case 


Since the knowledge of the transformation function should yield all the relevant 
. informations concerning the behaviors of the mechanical system, it should also supply the. 
knowledge of the eigenfunctions of the Hamiltonian in the time-independent case 
w=const=w, f=0. In this case X and V of the preceding section are simply sine and 


cosine ; to be explicit, we have 


in y(t yh ar yz 
ye sin 19 ( 0) R= V3 ois’, (4-1) 
Wy 
and the law of composition (3-12) is merely the addition theorem of trigonometrical 
functions. Since our transformation function U/, (3-8), depends on / only through A, 
xX Y, it would be a periodic function of period 27/«,. Actually the square root S Gee 
introduces complexity. In order to determine the sign changes of the square root, we 
remind us of the analyticity of (/ over th> negative imaginary domain of /, by virtue of 
parabolic differential equations. We suppose the time variable ¢ has a negative imaginary 


part and set exp(—Zm~f)=2, |2| <1. Then 


sf Es jae ex {- GEESE ( (TL +2') (A Zo) — 424%) . (4-2) 
/ Th PI 2h(1—:°) b 

As ¢ increases, 2 describes a circle with a radius < 1 about the origin and should go 
through the two Riemann surfaces of alternately. Thus exp(ém t/2)U will have a 


period 27/«p. 
Now from the bilinear expansion 


U7 (1 ty 0) =D Fn 2) fu® (aa)exp(—iEnt/), (4.3) 
we can in general get the knowledge of the eigenvalues and the eigenfunctions by taking 


time averages 


| 


388 K. Husimi 


r 

fine |* “exp (gat) Ue ee ae 
T'> 0 Bil sve ‘ 

In our case (/ is essentially periodic, and we have to regard (4-3) as a Fourier expansion. 


Each and every eigenvalue £,, should be of the form 
1 

E,=(n+ <5 Shor 
2: 


where 7 is a certain integer, zero or natural numbers, since we know a fpriort £,> 0. 

s. 5 . = 4 . 
We can determine the eigenfunction product ¢,,(.r)*,(4,) as a Fourier coefficient. This 
amounts to determine the coefficients of different powers of in the power series expansion 


of (4-2), apart from the factor “7. In this way we get the well-known generating 
function for the oscillator eigenfunctions : 


il 


Eu ed — (1+2") (44 %,") — 424%, | 
Wa (1—z?) 


2(1—2?) 


exp =S32 (Dba) (4-4) 


where =4x/Vh/mw, etc. We should not like to persue the calculation since the 


results are too well-known. But we shall indicate the way the more usual linear generating . 
function for Hermite polynomials is related to the above bilinear generating function. Let 


us write 2/1, for z and make 1,—>0o in the resulting equation. The left hand side 


becomes 
1 (— Q2e*?@ + a? — Aor ) cae ) 
exp| — ———————__ }- exp{ — —*_}. 
VS 7 P( 2 xp( 


Thus we may infer 
Pat (#5) WV," 2" 4," expigeet, /2) (4-5) 


for large x, The normalization factor A, may then be determined to (7 wm! 2, 


by letting + increase without limit. In this way we get the familiar generating function 


1 / 9 9 ae V2” 
exp| > 2#+2—4sx)| eal ED ong, (4): (4-6) 


§5. The transition probabilities for the case 7—o 


Now we want to calculate transition probabilities in the sense explained at the end 
of § 3. For the sake of greater simplicity we shall adopt natural units : Z£=1, m=1, 


and w=1, where w, is that normal frequency for which the eigenfunctions of the 
preceding section have been defined. In evaluating the transition probabilities 


TEE =H \j Cink (x )Ci x, 2 255.0) Gla) dxdt, |, (5-1) 


we shall use the method of generating functions. The integral in 


e 
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TENOR Sa ak Sia aoe 
= rae j \jow, t\ 2, t)*U (et) yt) 
. exp{— (1+2°) te) —4ux,2', +") +2") —4u4x Vax Wilda 
2(1—22) 212") : 


(Si) 


is a four-fold Gaussian integral and may be evaluated by means of the well-known formula : 


(27) n/2 


(det (a,,) )"? 


|: . | exp | — > pee Sg | de, ty — 
The result runs astonishingly simple : 


Rael 2 OU ary a) + Ge) + 0%) An}. %, 


where 


Oat UP PICA? 4 V7} 


This tesult may be checked in various aspects : first, we have 


P(u,1)=(—a)™ 


equivalent to the law of total probability >} Pnn=13 second, if there is no disturbance 
at all, w=w,=1, then we have to put 5 eas =sin /, X= Y=cos¢, and 
Q=1 (5-7) 


so that 
P(u, V)oa=(1—wv)™* 
equivalent to Pan=mns t- @. no transition ; thirdly we have to observe 
P(—u, —v) =P(u, v) 
which means : 
Pin=0 if m, m are of different parity. 
This should have been expected on account of the strict selection rule 
W=i, of 2-2 


in the words of perturbation theory. 
Further an inspection reveals the symmetry 


Pus v) =P(v, a) 
which implies the symmetry of transition probabilities : 


Es 
Pon= Pn 


(5-3) 


(3-4) 


(5:5) 


(5-6) 


(5-8) 


(5-9) 


(5-10) 


(5-11) 


This peculiar symmetry lies outsides the scope of the general arguments at the end of 
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S 3 and will be discussed later. 

In spite of its apparent simplicity, the generating function (5-4) is not manageable 
if we want to expand it in powers of w and wv. Explicit expressions for P,,, will be 
given in the following section. Here we confine ourselves to simpler consequences. First 
we want to get the average quantum number (77), of the final states 7 for a given initial 


state 77. For this purpose we construct 


> e | 
Stee RC 


sie m OV jv=] 


and get immediately 


=27(1- "7? {OU4+4)—(1—%)} 


(W\n= >) UE n= (i+ 1270 —172, (5-12) 
or, in terms of energy, 
(Enju=O- En. (5-13) 
Since (7) = 0, it is a necessary conditioa for the validity of (5-12), that 
Ori, 53 (5-14) 


This inequality will be discussed at the end of this section. 
In the same manner we can proceed to evaluate the average (777(7—1))n, from 
which we can derive the dispersion 


(Ain)? = (0 \n— (mY = = (QO —1) G+x+1) (5-15) 


or, in terms of energy, 
(Abin) "a= (B2.) — (Em) n= (P= 1) Bin 43/4). (5-16) 


For large excitation Q . 1, the dispersion is of the same order of magnitude as the 
square of the average energy and one cannot expect any concentration of the probability 
distribution in the sense of the law of large numbers. Thus the distribution will be very 
flat and have no conspicuous features, as may be inferred from the special cases of P 


Pt. These are relatively simply obtained from 


P(0, v)=2"" {(O+1)—(Q—1) 0°}, 


mo> 


and 
LE 2 AS es 2) 8/2, 
Ge ((Q+1) —(Q=1) 2%} 
We have 


2 
Gare 


Pro= 


a eae 


\e (m=0, 2, 4,-:-), (5-17) 
(OE) Coane ori) Rha) Gas 
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Since the classical phenomenon Q = 1 might give an impression of apparent 
irreversibility of a purely mechanical system, it would not be superfluous here to give an 
analysis of the inequality. 


A simple: proof of that inequality has kindly been afforded by Mr. Y. Suzuki of this 


institute. It suffices to write down just one line: 


(YY) P(X = Vy OY? + V2 2(XV—XYV)> 0. (5:19) 


The inequality really has a statistical bearing. Let Z be a solution of the equation 
of motion 


Z=—o(t)?Z 
with initial values Z,, Z,. Then we have 
LS Fave an Nes 
If we build the “total energy” corresponding to the motion 2, | 
B= (B42) = > (22X24 22024 ZAK? + Z2¥4 2ZL(XV + XY)} 


(5-20) 
and take average over the initial values consistent with the given initial energy 


fiat /2: (22 +Z,7), then we have obviously 


(B)= (L442) =O (Gi 2) =9 F- (5-21) 


Physically interpreted, O > 1 means thus the following : 

“Tet the string of a pendulum, while in oscillation, be shortened or lengthened in 
an arbitrary manner and let it return to its initial length after a time. Then we expect, 
on the average, to find the energy of the pendulum increased.” . 

Eq. (5:21) is an exact classical counterpart of the quantal one (5-13). There is 
also the classical counterpart of the dispersion formula (5:16). If we make use of 


(Z3) =(Z") =3By'/2, (2322) = Be /2 
and the identity 
(X24 ¥°) (24 ¥2) =(XV4 XV) + (XVY—XY)%, 
we get, in just the same way we derived (5-21), 
(B)— (BY = (G1). (5-22) 
In comparing the classical (5-21) and the quantal (5-16) it is to be noted that 


the mean final energy vanishes in the classical case if the initial energy is zero, whereas in 


eve ‘shes on account of the zero point motion. 
the quantal case the mean final energy never vanishes o P 
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From the expression (5-20) of the final energy, which may be written in the form 
E/E,=Q+VQ@—1 cos(26+ const.) (5-23) 


with Z,=/ 2E, cos0, Z,= Vv 24, sin @, the full distribution for the final energy can 
easily be derived : 


Ae eee Oe 2s OS) a eee 
ax 4a VE (O?—1) —-(4—4Z,Q)’ E, 


(5-24) 
As one sees, there is a fundamental difference between the classical distribution (5-24) 
and the quantal one (5:17) or (5-18) if one starts from relatively smaller values of 


the initial energy, inspite of their coincidence in mean and dispersion. 


§ 5. Adiabatic theorem 


We can verify the adiabatic theorem for our quantum oscillator on the basis of the 
same theorem within the classical theory. Let the angular frequency w(/) of our oscil- 
lator changes infinitely slowly from an initial value w, to a final value w,. It is a well 
known fact of the classical mechanics that the quantity 


(X°+ 0°(0)X°)/o(?) (5a-1) 


is an adiabatic invariant, where X(/) is any solution of the classical equation. If (7) 


and Y(¢) are defined as in the preceding section, we have then the two adiabatic 
invariants (5a-1)=«,~' and 


(P40°Y") /w(A) =a, (5a-2) 


If we explicitly introduce the angular frequency w in our oscillator eigenfunctions, 
the generating function is modified to 


ig a a ae @ YDS wal ey eh ny: 
(tee es ae 


m(1—s*) 2(1—2") 


(5a+3) 


In proving the adiabatic theorem, it is necessary to adapt the eigenfunctions to the 
instantaneous value of the angular frequency. Thus we have to ask the transition from the 
state Wy)" ",(wy 2x) to the state w,"¢,,(w, 2x). The transition probabilities defined in 
this sense have kindly been calculated by Mr. T. Dodo according to the method of § 5. 
The generating function for them is this : 


P(t, 0) =D} WO" Prag = 2"? {O* (1-0) (1) + 1427) (14-2) —4uy\—" 
(Sa-4) 


where 
20° (Op( o2aent X2) + (wf Y?+ y) \ [WO4. (5a: 5) 


For a adiabatic process we have (5a-1) and (5a-3) and hence. we get O*¥=1, P(u, v) 
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=(1—2v)™, Prn=Onn, proving the adiabatic theorem for the quantum oscillator. 


§ 6, The matrix elements of the transformation function 


We have probably been too much hasty in deriving the transition probabilities. We 
have lost sight in finding the nature and origin of the unexpected symmetry of transition 


probabilities. We now turn back to get an explicit expressions for the matrix elements 
Tarn lt, 4)= \ (Pan (~) Gt | Xo, ty) Pn (25) aAxaXy. (6 : 1) 


Again we shall make use of generating functions, this time, the linear generating function 


(4-5). We then have to evaluate 


1/3 
LG Oy = =| —| ws (tye) 


nym \ 7! 771! 


ea (we +0?) {f | 1 {( 2 : 2ixx, 
ee | | ele, ——_4( 1 — =) a 4 
+(1— 4 a — 4ux— suxoh (6-2) 


The integral may be computed by the formula 


1 ° ae ‘ange a ag—2bpg+cef” | 
\laxay exp Tae (ax? + 2bxy + cf —2pr—297) | Spee | aac —B) : 


The result runs 


(6-3) 


> 


7 ou — 4iuv + p*v" 
ve) = | Ee tert 


oC 


where 


Fk — Tee Y, | p "= 2O— 1), (6-4) 
o=X—iX—iY—Y, |o ?=2(Q+1). 


In this case the expansion in powers of ~ and wv is immediate. 


_{ nlm poem _ 7? rg (2 ¥2/(Q=1)}' (6:5) 
SEE We \oaai ares | pa NE (n—2)/2)! [(u—D/2]! 


and over odd numbers only, if 


7 runs over even numbers only, if 7, 2 are even, 


where 
m,n are odd. Explicitly, 
vy... =| 2)! et ae a » {—23/( Oa} * — (6-6) 
mn ee 2. GIO IT ODT 
vt 2H Ee Pee" (93 ee 2 
Taten— | ( Q2vr wt gev tH +8 | ( 21) Oa 
min(p,v) {—2°/(Q—1)}? (6-7) 


S0,tye(QA+ 1) aA)! (u—A)! 
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The corresponding transition probabilities become now 
2h Day or Ga seven {=2/ (=P 
Pav=( O+1 ) eee ) give Ixy (2a)! (YA)! (uA)! 
a (6-8) 


2 "a O—1 \#t¥ (2v+1)! (24+1)! 
hg ee ( ) ~ 9av te 


gpl Geni A Cet 9) ie Daa 5s 
{3 (2A+1)! (2A)! oat 


The symmetry property of transition probabilities is seen to originate in a rather ns 
structure of U/,,,. The matrix U/,,, is neither hermitic nor antihermitic, but consists . 
three parts: the hermitic part (o"9*”)"?, the symmetric but complex part (oa 
and the remaining real (or purely imaginary) symmetric part. Umn should be of course 
unitary ; a direct proof for this will require the following properties of the parameters / 
and a. In view of (3-11) we have 


p=(1 —1 = \( at Xt t) > 


(6-10) 
: ae) eee) 
==(1—¢— 2 1 ee Xa 
o=( ox a (4 ty 
so that 
p(Z, hy) =—pe (4s t), (6-11) 
a(t, ty) =—a(h, t), 
from which we can derive the remarkable symmetry 
O(4, %) =O (h, 2)- (6-12) 


The unitary character of (6-5) is guaranteed if we can verify the universal symmetry 
(3-17), which appears to hold good by virtue of these properties (6-11), (6-13), 


except for ambiguity of sign. This disagreeable point may have its origin in our rather 
uncareful treatment of square root (cf. § 4). 


§ 7. The transformation function in the general case ; 


wv, f both variable 


According to the result obtained in § 2, the two cases of free (f=0) and forced 
(f +: 0) oscillations are intimately connected. Once a solution of the free case has been 
obtained, the corresponding solution under arbitrary external disturbances f can immedia- 
tely be constructed by means jof the simple formula (2-6). This procedure may in 
particular be applied to the. transformation function and we get 
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U(x, t\4, 4) = ye Ke —8)—2 4-8) a+ Van’) 


it | 
JS 271X i‘ 
+ibv+i(Lde—i8t, (7 “1) 


where the last two terms in the exponential are functions of ¢ only and we have 


t t 


[Lar f= | 


Lp © pyr OP AG os pega , 
{a-é ; Pa éay €5 L | fede ae (7-2) 


to to 


on account of the equation of motion 


E=—wt +f 
and the initial values 
(7) =0) (=. 


E may be explicitly written down as 
F() =| Mt yt ae’ (7-3) 
to 


in terms of the function (7,7) defined by (3-9). Then the integral appearing in 
(7+2) is quadratic in /: 


\, e a= | : A) ae XE, EOS Eat” 
=f eran’ | xceengceyal =—{" se ae" |" xc", Or eyae. 


As one sees, it alternates its sign on the interchange of ¢ and /,. It will be appropriate 
i £ ‘ £ 3 
to introduce the initial time epoch /, in the arguments of € and to write $(¢, 4) : 


eCity) =A) X(t, U)f(t) at’. (7 -3a) 


Then 
to 
Kan= { X(t, OF) at! 


represents a reversed motion. And the above relation may be expressed as: 


\ Et) f(t) dt =— \" S (Pen) Cate (7-4) 


Upon expansion of (x—¢)° in (7-1), we are led to treat the following expression : 


OX(t,%) vy, ny OXGH) (, di! 
joe x) (“% mtr) ¢ 


. . t 
Xé— XE= | 


/ to 


a | Xn, fC) a! =F 2). (7-5) 
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In this way we arrive at the following expression for our transformation function : 


17 . ; 
ORES aaiger a ne Ge ee ah Ng ore Ve OE Ge ) eta alg aan 
( Ezy ) J 2RiX (8, hy) Bean 0 0 (2, ) (4, t)) of » 


(7-6) 


where 


SOCMOD RUE ie =. | 
iN Oa een Lf! fee (es ha Tighe ED 


Now we proceed to compute the matrix elements of U/ in quite an analogous way as 
in §6. The generating function for them is 


2" 1/4 ea SI 
C (0 i — si —} °0" U an by to) = Nazar 
n! jn! V2 2niX 


exp— : {a= ae) a+ mae +(1-4- )ai—2 (20+ 7\y—2( 2+ % xo} 


= [77d exp| — eet Che) ae 


ia 20X 
i a (F—76) ees Ie, (7-8) 
ag 
where 
s=0 (7, nye Os la PO (7-9) 


and where we have utilized the relation (7-5), 7. ¢. 


XE+n=XE (7-10) 
and the inverse relation 
Yn+€=—X7! (7-11) 
so that we have also 
Vy? +2n3 + XE=X (66 —77/). (7-12) 


Next we want to construct a direct generating function for the transition probabilities, 


with aid of (5-2), 
Pu; 0) SS Pn 
mn=0 


=2'?{OQ(1—w) (1—v") + (14H) (14+7) —4uv} 


GQ) 0A) {OF +S 4 O44 
x exp] a Lie (7-13) 
240 (1a) eo) ee (1 tv) —4uv} © 


The possibility of a symmetry of Pin depends on the equality or inequality of (64) 
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and (7°+7/*). 


§ 8. The special case: w=const.=1 


The results of the foregoing section will be greatly simplified in the elementary case 
w=const.—1. We have to set 


X (4, %) =sin(¢—4,), p=e*=0, o=2i exp(z¢—it,), 


fi = —ie| e "Fe )de, 


t 
y+i7 =—2 eel Ci al; 
to 


ee £6) =n—in’, 4 (y +i!) =E4+26, 
a a 


G4 P= 74 %=2W, 


(y—i7/) (E+) =— 2609 W 


t 


2Wa| \ cos(e! 1) f(e Mel") alt'a!” =, EE!) 


to 


It is a remarkable characteristic of a classical harmonic oscillator that the work V7 
done against the oscillator initially at rest is the same for the reversed motion as for the 
direct motion. 

The last factor of (7-8) now becomes 


exp {26° uu + (n—in! ut (F +08) v} 


=exp|— (n—iy!) u(E+i8)0+ (y—in)ut+ (+i8)o}, 


which can be expanded in powers of w and v according to the formula 


exp(a+B—uf/V) =S3C(m, w | WV) ah (8-1) 


n! 


where C’s are the well-known Charlier polynomials of the probability theory : 


,.  min(mn) m'\ ni yy 
ae Se _(. (re (8:2) 
Cm, n| W = 3s A(m—2)! (n—D)! (oie 


It is a curiosity that Poisson’s law of small numbets, to which the Charlier polynomials 
belong, appears side by side with Laplace’s law of large numbers, to which the Hermite 


polynomials belong, in the quantum mechanics of a hatmonic oscillator. 


Summing up the above results we now write down the matrix elements of the trans- 


formation function : 
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vi(to—t)/2+4 0/2 . S 
: : eC, n | W) (E+ 8)" (g—ty')"s (8-3) 


Coats i) ~ (2m yy! nl)? 


where 
v=| : | “ain — LYCOS @)atlar's (8-4) 


The transition probabilities are 


an Ww ] yjmin 


Prin (ty to) = tnt a 
Mit: 


(C(m, n| W))? (8-5) 


which are again symmetric with respect to 7, %, since the Charlier polynomials are 
symmetric. If 7=0, C(m,0| IV’) reduces to unity, and we have the Poisson distribution 


(8-6) 


The Charlier polynomials may be defined by another generating function 
G(m,v.| W)=Q—-a4/W)"e= >) *_ C(m,n| W). (8-7) 
n=0 72 


We construct 


Se ee 


TE" (an, | WG Co, B | W) =e, (8-8) 
m=0 mt! 
from which we can deduce 
© e Vw " x 
= Se CA, n| W)C(m, wn! | W) Hoda nr! W™. (8-9) 
m=0 7! 


This proves the law of total probability: S} P»n=1. If we construct 


© —W]f7m 
Sh m Ge, u| W)G(m, B| W)={W-—a—B+o08/W} e!", 


m=0 mM 


we can deduce the average excitation : 


(m) = a MPn=n+- W, (8-10) 
In the same way we atrive at 
(Ani?) = (mi?) — (my? = (2n4+-1) W. (8-11) 


In terms of energy these relations run : 
(En) =Ent W, (AE y) =2WEy. aaa 
Classically we expect the following distribution for the final energy £ 


dl 
22 /4E,W— (E—E,—W)? 
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so that 
(E\=E+W, (4E*)=2WE, 
in accordance with (8-12). 


It will be remarked that the transition amplitude (8-3) can also be expressed as 


pilto—t)(M 41/2) +éV/2 


Ge ye Ce ELEC 8)” 


(8-13) 
The phase factor exp /(/,—f) (v+1/2) exists also for an undisturbed motion, and may 
properly be ignored. The second phase factor exp(i]”/2) and the sign (—1)"” prevent 


Un to be a hermitian matrix, and make difficult an interpretation of the symmetry of 
the transition probabilities obtained above. 


$9. The perturbation theory 


In order to get an idea of how the symmetry of our transition probabilities comes 
out, we revert to the usual theory of perturbation. Thanks to the recent advancement in 
this theory, as far as the oscillator problem concerns, we can compute the terms of any order, 
and we may expect the series can be summed in the closed form we have obtained by 
the direct way. 

In the Schrodinger equation 


. Op ( Ltoee Or 1 i) 
z =( — + —_x° )d—fay, Olalo) 
at 2a re 2 ? 4 CD 
we expand the wave function ¢(7,7/) in terms of the eigenfunctions of the unperturbed 
Hamiltonian in the bracket 


(4, 2) = 53) 6G Ymeaataar Se) (9-2) 


‘ a 


and obtain for the equations governing the “‘ variation of constants ’ 


a = —>S} ca etn fad 


or, in matrix notation 


pa TT NG (9-3) 


at 
the elements of the matrix //(¢) being 
AD) ma=—f Vem (9-4) 


x yet for man+1,=,/ for m=n—1, =0 otherwise. 
mn 2 2 


The differential equation becomes on formal integration 
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t 
ROIS +f H(t")e(t))at 
a0 
and the method of iteration yields a formal solution in the form of infinite series 


(j= {1 re +f, H(t)dt! + : | Heat! HO) dtl! + fe =S 0)c(0). 
(9-5) 


The #-th term of the operator S(¢,0) on the right-hand side may be written in the 


following form 


ook f--f dt dt!--dt®T A(t) H(t") --H(t”)), (9-6) 


where 7’ is the chronologically ordered product of Wick® ; 
22) cee ae (9-7) 


are the elements of the operator ¥ in the interaction representation. They satisfy the , 


commutation relations 


[x(2),«(t,) J= : X (2, f,)=—sin Cay (9-8) 


As usual, we separate it into creation and annihilation operators : 


x(t) =4(2) +4*(2) (9-9) 
with 


[5(), 0*(¢) =e (9-10) 
and define the normal product 
Nie (e')a(0")---2(0)}. 
Then it holds Wick’s theorem” 
P(e) @Y} =D M fe(C)--2 PY} AE) €E)) EM) 4(C")), 


9-11 
where ( ) 


tH, sey f{5 7) as rabies tee, fe. Zen 
— ™™ $$ 
l + 2p he 
is a rearrangement of /’, ---, 7 and the ion i i i ; 
g & Sab summation is over essentially different expressions. 
Further 


(x()x(?’)) ae {cos(t—t') —i e(#—2’)sin(¢—2’)} (9-12) 
with 


e(¢—f/)=+41 for ¢>/, =—1 for ¢>?. 
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In the integration of (9-6) we first meet with the integral (see (8-4)) 
ee 
i: \, (x()x(t") f(t! f(t") dt!dt!! =W-iV. (9-13) 


For a given set ¢%)---%7) and given /, there arise from (9-11) (2/)!/f! 2” terms of 


the same magnitude (//—IV)?, and there are ie) ways of choosing ¢%.--292. Thus 
(9-6) becomes 7 
(—i)* ra 
R! (A—D)! 1! 


S33) BI JMO) ON) AE) FO) ae” 
(2p)! Vp 
Terie )”, (9-14) 


which goes, on summation over £=/4+-2/, into 


iM 


“1 t 

seman of Nix(t')---2(2%)} fe) f(t) dt!---a1. (9-15) 
! 0 

We first note 


i o(t)f(t’) dt! =0(0)|, oft") dt! =6(0) (+ i)e7*(E—#), 


(9-16) 
{ b(t’) f() at’ =6* (0), et F(t!) dt=4(0) (— ie" (E+ if), 
so that (9-15) becomes 
er Wheev 2. St SM (—60)e" (€—i) 45° (0 ef (E42€))4. (9-17) 


Let us seek the 72-7-element of this S-matrix. A product of the form 
6*(0)*4(0)” with 2—v=m—p=A 


will contribute to the matrix element 


Kee eat oy eae ea) n 
2 2 


=,/ wn m! =( m! nu Ve il f 
2"**(m—p)!(n—y)! Quen A! 


We have then 


min(m,%) i 


< Kx eiWe +7 V/2gt(m—n)t 
mn 


A=0 (m+n—2A)! 


ee CT UCD! (Ly 
(m—A)! (n—A)! i 
—Wwil2+7V /2 gimmie ¥ og wy Ty! n\(—2/ W ya 


oe a 1)*(€ 476)" G—i)" : 
2" ae ee, "$3 x20. AN(—A)(u—A)! 


DEL 


(9-18) 
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in complete agreement with our previous result (8-13). Viewed in the light of the 
perturbation theory, the common factor exp(— W/2+iV/2) comes out to be connected 
with the damping phenomena. The unexpected symmetry of the transition probabilities 
seems to depend essentially on the a/iost hermitian character of the normal product; in 
our case the presence of the sign (—1)" spoils the exact hermitian character of the normal 
product. Let us write the factor in the form: (—1)”"/Zn, where 77, is hermitian. It 
may be written, as usual, in the form of a sum of a hermitian and an antihermitian part : 


Cal)" an (=) (=1)"} Baan $ M(H ($1) Fa 


1 
2 
If 7, 1 are of the same parity, the hermitian part only survives, and if, on the other 
hand, wz, 2 are of the different parity, the hermitian part drops out. Thus the symmetry 
of the transition probabilities originates from this mixed hermitian character of our 
normal product. The either-or character may be traced to the selection rule ~—>n+1. 
This requires an even number of operators 3, 4* for the transitions between the states of 
the same parity and an odd number for the different parity. This state of affairs has 
been anticipated by Mr. M. Otuka. 

In the calculation of this paragraph I have been much assisted by Dr. R. Utiyama, 
who also will extend the perturbation theory to the case w variable. I wonder whether 
this sort of calculation would lead to a reasnable interpretation of the symmetry of 


transition probabilities. 


§ 10. Concluding remarks 


There are numerous problems which can be tested on our elementary example of the 
forced harmonic oscillator. The adiabatic theorem, the asymptotic equivalence of the 
classical and quantal treatments, and others. These problems will be taken up elsewhere. 
There are also a number of open questions, which have not been analyzed in the text. 
For example, the characteristic difference between (6-8) and (6-9) which are proportional 
to Q-"? and Q-*” respectively for large Q, remains quite incomprehensible to me. 

I owe much to my colleagues of this institute for their interests and advices on this 
work. Some of their names apppear in the text. Mr. H. Arita independently calculated 
the results of § 5 by directly solving the Heisenberg equation of motion. 
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The Heisenberg theory of ferromagnetism of the crystal whose atoms have the spin one 1s 
developed. It is proved that the hamiltonian of the crystal constituted by the atoms having the spin s 
larger than 3 can be expressed by —2/ S's;-8j in terms of the spin vector S; and $j, of the nearest 
neighboring atoms in the same way as in the case s=1/2, as far as the Hund rule prevails in each 
constituent atom in the molecular fields. The Curie points of a few lattice types are obtained in the 
stage of the first, the second and the third approximation. These are all higher than those cor- 
responding to the case 5=1/2. Especially in the second approximation the Curie point T,, is given by 
the formula, 7.=11 JIBEG=4/1—4} in terms of the exchange integral / between the nearest 
neighboring atoms, the coordination number 2 and the Boltzmann constant “. The condition for appeat- 


ing of ferromagnetism in this approximation is that =6. 


§ 1. Introduction 


If we know the mean value of every power of the energy of the crystal over all the 
alue .S of the total spin quantum number, we can establish the 


states having any given v 
variant theory. 


partition function of the crystal system by making use of Thiele’s semi-in 
When we know only the means of the energy powers lower than and equal to the th, 
we ate able to discuss up to the 7-th approximation. We have developed the calculation 
for the crystal constituted by the atoms having the spin one up to the third approxima: 


tion. 

As the preliminary, it 1s ptoved in § 2 that the 
can be expressed in the same form of Dirac’s vector model as in the case s= 1/2 also in 
s > 1, so far as the Hund tule is applicable in each atom in the crystal. 
| aspect of the theory in § 3; and based on this results, work out 

Curie points of a few crystals distinguished by their 
first, the second and the third approximation, and the 
bility to the temperature ss traced above the Curie point 


hamiltonian of the crystal system 


the general cases 
We explain the forma 
the calculations in § 4, where the 
lattice types are evaluated in the 
relation of the reciprocal suscepti 


in each case. 


2. The Hamiltonian of the crystal where soe lh 


The hamiltonian of the crystal, constituted by atoms bearing more than one electron 


out of the closed shell, may be essentially expressed 
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= 23 SH? 86-8. (1) 
(, B) Pav 

The suffices of the Roman letters 7, & refer to the atoms, and those of the Greek letters 
ft, ¥ to the outer-shell electrons of each atom, ${”) represents the spin vector of the s-th 
outer-shell electron in the 7-th atom, and _/‘#'” the exchange integral between the p-th 
electron in the 7-th atom and the »-th electron in the £-th atom. The summation of #, 
y are to be extended over all outer-shell electrons belonging respectively to the 7-th and 
the %-th atom, and those of 7, % are to be taken over all pairs of nearest neighboring 
atoms. We further, by the way, consider a more general quantity 

X= DY 2¥-X,(6, 8), (2) 

@k) Bay 
where x{# is a scalar factor and X;,, (sS”, s@) is a scalar function of s{, 8. An 
atom isolated from others will be found in the state of the highest multiplicity, if Hund’s 
tule is applicable. Even when this is brought into the crystal, this atom will remain to 
be found in this state so far as the disturbance due to the action of the neighboring atoms 
is not so strong. Assuming this condition granted, we hereafter discuss the hamiltonian 
of eq. (1) or more generally the quantity of the type (2). 
We assume the number of outer-shell electrons in the 7-th atom to be w;, and the 

number of atoms in the whole crystal to be A. The summation, 


A 


N=S\m, (3) 


4=1 


is the total number of outer-shell electrons in the entire crystal. We consider the symmetric 
group ©(/V) corresponding to all these electrons and its subgroup 


S'(N) =Gi(1) & Sy (m2) + & S (7%) ¥ + X Sara), (4) 


where ©,(v;) is the symmetric group corresponding to the 7, electrons in the 7-th atom. 
If the above assumed condition prevails, it suffices to consider only that part of representa- 
tions of S(V) which give rise to the identity representations of @/(V) on being regard- 
ed as those of this subalgebra. From the view point of the group-algebra this is nothing 
but to consider only what H. Weyl” called quantities of the character (e, €) for the 
idempotent ¢ corresponding to the identity representation of ©’ (V), 


e=S) x/[Il (ng)], (5) 


ne) i 
That part of given by this character is 
eXe= V1 e Vy (s, 9) « 
(i *) Bp, v 5 


—- (hp 
SEE HEY ener ayo XA (aiP, 9) nH 20g, 
By 


where 7{"°) and { % represent the interchange between the y-th and the p-th 


in the 7-th atom and that between the v-th and o-th electron in the £-th atom respectively; 
E 73 
Be & ©. (7 ney ): mY « ©, (n,) CS'(N), By using the evident relation 


electron 
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er(#P) € = er Pies mi p) e=e, (6) 
we can rewrite the above expression, viz. 


eXe=>) (Dix )eXn (8, 8) € 


Gk) By 
= e133 ra Xalsi?s sy] e=e X's (7) 
where 
ge (gs, g® 
X pa Viz 2 Xu (s > Ss,” ); (2a) 
and 
Ean 5 ACA My) (2b) 
wv 


In words, that part of given by eq. (2), of the character (€, €) is just equal to the part 
of the same character of X’ given by (2a). Thus we can conclude that discussions of 
a quantity of the form of X” leads to quite the same consequences as that of the form 
of .Y, so far as Hund’s rule is applicable.* The hamiltonian of the crystal can be treated 
as a special case, where we are allowed to substitute HY in (1) by the quantity, 


H! =—23) Jun DS 8§ -8P =—2 DS 81° $9 (1a) 
(a, k) wy (i, &) 
where ; 
Ju=> Ti? /#; (1b) 
ay 
and 
wb 


represents the total spin of the j-th atom. We have here assumed that the con- 
stituent atoms are all equivalent to one another and that they have therefore the same 
number of electrons, every ”;=”. In the case that /,,'s take a single value represented 
by the letter / throughout all pairs of nearest neighboring atoms, (2a) can be re-expressed 
thus :* 


Gil 2] Msp 8, (8) 


(é, &) 


In the following we use this form of hamiltonian® exclusively. 


3. The formal aspect of the theory 


We assume the total number of sites of the shell exterior to the closed core to be 
2p, and we hereafter represent the total number of constituent atoms in the crystal by /V, 
irrespective of the previous meaning. If the Hund tule is applicable and the state of the 
highest multiplicity is the most stable, the state of this multiplicity, 


sf=s(st+)), (9) 


* Professor T, Matsubara, in his informal paper’), tried to extend our theorem, and proved that eq. 
(8) is applicable also in the general cases that the condition of Hund’s rule does not hold, There are found, 
however, a few delicate errors in his proof, and this extension seems fo be impossible, as more clearly seen 


by the algebraic considerations, 
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is prevalent over all constituent atoms of the crystal, where s is equal either to ”/2 or 
to p—n/2 according to the cases: 7 < /, or n> f. In this case the total number of 
states of the crystal system, belonging to the total spin S and its %-component lM, are 
given by the following expressions J(.S; .V) and g(S; V) respectively. 

g(M; N)=the coefficient of =" or 2-™ in the 

expansion of (22+2'++--+2 °*'427*)%, (10) 

O(S; NM) =9(S; V)—-eS41; ¥). (11) 

From the view point of the representation theory of algebras there exist the y(M; V) 


-dimensional reducible representation 7?,,’ and the J(S; /)-dimensional irreducible represen- 


tation A, of the algebra engendered by all quantities of the form, 

Pig=S8i° 85, (12) 
for each given value of AZ and S. There holds a relation that the one is a direct sum 
of those of the other kind, to the effect 

Ral = Ray Ray a has +R yait Ray (13) 
We express the traces of a quantity Q of this algebra in the representations A, and Ras 


respectively by ¥,(Q) and yy/(Q), which can be expressed by certain combinations of 
¢g(M; V)’s. In the case, s=1, these expressions turn out to be the following (Appendix I) 


yn A)=9(; XY), 

yu! (Pi) = (a,—2) (WM; N—2), 

Xu! (Pi) = (a24+2a,4+6) 9(M; N—2), 

Xu! (Fis Pix) =(as—a,) GU; N—3), 

tu! (Diy Pu) =(ay—4a, +6) g(W; N—4), 

au! (P.5) = (a, =8) g(M; N—2), 

Am’ (P53 Pex) = (Ag4+4.—0,—2) 9(M; N—3), 

ta! (Pi5P a) = (a+ 20,4 40,~2a,—10) g(M; N—3), 
Yu! (Piz Pix Par) = (a,—4 a+ 6) g(M; N—4), 

ta’ (Pis Pax Pas) = (ag+3a,) 9(M; N—3), 

tu! (Ps Pix Pim) = (@,—30,420,) 9(M; N—5), 

tau! (Pe Put ae) as (a,— 6a,+ 15a@)— 20) o(M; N—6); 


where the different letters appearing as suffices of P always represent different numbers and 
the operators a, introduced for the sake of abbreviation are defined by 


a=a' +a, (14’) 
where the operator @ is defined by 
ap (M;-..)=9(M+1;---). : (14’’) 


According to the relation (13) we also obtain. 


%(Q) =7'(O) yl! (Q). as) 
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The mean value of Q over all states of the crystal having the resultant spin «S-isip exe 


pressed by 


(Q),=4(Q)/8(s), (16) 


where $(.S) is an abbreviation for d(.S; 4) and this abbreviation will be retained for the 
following. The averages of HY, Hl” and //®* are expressed by those of /,,’s and their 


products, as follows, 
(A) =W(s) =—JNz( Pes) 05 (17) 
(HP?) =/* .[2Nz- (Pi), +4N2(e--1)- (Piz Pir) s 
+ Nz (Ne—4z +2) -(P,; Pa)el, (18) 
(H*) = —J[4Ne2-(P3), +242 (5-1) -(P2 Ps), : 
4 62 (Ni —45 +2) (P2 Py), +8N2(2—-1)-( Puy Px Pus 


0 242 (s*— 2741) 
| 16Nz | (Py Pr Pade} 24Nz (2?—27—1) | (Pp PPas CES 
32Nz 24N2(2*—27—3) 
12N2(WV2*— 62? +1027—4) 
+ 122 (W2— Nz—62"°+62) | eat lia Pim ys 
122 (N2?— Nz —62°+107+4) 
+ Nz (N?2s*—6N2z? + 6N2 + 402°—487—16) + (Pi; Pr Prun)s]- 
In the expression (19) for the average of //* which explicitly depends on the lattice type 
of the crystal, the first, the second and the third lines of the terms in the brackets { } 
are to be adopted respectively corresponding to the following three cases (a), (b) and (c). 
(a) No pair of the atoms nearest-neighboring to a certain atom is nearest-neigh- 
boring as in the simple-cubic and the body-centred cubic lattice. Among the possible cases 
where this condition does not hold, we only mention the following two cases, 
(b) the hexagonal layer lattice, 
(c) the face-centred cubic or the close-packed hexagonal lattice. The square and 
the cubic fluctuations, 
A,(S)=( (A= W(S))*).=(A").— WS), (20) 
4,(.S) = ((H—W(S))*) = (H?),—3( A), W(SP+2U(S)*, (21) 
are called the semi-invariants by Thiele, according to whose theory in the approximation 
including up to the third moment of the energy, the partition function of the crystal 


system is (Appendix IL) 


Bisel ee cecal 2S — WAS) ,. 405) — 4s(S) ] 5 
SETS J BS )08P | kT "Tw a Oe mI 
kT 
= lex Sy] dS; 29, 
ax joe YS) (22) 


ee 2051S) SY 4s(S) 5, ice ey 
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where / is the Bohr magneton and J is the applied field. We can evaluate asymptotically 
by the method of the steepest decent, viz. 


aked oe aaa 


: “ex sei 23 
~  2p36 f(S*) 2 [/(S )] ( ) 


The magnetization / may be evaluated similarly. 
T=AT 02/3 /Z=28S*. (24) 
The saddle point S* is determined by the equation, 
f(S*)=0. (25) 


4. Caleulations and results 


We can evaluate (17; V) in (6) by making use of the contour integral on the 
complex plane, 


1 = z 
e(M; N)=+-4(3) z,)-2%1 de, (26) 
Dit, St==s 


where the integration contour is along an arbitrary closed curve around the origin of the 
g-plane”. 
In the limit 1, J/-—>0o, we can evaluate this asymptotically by the method of the 


steepest decent, and the results for the case, s=1, is 


N 2 M NV 
ATs 3 (L4+ N)A(L—-N) AN 


F 27 
2M avy yt (V—M)*.(N+M)N*™ re. 
where L=V4N°—3mM. (27’) 
In the case that V, M7 >1 and 4N, 4I7—1 this gives the formula, 
N(L+N) | L—-mM pp 
»(M+4M; N+4N)=0(M; N | | | | 28 
#4 ae lear \ aa Gs) 


-[1+4,(4M, 4N, M, N)+4,(4M, 4N, M,N), 

where uv, and v, are infinitesimals respectively of the order V~' and N~? as follows, 
u,(4M, 4N, M, N) = (2N(N°— WM?) 13 {(—4N'44+3M'—NML) AN 
+ (7N°M—6NMP + NPML) AM+ (—4N° MP +31? —NM*L) -(4N)P 
+ (8V°M—6NM*+2N°ML)-AN-AM+ (—4N'+3NIM—N®L)-(4M)*, (28/) 
(4M, AN, M,N) = 12N°L'(N2— MM) (48 N54 84° M2288 M4 
+189.V° M°—27M*+ (36N® M°—30N? M*) L} (AN)? + {—336N'M 
+576N*® Me—252N" AM? + (—48N° M+ 18N4M*+18N2M'*)L\ 4N- 4M 
+ {84° 69V°M°— 63 N14 54NPOM! + A2N'+12N"° 18MM") T} . (4M)? 
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+: 496M" M-— 196N4M* + 102N7M— 18M + (24N°M?—20N2M"*) L} (4N)8 
+ {—192N' M+ 288N?M*—108N° M+ (—48N M4 18N 18 + 18N2M*) 1} 
| x (AN)? 4M 
+ {96N*°—48N°M?—90N'1*M'454N°M'+ (24N'4 24N Ml 36N°M") L} 
4N-(4M)? 
+ {—64N'M 4 96NEM—36N M+ (= 22N M418 NM) 1} (A), (28") 
From (14), (15), (16), and (28) we obtain, 
CPS A(—2Ne + NS +S?) N-* 
(P2),=1/3-(8N2—3S°—2NL) N-, 
CP Pays 1/3-(4NEL) SV 
(Pig Pave S4*N~* + 2/3 - (—14N°S + 3 NS? 49° 4+ 2NSL) SN, 
(P3) = 1/3: (—10N°+9.S°+4NL)N~, 
(Pig Pa) S* N~, (29) 
(P2 Pu) s=1/9 > (24N2S°—9S'=6N SIL N ~, 
(Pig Pu Pa)s=S'N~™ 
(Pi, Paz Prys)s= 1/9» (40N2—15NS?—16N?L) N=, 
(Pi Pp Pim) e= 1/3 (4N—-L) SN, 
Ces hag ve, 
where we use an abbreviation, 
= VAN? 35". (29') 


From these and eq. (17), (18) and (19) we attain to the expressions, 


WS) =—2/N" S*, (30) 
4,(S) =2/3-Z7? N-*(N?—S*) (8N?—2NL'), (31) 
[30V°— 165V4S?4 189V"S*— (12? — 66.N*S* + 36NS*) «L'\y 
(31a) 
HAS\=—4/9-7/ NN: [130+ 135N4S?4 24S" + 365° + (52V*— 30S") LA; 
(31b 


[—290NV° + 435V4S*—207N*S*+ 36S" 
+ (1168S? — 162 *S*436NS*)L']. ic) 


Using the abbreviation, 


a=1/2NB=S*/N, Papel, (32) 
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we obtain the following simultaneous equation derived from (24), (25) and (22'), into 
which (30) and (31) are substituted, 


o=P,(§)=3/2-cth (3/2-€)—1/2-cth (1/2-§), : (33) 


— 80° az iy 
C=A(a %, T)= = ( +: “jo+2 ie 2 o( 11+ 60" mee =a) tae! 


———, 36a —1980°+ 1080” / 
Z = V4—30°— tate? 5 135) 
([3300—6120°—2160"— (132 144) V4—36 ae ( 
3, 1560—900° ' 
[—2706—960°—2160° + 600° 4 — 30" ; (33'b) 
4—30° 


3480 —3780" +1080° 
se BY A/ Aan, eo 
[ —8A0c + 8280° —2160° + (2520 —1440°) V 4— 30° + rere 


(33’c) 
These equations have a non-zero solution for o even in the vanishing applied field, so far 


as the temperature is lower than a critical value, 7, determined by the equation, 


[ze (eee | a (34) 


=0 


Again with the abbreviation, 


= vie (35) 
vg be 


We can explicitly write down eq. (34) respectively for the before-mentioned three cases 


(a) (b) (c) by using either eq. (33’a) or (33’b) or (33’c), 


3 /22—27,+ 11/3 +7, —32/9-7=0, (36a) 
3/2¢—2y7,+11/3-7,— 48/9 -72=0, (36b) 
3/2¢—27,+ 11/3-72 + 128/9 -7°=0: (35c) 


The value of 7), the Curie temperature of ferromagnetism, can be determined in the first 
the second and the third approximation, according to whether the terms of up to the first, the 
second or the third degree in eq. (36abc) are retained. Below the Curie point the crystal 
has the spontaneous magnetization determined from a root of the simultaneous equation 
(33), (33’) for @ with H=0. Especially in the second approximation, 7, is determined 


uniquely without giving more detailed structure of the lattice other than the coordination 
number, 2, viz., 


ie "2107/2380 — “1 anya) a (37) 
This formula gives the criterion for appearance of ferromagnetism, 
Ce a 


(37') 


According to this result, even the ctystals of hexagonal layer and simple cubic lattice being 


| oa 
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unable to be ferromagnetic in the case, s=1/2, can be ferromagnetic in our case, s=1. 
In the third approximation the latter remains to be ferromagnetic, but the. former is found 


to be non-ferromagnetic. 


The values of 7, in different approximations are shown in Table 1, 


which give the Curie points all higher than in the corresponding cases of s=1/2. 


Lattice type 


Hexagonal layer 
Simple cubic 
Body-centred cubic 


Face-centred cubic ) 
Close-packed hexagonal) 


First approx. 


Second approx. Third approx. 


0.125 0.194 none 
0.125 0.194 0.168 
0.094 0.120 0.115 
0.053 0.074 0.079 


Table 1:. Value of y-=//#Tc. 


Above the Curie point we obtain the following relation between the magnetic susceptibility, 


x of the crystal and the temperature by using eq. (33), (33/). 


— 32/9 (38a) 


4ANIP/ZJy=3/2Z-kT/J—2411/e-J/kT +} +48/9 + (S/T). (38b) 


+128/9 (38c) 


In Fig. 1. 4V,/?/Z/y is plotted as a function of //#7. 


[2/79 


7 


0 


2MoB?/ (37%) 


AT] 


8 (OneA 2s 14 er 1890 


T/T 


(1) Simple cubic lattice. (2) Body-centred cubic lattice. 


(3) Face-centred cubic lattice. 
The curves I, II and III are those 
respectively according to the 
first, the second and the third 


approximation. 


§ 5. Conclusions 

We proved that we can express the hamiltonian of the crystal, 
constituted of the atoms having more than one outer-shell elect- 
rons, in the form of Dirac’s vector model by using the total spins 
of these constituent atoms, so far as the condition of Hund’s 
rule is prevailing in these atoms. In spite of the fact that 
we have no established theory with respect to the cause of 
the interaction of vector-model type among the magnetic 
atoms in the antiferromagnetic crystal, we may probably apply 
this proof also to the antiferromagnetic crystal constituted of 


the magnetic atom, where the condition of Hund’s rule is 


prevailing. 
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Based upon this vector model, we worked out the calculation of the Heisenberg theory 
of ferromagnetism up to the third approximation in the case that the constituent atoms 
of the crystal have two outer-shell electrons or holes. The results are fairly reasonable. 

I am indebted to Prof. K. Husimi, Dr. K. Yosida, Mr. I. Syozi, and Mr. Y. Kitano 
for their kind suggestions and valuable discussions, and also to Mr. Y. Obata in Tokyo 


University who pointed out an error to me. 


Appendix I 


The matrix elements of the components 5;,, Sj, and Si. of s,, in the scheme where 


the ¢ component 5;. is diagonal, are the following. 


(770;| 8¢2| 2-1) hi V2, (12;4| 8i,|17ts—1) =—i/ Da 


(770,| S| 70+ 1) =1/ S2, (10,| Sry] 40; 1) =2/ Oe (i515 
(7104| See| 722g) =770;,. (77ts=1, 0, —1)5 
or 
/ 0 1/v2 044 Yel —i/V2 Och 
daligv2 0x72 |) =| 3) eee ee 
We) Ie 2. 4 Og lo if/V¥2 0 
0 0 0) 
gees | (1-1’) 


1 ee a . 
From these we can know the matrix elements of /;;=;-8; by means of the relation, 


(1205, 12;\ Pig| meg, 04!) = (1726| Siz |700e1) (0105| Sez | 772) 


+ (10;| Sig | 7726) (920| 8jy| 7703) 4 C7ta| Siz 


my!) (4704| Siz| 772). (I-2) 


Furthermore we can evaluate the matrix elements of the quantity which is a product of a 
few members of /,,’s; for example, Piy Ps Pos. 


We consider a representative of these products, we express this as Q and assume that 


the total of different suffices of /;, factors consituting Q are 2, 7,--+--- ,& and the total 
number of these is J/V (Fot example, in the case, O=P,y Pix Py, these suffices are 1 
2 95 ; 


2, 3, and dV=3). We can evaluate the trace y’,,(Q) of Q in the representation, Ry,’ 
by means of the formula, . 


Lu (Q) =D (Me Mg++, 1y|Q| iy Mj, te) (M—m,—m,— ++ — 143 N—AN). 


Mhgs Mjy Mp ( 
we ah cies 
For example, in the case O=P?;,, 


tu (Q)=(, Ly, |1, 1) -o(M—2; N—2) 
+2(1, —1 |&, 


1, —1) -9(47; N—2)+(—1, —1|P,|—1, —1)¢(42; N—2). 


All expressions in (14) are obtained in similar ways by means of the formula (1-3) 
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Appendix II 


We represent a set of quamtum numbers, uniquely determining the energy eigenvalue 
E of the crystal system, other than the total spin quantum number, S, symbolically by a 
single letter 9; thus H=A(S,e). The partition function Z of the system may be 
formulated as 


Z=\[S) exp [= 29% + ECS, p)}/(AT)]-8(S)8(S, p)dSdp, (11-1) 


where 6(.S) and ¢(.S, 7) are distribution functions of state; g(.S) being the total number 
of states having a given eigen-value of the total spin S, out of which a fraction ¢(S, /”) 


have a given set of eigenvalues @; x (5S, @) is normalized in the sense that 

ig CS, p)de=1. 
The summation over J/ in (II-1) may be replaced by the integration, and 7 is transformed 
into 


vie aa [exp [ {25336 —E(S, p)} (AT) 0(S)e(S; p)dSdp. 


We may introduce here the conception of the semi-invariants into the integration over 


(in general the multiple integration), and then 7 becomes 


; kT \ : [= aS 124 | 
fe aa S): — — 1s ; Lie2 
2RH pe) a 24 ni \ ae ( ( ) 


where the semi-invariants 7,, are defined by the equation. 


te 
Jexp [E(S, p) -¢l.¢(S, p) ap=exp| > = |, (II-2’) 
n=1n1! 
If we approximately stop at the third term in the series in the argument of the exponential 
function of (II, 2), we obtain the expression (22) and (22’) im the text, where Eq. 
(II, 2) tells us that 


A=SE(S, p) &(S, e)ee= W(S), 
= SECS p)—ARe (Ss dp=4,(5), 
A= {LZAGs; p)—A kg (S, ojap=4,(S). 
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Possible models of /-particles, mainly concerned with /”° (J ,°)-particles, are investigated in a 
systematic way on the basis of their characteristic features, one being experimental evidences and the 
other theoretical requirements such as the stability of nuclei and the charge independence. The latters 
play a role for ruling out a proposed decay mode, /°--/+z-+y, and the single production of hot 
l’0-particles, respectively. Since the pair production of J”°-particles seems unfavourable according to 
recent experimental evidences, we are led to propose a model as considerably plausible that is based 
upon the classification of elementary particles due to the generalization of the Pais’ even-odd rule. 
Introducing a pair of short lived \-particles yet unobserved, the production and decay of V °-particles 
take place through the following interactions: 


AMEN Be 
N+N—>X+ X, X—> V°—+f+n-. 
(Geven) (Yint) ANG Roos (goaa) 


The magnitude of coupling constant gjn; lies between both strong geven and weak goaq and the 
decay of X into V+--- is slightly faster than into /°+---. Several modifications of this model are 
shown to be permitted. : 


§ 1. Introduction 


Since the discovery of Rochester and Butler several hundreds of the so-called J- 
particles have been observed in cloud chamber photographs and their existence is now indis- 
putable. 

Their established properties together with the most preferable interpretations are 
summarized in what follows.”~*” 

a. Classification of V-particles 

There are two kinds of /-particles, charged and neutral. They are further subdivided 
into more precise species according to their characteristic decay modes: 


p+, (M=V,") (1-1) 
Yorn,  @=V¥)° (1-2) 
v+->meson* + ?"4 (2°), : (1-3) 


+ 1687) —42 . . 
particles*’”~*” found in nuclear emulsion and presumed to decay as 


x= p= + 294 29, (1-4) 
front. (1-5) 


Models of V-particles 415 


b. Abundance of V-particles 
(1) V-particles are observed with penetrating showers. The energies of the incident 
particles which are responsible for the production of such showers are of the order of 10 


Bev, depending upon the counter selection systems usually employed in cloud chamber 
experiments. 


of all /-particles including unobserved ones is roughly estimated to be about 10% of 
pions, in reference to the number of t—y decays and electron-positron pairs observed in 
the same cloud chamber’ and the assumed lifetime of the /-particle. 


(2) They are observed as frequently as > 1% of penetrating showers. The frequency 


(3) Their relative frequencies are tentatively given by 


1.6+0.5, (Manchester) ” 
V°/o~ (1-6) 
fen? (Pasadena) 


charged/neutral~0.15. (Manchester)” (1-7) 


c. Remarks on the decay scheme of the V'-particle 
(1) It is very likely that the ]/°-particle undergoes the two body decay as (1-1) on 
account of the coplanarity and the balance and distribution of the transverse momenta of 
decay products. 

It can not be concluded, however, that the Q-value is unique, because of the large 
experimental ertors, i.e. Manchester and M. I. T. groups assert the unique Q-value, while 
Pasadena group opposes to it. 


Q=46+6 MeV, (Manchester) ” 
5 +3MeV, 


(Pasadena) ™ (1-8) 
75 +5MeV, 


O=38 7 2MleVi ge (M. 12.7)” 


(2) There seems to be no third neutral decay product which gives rise to electron-showers 
in the lead plates.?*”” 
(3) The negative decay product with mass around meson is 7-meson with good certainty, 
since there are examples identified as 7—y decays.?"*” 
(4) There is no identified anti-proton among decay products of /*-particles. 

d. Remarks on the decay schemes of the v'- and v*-particles 
(1) It is mot so sure as in the case of |” ‘particles that the v*-particle undergoes a two 
body decay and that the secondary mesons are 7-mesons. Ch (122). 
(2) It is not likely that all of w*-particles suffer two body decay from the observed 
distribution of the transverse momenta of charged decay products.” 
(3). “The v*-particles observed so far are lighter than nucleons. See, in this connection, 


qa. and e. 
c. The masses of the V°-particles 
The exact mass values of these particles are yet unsettled. They are roughly given by 
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V°~2200 m., 
vy ~800— 1000 m,, @! -9) 


v= ~1000—1500m,. 


f. The lifetimes of the V-particles 
V°, y~107°—10-™ sec. 
= a0: = 0. asec: 


We need further experimental elucidation of these phenomena especially for v*- and 
v~-particles, in order to understand the complete nature of these particles, but we shall, 
for the time being, try to look for possible model schemes as closely as possible based on 
the above information. On account of meager experimental material for v"- and v*-particles 
our discussions are mainly confined to |”"-particles. 

First of all, we should stress the apparent contradiction between the long lifetimes 
and the copious production of these particles that can never be understood on a simple 
detailed balance consideration 


Suppose an interaction 
H=if bys bp O* +h. bss (1-10) 


where #,, 7, and represent the wave functions for |/*-particle, proton and pion res- 
pectively, which causes the decay of a l’"-particle into a proton and a negative pion, 
then the lifetime + is given by 

Ce a pV ne +p?—m) (1-11) 

tT 342 WM ; 
where JZ and yz are the masses of |”° and proton respectively, and # the momentum of 
the decay products in the centre of mass system. 

With J7=2200m, and r==109 " sec., 


f?/4n~10™". (ps-coupling) (1-12) 
For pseudovector coupling 
3 Obes bs 
H=iL¢, ree OOS aes (113) 
# OX, 


where / is the pion rest mass, we have only to replace / in the lifetime formula (1-11) by 


fe M. +71 


Ys 
in virtue of the equivalence theorem, and we have for this time 


g?/4a~10-™. (pv-coupling) (1-14) 


At any rate, the interaction 
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VNa (1-15) 


turns out to be very weak compared to the pion-nucleon interaction 
5 NNr,(f?/42~10 or 9?/47~1071) (1-16) 


and it is obvious that the /~particles should be produced through other strong interactions. 

Careless introduction of strong interactions, however, brings about rapid decays of ie 
particles in quite short lifetimes of the order of 107*' —-10~~ sec. Thus it is undoubtedly 
one of the central problems in studying the models for these particles how to reconcile 
their abundance with their long lifetimes. 

There is another important subject to be concerned with, the stability of nucleons 
being a necessary condition for any kind of models for these unstable particles, as far as 
these are elementary particles. 

We shall begin our investigation with the discussion of this condition since it is 


instructive as well as necessary to get insight into the nature of the /"-particle. 


§2. The stability of the nucleons* 


We know empirically that the nucleon is stable, i.e. it mever decays into lighter par- 
ticles, otherwise the matter would not be stable. 

This stability condition is intimately connected with the problem of heavy unstable 
particles. For instance, suppose an interaction like VVp (V": elementary Bose particle) 


leading to 
VY >N+p, (2-1) 
then nucleons may decay through this interaction as 


N+N>N4+)°4+f-24+ Bb (f: antiparticle of /4) (2-2) 


in contradiction to the stability condition.” 


Realizing the importance of this condition, we are to express this condition mathe- 
matically. It may be necessary and sufficient for a moment to assume that the number 


of nucleons or more strictly the difference between the number of nucleons and that of 


anti-nucleons is conserved : 
n(V) a \py* Py a= 1\ Py 7. Yn do, =const., (2 -3) 


(hy is the quantized wave function of a nucleon. 

This was the stability condition for nuclei before the discovery of V-particles. At 
present, however, it is obvious that n(N ) is not a strict quantum number in pefgrence 
to the |/°-particle decay, and we should improve the expression (2+3) so as to include 


; i into nucleons. 
such particles, whether they ate Fermions or Bosons, that are transformable in 


Thus the expression (2-3) must be generalized into 


n=n(N ) +n(V°) +++: 


*) Similar discussions were made by several authors, especially by Oneda.*) 
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=51( £)i[g Vu Ys y+ >(4 ){ 6,2 — oe ,*) do, =const., (2-4) 
Fermions Bosons O4y Ota 

where the (+) signs are determined according to the particle-antiparticle assignment. The 

whole of the members in (2-4) is called hereafter as the nucleon family. Then the above 

formula represents the conservation of the number of the nucleon family. 

We shall next examine characteristic features of this family. First remember the 
requirement that the theory of quantized fields is invariant as a whole under charge con- 
jugation. Since 7 is a strict quantum number, it must undergo a definite transformation 
under charge conjugation, i.e. even or odd*. The first term (iy 7, Yy in (2-4) is odd, 
and hence we have : 

(A) The quantity 7 is odd under charge conjugation. 

We cannot construct such an odd quantity from the wave functions of neutral Bosons** 
or Majorana particles, and therefore they cannot belong to the nucleon family. 

(B) The members of the nucleon family cannot be lighter than the nucleon. Otherwise 
the nucleons would ultimately be transformed into lighter members in contradiction to the 
stability condition. 

We shall show an application of these results to the investigation of the decay scheme 
of the /’°-particle. 

In the I”°-decay, there remains experimentally a possibility of the third neutral decay 
product : 


Vs p4+n +?" (2-5) 


It is known that the third particle would not seriously violate the coplanarity and 
distribution of transverse momenta of the charged decay products within a rather limited 
experimental accuracy if it were much lighter than nucleon.” Hence the third particle 
obviously cannot belong to the nucleon family in virtue of (B), and the conservation of 
the nucleon family requires the |’"-particle to be a member of the nucleon family. (We 
shall simply denote as N. F. hereafter.) With reference to (A), we see that fhe |/°- 
particle should be a Fermion provided that it is elementary. 

The condition (c. 2) excludes the possibility that the third particle is identical with 
m or 7, and the following mode is especially of interest both experimentally and theore- 


tically : 
V°—p+nm +p. (» : neutrino) (2-6) 
If it were really the case, the |’°-particle could not be a Fermion and should be a com- 


posite substance. This is not very likely on various reasons. The above argumentation 


* m . . . » 
) If a conservative quantity is decomposed as the sum of even and odd parts, then both parts are 
separately conserved. 
Ke : ' 
) Strictly speaking, the term “neutral Bosons‘* should be replaced by “neutral Bosons described by 
real wave functions‘, however we shall discard such neutral Bosons that are described by complex wave func 
tions in this paper. 
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gives a theoretical evidence in favour of the two-body decay scheme of the l’"-particle. 
Also it must be remarked that the experimental fact (c. 4) can be interpreted in 
terms of the nucleon family conservation.” 


§ 3. The classification of the models 


As has been emphasized in $1, it is the most important object of study how to 
reconcile the large yield of |particle production with their remarkably long lifetimes. 

Although the decay schemes of /’-particles are comparatively well known, we have 
as yet only scarce information on their production mechanisms. Thus various assumptions 
on the production mechanisms lead us to a wide variety of possible models of interaction 
schemes, which are further multiplied by the minute settlement of decay schemes." We 
need, therefore, to choose a suitable means of classification, in order to avoid too enormous 
number of models to be dealt with. 

In this respect, it is worth while to remember that V-particles are produced through 
strong interactions comparable with the iV.Vz coupling, but decay through very weak 
interactions. Cf. §1. Hence it seems favourable to classify possible models in reference 
only to their production mechanisms regardless of their decay mechanisms, since the very 
weak interactions responsible for their decay can, if necessary, be modified independently of 
other processes. 

We shall divide models according to whether /’"-particles are produced directly or 
indirectly from nuclear interactions. The following two sections are devoted to the full 
investigation of the above two possibilities. 

In this paper, we shall further infer that all /-particles are elementary* but not 
composite, since the structural theories in general suffer from the high possibilities of the 


radiative decay unless artificial selection rules as well as ambiguous cut-off procedures are 


unwillingly employed. 


§4. Models for the direct production of V-particles 


If the //°-particle is produced directly from nuclear interactions, it should have a 


strong nuclear interaction (Cf. 6. 2.), and we must solve the problem how to stabilize 


the //°-particle against rapid decays through this strong nuclear interaction. 
For this purpose we further subdivide such models into the following two cases: 
(1) They are produced singly. 
(II) They are produced: in pairs. 

Theoretical argumentations for the above two cases are completely dissimilar in nature. 


The former is naive and preferred experimentally*™, while the latter is of theoretical 


ive for further investigations as we shall see in the next section. The 


interest and instruct 
ion between the above two will be furnished by the determina- 


most conclusive discriminat 


considered within the frame of the canonical formalism. 


*) Interactions are, of course, a: 
the probability that two /”’s are observed without missing one 


**) If they are always produced in pairs, 
of them is expected to be much larger than the observed ones,'®)?)) 


e 
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: -_ 47) ; 
tion of the threshold for the production reaction as has been stressed by Pais. In this 
connection, the production of |-particles at very low energies is especially interesting. 

I. Models for single production 
If 1”° is hot, ie. has strong nuclear interaction, and produced singly*, the production 


mechanism will be 
pt + ato (4-1) 


The particles @,:--should be hot, since they interact with nucleons through a strong in- 
teraction (4-1), and may be identical with nucleon, pion or possibly photon. 


Then a |”° would decay through the interaction (4-1) as 
V+ | 7 Eee eer ee (4-2) 


where @,---are the antiparticles of @,---. 
The transition (4-2) is in most cases forbidden energetically, but /”° can ultimately decay 
through (4-2) as a virtual step: 


( 


V°oN4 4) Fa+-- Ve and/or 7. a) 


No absolute selection rule is operative in the above process since Fermions are involved. 
Then we are forced to prepare special devices to stabilize |”°. 

In general, selection rules are intimately connected with the conservative quantities 
which we shall inquire for a system involving Fermions. Those are the total angular 


momentum / and the total isotopic spin / of the system, and we shall give two kinds 


of models utilizing 7 and /. 
The V°-particle with a very large spin 


As remarked above the /”"-particle would, for such Q-values as listed in (c. 1), decay 
very rapidly as 


Mop+r, 
if the orbital angular momentum of the final state is small. 
The decay probability may be so much depressed for very high angular momentum 
states, say 7 or 8 as suggested by many people, that the lifetime of J’ turns out to be 


sufficiently longer to account for the striking stability of the /”"-particle. Let us, therefore, 
consider a model in which a very large spin of |”° is assumed. 


sea : : 
Since /”" is supposed as elementary in this paper, the wave function may be expres- 
sed in a spinor-tensor mixed form as 


Phas So Gee : (4-4) 
The decay of I”" can be attributed to such an interaction as 


*) By singly, we mean that not only another 7° but also v and 


v= are not accompanied with the 
one 7%, 
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af Wises 1 Ue (ls °°") +h.c., (4 -5) 


where ¢ is a nucleon wave function and the coupling constant f is sufhciently large to 
account for the production rate. 

To our regret such a highly singular interaction is far out of the scope of existing 
localizable field theories, and cannot be regarded as an elementary interaction, i.e. we 
should derive an effectively equivalent interaction from the combination of other elementary 
interactions. 


For instance, introduce a series of auxiliary elementary particles being members of N.F. 
Ni Nos aN 5 (4 : 6) 


where /V, has a spin s+34. 


Also introduce a series of elementary interactions 
VN 2, N,N te Ni Nt (Y=) (4:7) 
A typical form of such interactions is given by 
ras... aw 1s Pas..r° Op P: (4-8) 


Then they may effectively lead to the coupling (455); 


We have, however to settle a restriction on the masses of members of (4-6) in order to 


avoid such possible rapid decays of ee as 
V°—N, +7 or7, (7 ea 1) (4 : 9) 


which prevent V® to actualize the observed decay. 


For this purpose, it is necessary and sufficient to settle the relation*’: 


m(N)> mV), (1, 2,5) (4-10) 


m(N,) is the rest mass of particle /V,. 

It is worth noticing that such an arbitrary choice of the masses is allowed only for 
elementary particle theory but not for structural theories. 

The V°-particle with a very large isotopic spin 
For a system composed of nucleons and pions, the isotopic spin T is a very good quantum 


number.**? 


If V° is an elementary particle having a large isotopic spin, then the decay 
Pa p+n- (4-11) 
becomes highly forbidden, since the system /+7” can assume only two values /=1/2 


and 3/2, which are very low compared to that of |”. 
e the observed decay, therefore, we need to take account of the 


In order to realiz 
n that violates the charge independence. Every time the electro- 


electromagnetic interactio 
magnetic interaction takes part in, the isotopic spin changes by 


*) However it is not guaranteed that /”° will surely decay into a proton and a negative pion. 
**) The conservation of the isotopic spin is not assumed for the weak interaction which gives rise to the 


decay of a V° into Pt7r. 
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4T=0, +1, (4-12) 


and u=“1/137” is multiplied to the square of the absolute value of the transition matrix 
element, until the decay is realized. Hence the transition probability will become sufficiently 
small provided that the isotopic spin of |” is fairly large. 

There is, however, a fatal objection against this model.” If //* had really a large 
isotopic spin, high charge states would exist and be observable, which contradicts to our 
experience. Cf. (a. 3). 

II. Models for pair production 

As we have seen above, the models for single production are more or less unsatisfactory, 
if not quite unacceptable. 

Hence several authors have proposed models in which unstable particles are produced 
always in pairs*?. This model is now studied with some generalizations. 

By suitable means to be stated later, we first divide hot elementary particles**) among 
several groups: G,, G,,---. (4-13) 
To group G, belong nucleons, pions, and photons, i.e. familiar hot particles, and we let 
V-particles belong to group G, if they were really hot. To other groups belong, if any, 
other hot particles yet unobserved possibly due to their short lives. 

Next, let the number of particles of group G, for a given state be 


n(G,),- (4-14) 


and also define the following quantity 


e(G,) =(—1)#(Ga). (4-15) 
Now we introduce the following assumption : 

“for strong interactions responsible tor the production of hot particles, e(G;), 
€(G,),--- are separately conserved.” 
Of course, e(G,) is not conserved. 

Since |’-particles are produced in pion-nucleus or nucleon-nucleus impact, 7(G,) (a= 
1, 2,---) in the initial state are equal to zero, so that e(G,)=1. Hence, on the above 
assumption, e’s should be equal to 1 in the final state too. 

Thus V-particles are produced in pairs. 

If, on the contrary, they were produced always in pairs, it results that e’s should be 
conserved by a suitable grouping of hot elementary particles. 

As for the decays, the situation stands quite clear. For instance, the decay of I”° into 
P+” is forbidden since e(G,) changes from —1 to+1. We see that strong interactions 
do not contribute to the decay processes and we have only to introduce such very weak 
interactions as (1-12) or (1-14) in order to realize the observed decays. 

We shall from now on call the strong interactions for production as even and the 
very weak interactions for decays as odd, and denote these coupling constants as g,,., and 


* aT Bi : . 5 ss 

) We mean that /”° is produced always accompanied with another 17° or v. See, for instance, ref, 47 
. G 5 ? > ’ + 

**) Photons are considered to be hot in this case. 
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Yor tespectively. They represent only the order of magnitude and indiscriminately be used 
for various interactions, as has been utilized by Pais. 


Their rough magnitudes are given by 


Gee n eens —12 
Piciene EE Ue . 
47 47 Us £8) 


These values are of course susceptible to fluctuations by as large a factor as~10°, depend- 
ing upon interactions.*” 


Pais even-odd rule 
Pais divided hot particles between two groups, i.e. particles with even suffices and those 
with odd suffices, the former is equivalent to our G, and the latter to our G). 
In his notation, hot particles are denoted as 
NaN, VeaN ee : 
(4-17) 


T=Ty, 


and the even-odd rule is expressed as follows : 

“The coupling /V; .V; 7, is strong or weak according as 7+/+=even or odd.” 
This rule is obviously equivalent to the statement that e(G,)** is conserved for strong 
interactions, and we see that our present treatment is a generalization of the even-odd rule. 

We should add here some remarks concerning the decay processes. The decay of an 
unstable particle into lighter unstable particles is not forbidden by the even-odd rule, and 


we must present special devices for each case. Pais were able to forbid the unfavourable 


process 
N,N + (4-18) 
by the mass relation 
m(N 3) <m(N,) +m(m). Cf. (1-9) 


As the number of the members of the unstable particles increases, however, such a device 
becomes increasingly difficult. For instance, how to take the decay of a y particle into 


z and < mesons***?, 


yrort +c, (4-19) 
into Pais’ scheme, provided that the above process is experimentally accessible? In view of this 


difficulty, the present generalization is not trivial, but more than two groups even and odd 


may be needed in future. 


§5. Models for the indirect production of V-particles 


In the previous section, we reached the conclusion that no model can satisfactorily 


*) For instance, /2/42~10 for MN, and ¢?/4n~1/137 are indiscriminately represented by the same 


symbol Grevenl[4n. As 
**) It may be better to replace e(G;) by e(Goaa)- 


#**) We assume tentatively that the suffices of x and 7 are odd, 
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account for the single production of | , provided that they are produced directly. 

Hence we are inclined to think of that |/° particles may be produced indirectly via 
other hot particles. 

The long lives of |-particles suggest us an idea that they may be cold but not hot. If 
it were really the case, their large abundance might be explained. just in a similar way to 
“the two meson theory.’ Along these lines of reasoning, we shall examine such models 
in what follows. The most essential point in these models is to assume the existence of 
unknown particles of short lives. However, the particles that we know at present by 
direct observations are restricted to such ones whose lives are longer than~10~™ sec., 
besides indirectly observed 7°, and we have no @ friori reason to rule out the existence 
of unstable particles with shorter lives.*’ 

There is no tax imposed upon the elementary particles. 


VY 


We shall, therefore, assume the existence of short-lived parents of |/°-particle. 


So far such models have been buried by arguments as follows. The parent particle 


X is produced by a reaction like 
N+N>X+N, (strong) (5-1) 
then \’ decays to produce |”°: 
XV pe, (5-2) 
The coupling (5-2) should be strong, otherwise A will rapidly decay through (5-1), 
before decaying into |”°, as 
VSN SNe one (5-3) 
If the coupling (5-2) were unfavourably strong, then /”° will decay rapidly through (5-1) 
and (5-2) as 
VW 3NX4--3N+7 or 7 (5-4) 
in contradiction to our experience. 
We can, however, remedy the above model by a slight modification. The difficulty 
of the above model arises in the instability of .Y, which we must improve. 
Now remember the discussions of § 4, II, then one will readily be able to stabilize 
X, i.e. we have only to replace (5-1) by 
N+N>X+X. (strong) : (5-5) 
Since X is stable, we can introduce a weak interaction 
X->V°+-+-+ (weak) (5-6) 


without being bothered by the competing process (5-3). If (5-6) is the only decay mode 
of A’, however, we again face to the pair production of [-particles. 
Hence we improve (5-6) as 


* : ' 
p On the contrary, the existence of such yery short-lived particles (and consequently yery hot) as 
nucleon jsobars may be recognized indirectly, : , : as . 
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(9x, 
eal Ae Pegs). (weak) (S57) 


where the two modes are competing. 
We assume further that the former mode is several times more probable than the latter, 
then in most cases ]”° appears singly : 

NENSX ERO ENG, (5-8) 


and the pair production 


N+N>X4+ XO V4 V+... (5-9) 
are rarely observed. 


The condition imposed upon the magnitudes of the coupling constants gy and g, 
are stated as follows. 


(1) In order that 1” is produced singly in most cases 
Ix [40> 9y°/4n. (5+10a) 
(2) The decay of ]”° through (5-7) as 
DUSK Wace: 
should be sufficiently slow. This condition is roughly expressed in the order of magnitude 
theory by : 
(dx /47) (Yy?/4%) SF ona /47- (5+10b) 
(3) Since X is not observed and the coplanarity of /”"-decay holds in most cases*?, 
the lifetime of must satisfy the inequality 
fg <107 psec. (5-10c) 
Of these the first condition (5-10a) is not so serious and we may regard “/y and Vy as 


being of the same order in our crude discussion, so that we shall indisctiminately denote 
them as QYjnp just aS Yeren and Yiaq- 

The meaning of the suffix 7z/. will stand clear soon. 
For the next condition (5-10b), we now read 


(Pent [AE)? SI ona /4n~ A iyaer 


or (5-41)0%7 


Fine [40S 107%. 
The last condition (5-:10c) requires 
Pm [4% = 10-*. (5-12) 
We see that the two inequalities (5-11) and (5-12) are consistent with each other, and 
that such a model can assert itself as possible. That the magnitude of (in, falls between 


*) The rather rare non-coplanar cases may be attributed to the appearince of \ in the intermediate 


stage. ; 
**) Rigorously speaking, this condition becomes fooser if we take into account the matrjx elernents, 
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; ie Bae 2, aes 
Jeren and Joy is the reason for the suffix zv¢. being the abbreviation of “intermediate. 
The above model can further be generalized as to include other unstable particles than 
ie 
Following the method described in the previous section, we divide the hot elementary 


particles into several groups 
Gye : (5-1 3) 


l’° belongs to none of them, since it is considered as being cold in the present section, 
while X belongs to G,. As for other unstable particles we are not sure yet whether they 
ate cold or hot, but hot members, if any, including parent particles should belong to some 
of the above groups except G. And then we assume again that e's are very zood 
guatum numbers. Observed hot particles decay with the coupling constant Yoaa, while 
unobserved hot parent particles decay® with Yint- 

Next we shall prove that the decay of an observed unstable particle through a parent 
is sufficiently slow. 

The process must at least be the second order in %jn,, as the unobserved parent is 
created and then destructed, ie. : 


observed V’s—>unobserved parents—members of G), 
Gant Jin 


since, however, we know the inequality 
2 \2< 72 
(Fine /47) SGaa/47, 
the stability is guaranteed. 


This model permits a number of modifications. One of them is as follows. The 
process (5-5) may be replaced by 


N+ GN yd mater) (5-14) 
Xs 


< Pee (5-15) 
Xa 


In this model, ]”° is always produced singly, but not in competition as was the case for 


(5-7). Further the threshold of 1”° production can be lowered**’, if necessary, by 
assuming 


Xi ae + 1 
Xe V+ TV: (5 iS ir 6) 


If X, were much heavier than 1, X,-might decay into V+--: as 


*) They must decay into the members of Gp as well as into /-particles in order that /”’s are produced 
singly. eS 

**) In the former model (5-5), both -\’s had to be heavier than /°, while in the above model X. 
js not necessarily heavier than /°, OF : : 
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X27 X,+4 N+ NSN+AS +H: (5+17) 
Yeven Yint 
but it is not hard to let VY, decay into 1”° faster than (5-17). 


Another example similar to Pais’ even-odd scheme is also possible in our model. 
SAVING, NUNG, =X XE, ana.) (5-18) 
X, *«—>members of G, and cold I’’s, (Jin ) (5-19) 


where YY is a Fermion parent and + a Boson parent. 


§ 6. Charge independence and V-particles 


As seen from the arguments of the previous sections, /’" may be produced indirectly 
rather than directly. There is another reason to support this conclusion though it is not 
conclusive. 

In connection with the recent investigations concerning pion reactions, the importance 
of the charge independence becomes widely recognized. At low energies available at present 
in laboratories, it seems likely that the charge independence holds, whereas we know very 
little about its validity at high energies. It seems quite probable that the charge independence 
holds near the threshold for the |-production, since the threshold energy is not far from 
that available in laboratories. 

If it were unfortunately not the case, it would seriously disturb virtually the charge 
independence even at considerably low energies, since the interaction is comparably’ strong 
with the pion-nucleon interaction®’. The lower the threshold, the more likely this assump- 
tion becomes. We may, therefore, assume the charge independence at such energies tenta- 
tively in this section. 

The so-called charge independence means that the theory is invariant with respect to 


rotations in isotopic spin space provided that we take only very hot interactions into 


account.**? 
The infinitesimal rotation operators in isotopic space are given by 
is les a 
je \ex tip Py da, + | 7 ee Iu (6-1) 
D. Oty, 


the thick letters denote vectors in isotopic space. 
The representation 1s chosen as 
Le ae, (6-2) 
If there were other very hot particles, it may be better to add terms like 
Li\err, ¥ doy (6-3) 
2 : 
; . 
yenGhG, 2)e Also if we take account of the alternative decay mode //°—>+7°, the production yield 


should be larger. j i 
**) Since electromagnetic interactions (hot ir our nomenclature) are excluded, we used the term “very 


hot”. 
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to I for Fermions and similar ones for Bosons. We shall call the members in the ex: 


‘ 


pression I by a collective name “ group ene 

For convenience, we assign zero isotopic spin to particles which are not the members 
of group C, regardless of their charge, since they do not undergo transformations in the 
isotopic space. 

An important aspect of the isotopic spin is that Fermions can assume half integral 
values as well as integral values, while Bosons can assume only integral values. 

Since there seems to be no charged counter particle to V’°, we have to assign zero 
isotopic spin to 7°. Cf. (d. 3). 

Suppose that |”° is produced singly and that there is no other member of N. F. 
participating in this process but nucleons and /|°, then 


n=n(N) +n(V°) =const. (6-4) 
If 1’° is produced singly*’, then we have from (6-4 
P gly 
4n(V°)=+1, and 4n(V)=—1. (6-5) 


Now consider the corresponding change of isotopic spin 
4T,= 4I(V),+ 4/(Bosons) . 
= +1/2-+ integer*<0, i.e. not conserved. (6-6) 


Thus the above assumption that /”° is singly produced is not acceptable on the basis of 
the hypothesis of charge independence, if J”° were produced directly. This is another 


reason to support the models for indirect production, though the assumptions made in 
this section are not conclusively grounded**. 


§ 7. Conclusions 


We have so far investigated the consistency of various models based upon experimen- 
tally established features of |/°-particles, i.e. (1) their long lives, (2) their large abundance, 
and (3) the evidence that they are produced singly in most cases. 


Our main conclusion is that these unstable particles, at least 1”°, seem to be produced 
indirectly via short-lived parent particles. 


As for their decay mechanisms, we have only to introduce very weak interactions 
causing observed decays, which obviously do not affect other processes as fully argued in 
the present paper. 

Once the interaction scheme is established, Fukuda-Miyamoto’s theorem* as well as various 


absolute selection rules will play an important role, tut notice that competitions should be 


discussed only after the settlement of model schemes like “‘even-odd rule”. For instance, 


if light v were cold, Pais’ argument on the competition between 7,*—>p* + and 2,327 
2 . . . S : v 
must completely be altered. Since the application of various selection rules to the observed 


*) The other v’s may be accompanied with. 


. Ae, 2 Was : 
*) A Similar argument rules out the composite theory of 7” °-particle. 
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decay processes seems to be rather trivial at present, we do not further touch upon their 
decay mechanisms. 


The author wishes to express his cordial thanks to Prof. S. Hayakawa for his helpful 
discussions and encouragement throughout this work and.to Prof. H. Fukuda and Dr. Y. 
Yamaguchi for their valuable discussions and criticisms. 
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Note added in proof. 


To section 4: It is not certain that the interaction like (4.8) can be treated within the scope of the 
present field theory. 


To section 6: Recently Leighton ¢¢ a/. suggested the existence of a heavy V +-particle. 
(York, Leighton, and Bjornerud, Phys. Rev. 9) (1953), 167.) 
So long as their abundance is much less than that of 1°, however, the argument in § 6 is not altered. 
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Difficulty of Divergence of the Perturbation Method 
in the Quanium Field Theory 
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The behaviour of the S-matrices is investigated in the cases of the systems with Lagrangians of 
(1.2) and (1.9). The series-representation of S in powers of the coupling constant diverges though 
each term of this series is finite by virtue of the non-local form factor. The divergence of this series 
results from the fact that the number of graphs corresponding to the -th term increases rapidly with 
the increase in 7. The number of graphs is estimated by taking advantage of the “‘ Green-function ” 


Introduction 


The recent development of the theory of S-matrix in the quantum field theory is 
quite brilliant, especially it is quite noticeable that every term .S, of the S-matrix is 
proved to be finite when SS is expanded as a power series of the coupling constant ¢ 
such as 

Sa 2" S,,, 
n 


and the procedure of renormalization has been used. As Dyson” 


has pointed out, 
however, the series introduced above seems not to converge in general though renormaliza- 
tion has been performed. 

Accordingly it is worth-while to make a study of the convergence of this series in 
more detail. For example, let us consider in the quantum electrodynamics a particular 
scattering problem with specified initial and final states. The corresponding matrix element 
of S is a sum of contributions from various irreducible graphs G. A particular contti- 
bution from a particular G is to be written down as an integral over momentum variables 
according to the well known rule. The integrand is a product of GS dst ees 
Pas pe f’;) and free operators. Here S’;,, D’y,, 1';, correspond to internal electron- 
lines, and vertices in G respectively, and include every contribution from radiative interac: 
tions to the internal lines or vertices of G. These functions themselves are represented as 
power series of the charge constant ¢. These series ‘as well as the infinite sum of 
contributions from all the irreducible graph G’s are presupposed to be convergent provided 
that the renormalization has been performed. If the power series S’,, does not converge, 


then the element of .S-matrix being represented as a power series must be divergent as 2 


matter of course. 
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; & 
Accordingly it is necessary to investigate the convergence of the series RSG ee se 


before we examine the more general problem, that is, the convergence of any matrix 


element of S. .S’p, can be represented as 


Sr =3) e" Sm» 
n=0 

where each S@ is finite in virtue of the renormalization procedure, that is to say, the 
infinity of SY arising from the interaction is compensated by an explicit infinite constant. 
The finite difference S) between these infinities, however in practice, can not be given 
explicitly. This situation makes it very dificult to prove the convergence of S';. In 
order to avoid this difficulty we shall introduce a non-local interaction. Since it is quite 
hard to introduce a non-local interaction in quantum electrodynamics on account of the 
requirement of the gauge invariance, let us consider, for simplicity, a system of the neutral 
scalar meson field with non-local and non-linear self-interaction. Even in this simple case, 
it is also troublesome to construct the unitary .S-matrix. In fact the S-matrix we obtained 
in this paper seems not to be unitary as will be shown later. Though this non-unitary 
character of S is a great defect, however, the conclusion of this paper may be not affected 
by this defect as will be explained in more detail in § 3. The discussions concerning the 
S-matrix in case of the non-local interaction will be given elsewhere by the present authors 
in the near future. 

The result obtained in this paper gives one of the conditions restricting the so-called 
“ form-factor”? of the non-local interaction. Since this conclusion essentially depends on 
the scalar character of the field considered, it is doubtful to expect that the similar conclusion 
will be obtained in case of Fermion fields, especially in the quantum electrodynamics. 
According to our opinion, however, the .S-matrix in the latter case may be also divergent 


by virtue of the number of graphs. 


§ 1. Construction of S-matrix 


For the sake of simplicity, let us consider a non-linear neutral scalar meson field 
v(#) with the Lagrangian density 


1 ; : Bees 
SS ae (Ou Oye + Mg") + ee (1-1) 


Here /(%) is a c-number function describing the external 
source. 

The S-mairix of this system has only two types of 
the primitive divergent graph which are shown in Fig. 1. 
In order to avoid this divergence we take the Lagrangian 


P Figvel: 
density as 


Difficulty of Divergence of the Perturbation Method 433 


L(x) == (Aup-duy + 2g") +/(x) 9 (x) 


+ LILO Ce, 2, 2) T(9(2), 92"), (2) date” (1-2) 
in place of (1-1), where Z means Wick’s chronological operator. 
The function U7 in (1-2) is the so-called ‘form factor’? and symmetric function of 
(a—2’) (4’—2") (2’’—-x) with the property 
=+-0: only if each of +—-2’, x!—2x"’, x!’—x is space-like, 
EEE Pee Le 
=0: otherwise. 
Further (/ is supposed to satisfy Bloch’s conditions,” that is to say, the contribution from 
the integral in (1-2) only arises from the spatial vicinity of the. point +. 
The .S-matrix corresponding to (1-2) can be obtained in the following way by using 
Schwinger’s” new method of quantization. Let us start from the case of the free meson 


field g(a). If the infinitesimal disturbance 


1 : 
IF (24) 9. 4) Pod )) OT aa 2) dx dada! 


is inserted into this free system at any particular 
set of points (7,7,/x,’), the field operator ¢, (7) 
after the disturbance will be infinitesimally modified, 
ln Gs 


‘ 


=, (x) (Pre Min(47,2,'") 
Y; @ 


=kg,(4) ¢>Max(4,4/t’). 


The variation of the transformation function cor- 
responding to the above disturbance is given by 


W(MH=¥" a==+0 | Po=$9", O39 ae 00 ) 


n=9",— ) (1:3) 


=i(%=9+ oo) | SAS )\U, do; 


with the abbreviation 
T (1) =T (G41) Go 41’) Go (44) 
U,=U (4,41 41"), 
du,=dx,dr{dx". 
1 ory aah ; 
Next suppose that the second disturbance ¥ g7T(2)U dw, is inserted into the system 


of ¢,-field, and denote the meson field after the disturbance by 9,(1). . The variation 


of the transformation function in this case is given by 
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0.(9,=¢' 5 6,5=+0 | Vie > d2=— ©) 


ACD +00 | = gl: —0)—-(Y=9': +o | =H": — 0) 


=i(¢.=¢': + 00 pee T(2) U dos, p=": — a). (1-4) 
\ oO 
Continuing this procedure step by step, we get a oe of functions Fo g,--- with the 
limit ae Yn, and that of functionals (Y,=¢" | Yo= ), (9,=9' | QH=e"). (=e | 


Q=¢9")--:. The S-matrix is defined by 


lim (Grso': +0 | Po=o": ~~) =(M=y': +0 | Sul P=P": —%). 
sa ; (1:5) 
The left hand side of (1-5) can be obtained by solving the equations 


On Gn1= P| =O) = (n=l as —(Qrii=¢Y’ | P=H9") 


Tan 


=i(Qi1=9 0=9" ). 


Thus we get in case of J(4)=0 


ees an IU; Mey x4) g(a olf" \ | dings dei ea 


co j=l 
and 


aS hs I rd) i MU, 1 Je) 


n=0 m=0 y! 7721 3" J—@ j=l “k=1 
xT{ I Po (5) Poy) Poles") MP Ix) \da,- Avy: A 1-+- Am (1-6)! 
jet oo 
in case of /=-0. 


In the graphical representation we shall show the form factor 7 by a small 
triangle (being called a U/-vertex). Since the conservation of energy-momentum 
of internal lines being incident on any (/-vertex 
holds also as in case of local interactions, it is easily 
seen that in the momentum tepresentation the only 
difference betwen .S,, and that of the local interaction 
is the occurrence of the factor (/(%,/) at every U-vertex. 
Here (/(%,/) is the Fourier coefficient of U (4, x’, x'’), 
and a symmetric function of # and /. (cf. Fig. 3). 
Therefore Dyson’s line of reasoning concerning the 


primitive divergence is also applicable to our case. The 


necessary condition of the primitive divergent graph is 


Bigesss 
n(1+4)+ 24+ £'<4, Go 


where 7 is the number of (/-vertices, that of external lines, A’ that of /’s, and 
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finally A is defined in such a way that (/(4/) has an asymptotic form (const/k*) for 
large &. From (1-7) the primitive divergence does not occur if we choose 4 to be > 2. 
For example, 
U(k, )={A 4%) +70?) + Vole hos. Y= const. Peat 
M 
has a sufficient ability to make the integral convergent. 

From the reasons stated in the introduction, the propagation function 4’,(1, 2’) 
including the interaction effect is necessary for the investigation on the problem of conver- 
gence. According to the paper’? of the present authors (in what follows this paper is 


cited as U.S. I.) J’, is defined by ~ 
dy (4, x’) == (Fs. T (Soo (7) Yo (47) ) sce) | (¥ SaeSe oe 
oi (" at Hi ScPo (x) ) YP a =) [Pe 7( Sue (a ) P sac)/ (me oe vac) re 
where 7(S;+¢(4)) means 


Ste HO Ta) T fpole), Mee ede 08D lea) | 
r= j=) : 


nmm=0 2! 77! 3” 


aS 


6 lO aarisee BD, Oy eres a AY ms 
Following Schwinget’s simple notation, we can rewrite the above expression as 
if (x, x) =i (T(o(2). 9(2"))) — (9 @)9@))} HE ©). (1-8) 


This is just the Green-function introduced by Schwinger. Accordingly it is necessary to 
make a study of the behaviour of G for the discussion of the convergence of .S-matrix. 
We have been so far only concerned with the most simple case of the Lagrangian (1223) 
(we call this Model I). In place of this simple case we shall investigate also a little more 
general model (in what follows this is called Model IL) in which the Lagrangian density 


1S 


L(*) = sot CRE Ou” + Mp) ae ((0,A4)°? +A’) 


+g gl a) T{A(e). h(a!) (al’)} datda! 


4 J(2) A(x) +P) d(x) +9) 0), GEN) 
Az=neuttal scalar field 
()=complex scalar field: _/, p, p= ¢-number functions. 


In this case there occurs also no primitive divergence if the form factor U’ satisfies the 


same conditions with those of model I. 
It must be noted that the S-matrix S,; defined by (1-6)' is clearly not unitary. 


However we believe that this defect of non-unitarity has no influence on our conclusion 


which will be stated in the last section. 
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§2. Green function 


Following Schwinger’s new method of quantization, we get the g-number field 


equation 
(ar ye(x) +9)" O(a, 2!,2' Tie (2 )o(@")} dvd’ =—f(4). (2-1) 


From this the following system of equations is derived 
(=a) (94) +9)" O05 2", 2” (92) (0) eel" 
— ig OC, Dae NaF paar a) (2-2) 
(=) 6 (a 2") 420[U ea a! KG (I) C9", 2) dy dy!” 


—|S* Ex) d= —0(e—2, (2-3) 
SI (rg) =D (9,2) 


= 2igh U(x, 2,4") G(a", 2) G (a2, 2!) I(2'2"y) da'dx'de'de", (2-4) 


CGI NEU Ca iene Dae OG (ay) 525 

EER SO Bre oe 2g d(y(z)) oo 
4 yw) = O¢(x)) _ yo . 

G(4,7) a/ty) Gs: (2-6) 


The function 5}* corresponds to the proper self-energy part in Dyson-Feynman graph, 
and /’ represents the vertex part. J” is symmetric with regard to its three arguments. 
Here it must be noted that in deriving (2.2)~(2-6), the relation 


FORA TOO 9) CO D)} (2-7) 


has been used. Although this relation is a consequence of Schwinger’s new formalism 
in case of local fields, it is not justified that this relation holds also in our case. We 
propose that (2.7) also holds in our case. This proposal is necessary for us to make 
“the Green-function ” (2-6) identical with that of (18) sin @hactewe koh Sderiyen alt 
these equations (2-2)~(2-6) from the definition (1-8) by using the similar method 
of analysis with that used in U. S. I. 


(2-3) can be transformed into a non-linear integral equation 
G(x, 7) =14~(4—y) + 2ig| de (4#—2')U(2', x", 2!) ox") \G (ay) dxldxlda" 


-) Ar(4—2')>* 'x"’) Ga"y) dx dx", (2 3 8) 
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under the following conditions ; 
lim G(4,2’) =G contains only positive frequencies 


t=o 
2. - 
ve \ GW) e-™av, 
0 
lim G(x,x’)=G contains only negative frequencies. 


t> @ 


Here Jy is defined as follows 
Ar(#) =—(a” (2) +7¢(4) 4(4))- 
Similarly (2-2) turns out to be 
(92) =i [ae 
+ig| dee—#') U(a', 2", 2!) (9 (2) (e al)) daldxl dsl! 
+9) dee UC 2" BONG ala ar de an’. (2-9) 
Taking account of the fact that /’ should depend only on G, we get from (2-5) 


Pe AAs 4x") 


— | ee) 6 Fafa e P)G(ay"\dydy'deds!. (2-10) 
OG(y. 7) 
The right-hand side of this equation can be simply written in the following symbolic 


form 


P=U—4ig UGIGIG—2i¢° 7 GIG: (2-11) 
6 


where the second term of the right-hand side in (2-11) is shown graphically in Fig. 4, 
and the last term in (2-11) is shown in Fig. 5. 


x G x" 
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Suppose now that (2-11) is solved with regard to /’ by using the iteration method, 
then /’ will be obtained in a form of a power series in g°(/°G*. Each term of this 
series is graphically represented by a Feynman-Dyson graph which consists of (27+1) 
(/-vertices, and 37 internal G-lines.: The graphs here considered are in géneral different 
from the ordinary Feynman-Dyson graphs in the following points; the internal lines in 
the ordinary graphs correspond to the propagation function 4, not including the effect of 
interaction, whereas those in the graphs in our case correspond to ( which includes the 
effect of interaction (such a internal line is called an internal G-line). Accordingly our 
graph does not contain in it any self-energy part or branch lines ending at points 
associated with external source /. That is to say, our graphs are irreducible with respect 
to the self-energy parts (in the following the term “ irreducible”? will be meant by 
this type of graphs). 


Thus /’(v, +’, 1’’) has the expression as 


foo} 
P(x, a1, x!) = Seng x 


2n +1 n 2n41 2n +1 
ee rea = 
35 Vigaer xf, xf! \IIG (Ess yn) Hdejids" Hl dz, (2-12) 
ivr.graph j=1 k=1 what! 1=4 
md) . 5 
where c,’s are yet undetermined numerical constants and 4=4%,, 4/=2,, X’=x;. Here 


62 variables (€,---€s,, 71°:-7 yn) must be chosen out by permuting 67 variables (x,- 
BEN 2 oy pene ad omg) in such a way that each integrand in (2-12) corresponds to a 
particular one of irreducible proper vertex parts in the sense stated above. The second 
summation >) (77. graph) means to sum up over all the contributions arising from the 
integrals corresponding to all the possible proper irreducible graphs. It may happen that 
there is a set of graphs any one of which can be made identical with any other one of 
this set by changing the labels of 67 points. In this case, however, the summation must 
be carried out independently over all the graphs of this set. Here it must be noted that 
every integrand with fixed 7 in (2-12) has the same sign because of 
Boson fields. (c.f. (3.9)) 

Let us substitute with (2-12) into 
the expression 


**Lonety 


the character of 


(2:4), then we get for the self-energy operator 


Da ee) 19 i a 
n=0 


irr grap 
2n+2 ; i Sn +2 2n+2 2n+4+2 
x | wf OO ae od ees HG Ss 9») H dx, 1 de! dx", (2-13) 
_ = g=5 £=h 


where #,=%, x,=+'. Here 6244 variables (F;: 
similar way as that in (2-12), and ST (err. 
(212), 


Now we have an alternative ex 


""Ssn+oy 1"""Yon49) must be chosen in a 
graph) has the same meaning with that in 


pression of the self-energy operator >1* which can be 
derived by following a similar line of reasoning used in U. S, I. 


=e When the external 
source is absent, oe has the expression 
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S¥* (x, 2!) =—ig’ ‘| U(x, y,2)U (2, 7,2’) 


x (T(Go( I) PZ), Py( VG (2), Su)) dyads - dy ‘de! 


v7 Op.CONR. 
== 17 > (2 io pr 10 ey, Be i), WT dx, I dx ag! 
n=0(2n)! 3°" 


x (T{P, Cf) gai) oul outa) Hg (an ©, (44) Go(4x")} ) 


prop.conn. 


with, -2 = 45°47 2; (2-14) 


where ( \ prop.conn, Means that in decomposing this 7-product into the sum of normal 
constituents we should retain only those terms which correspond to proper self-energy 
diagrams including reducible and irreducible ones. (2-14) can be rewritten also in the 
form 

“on 


ao 
* Xx 4! == 36 > Este sr ie ay on i 
~ ( : = y nav 0 (2x )! Boe £ graph(prop.) 


Qn+2 2n +2 
x | 10 (x4, (af! HAE: meM de, dase; (2-14)! 


where (67+4) variables Bo Fant : 1 **'Nn+2) must be chosen out of (67+4) 
variables (45:*-%onvo: 41 -°'2 nse! Hf! 2!on49) in such a way that each integrand in 
(2+14)’ corresponds to a particular one of self-energy diagrams, and S\(eraph prop.) 
means to sum up over all the contributions arising from all these proper diaper 


Now let us divide the series (2-14)’ into two parts 


si ig gs) ers ee i {Ss + =e [1-0 Myer, 


va 
n= <5 (22)! 1 3° “Graph(tr .) graph(red.) 


where the first part S"\ir.) consists of the contributions from all the possible irreducible 
graphs, whereas the second part those from the reducible diagrams. By putting 


G(x.) =iAy(2-9) 


we can transform the first part into: 
27 


= iGeg Mus 
om (x, 2) = oy si 0 (2x)! 3°" 


+2 2n+2 
x >) ji II Uy yey it Gk Gi. mn)! i Pai Ax AX. (2-15) 


graph irr. J j= 1 


From the comparison of (2-15) with (2-13), we get 


7 3 (2-16) 
(27)! 3™ : . 


A ee 
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$3. Discussion on divergence of G@ 


In what follows the external source / is assumed to be absent. In this case the 


Green-function G appears to be 
G(x.) =G(x-9) 
and similarly it is obtained that 
S™* (4,7) =3)* (a—y), and (¢(%) } =const. 


Let us represent these quantities in the energy-momentum space in the following way ; 


G(x—y) = ox [o@errare, 


eee =const. 
(9) ) =~ Po Y= t 


D9) =(28) [S38 Weterah, (3-1) 


Ug 2) =n) “\OG )ethev+te=2) Gh Mf, 


tAy(x—y) = ; |< d'p= _ Jeu) een gf, 
‘ (27) J P+ M" ra C18 
Then (2-9) turns into 
gat Ee 0) oi JOU,-OE@) dk i (3-2) 
similarly (2-8) becomes 
: 1 
G(z) Se aye + 299,U (0, £) G(k) — 31* (2) G (4) ]. (3-3) 
From (3-3), G(*%) can be written as 
eel Di" (4) —299,U(0. &)\ 
G(k) = {1+ IP 
) 4+ Me? e+ M? G4 


provided that >}* and gy, are assumed to be finite quantities. The right-hand side of 
(3-4) can be expanded as 


| — 1 = 9° 9 
G(%) = Pao U(29Gol/ (0, &) —S1*(2))/P + M0" (3-4)! 
if and only if 
|So* (4) —299,07 (0, 2)| < | B+ | (3-5) 


holds for “all 4’s. If we further expand y, and S\* in (3-4)! into power series in g 
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and rearrange the terms of this double series in an ascending power series in 7, then we 
get just the expression of G which is usually derived by using the perturbation method. 
These various transformations of the expressions are allowable only if both $}* and 9, 
are finite (i.e. $)* and gy, are absolutely convergent series in y) and at the same time 
the condition (3-5) is satisfied. That is to say, the convergence of S)* is the neces- 
sary condition for the applicability of the perturbation method. It is seen, however, that 
this condition is also sufficient. In fact, we can show that if 5}* is absolutely convergent 
then G turns to an absolutely convergent power series in y. (This proof will be published 
in this journal in the near future.) Thus our main task is to investigate the expanda- 
bility of S}* in powers of g. 
Let us substitute with (3-1) into (1-14)’, then we get 


SF (BOR 2) HIP? S) on?" An(A)+ BAA AE-#K) (36) 
n=0 
with the abbreviation 


In+2 en+2 n+d 
AO=Z a UCDE CAN He 


(3 32) 
Bk) =S3 ju U Il Gil da 


red. graph 
and 7;=—k, Fnve =. Here #, Z, fi, are the energy-momenta catried by 
K the internal lines which are incident at the j-th //-vertex, and have plus 


or minus sign according to whether these internal lines are going to or out 


% of this vertex. Further f, is the energy-momentum carried by the /-th 
(® internal line, and g,.--@ni1 ate the linearly independent variables chosen out | 
of 7’s. 
Now suppose that £°+ 17 20, in other words, the incoming energy 
K’ is so small that the so-called displaced poles can not occur, then we can 
Fig. 6 transform the fourth components of all the integration variable g’s in 
(3-7) as 


op 89ag (P12 + 1), 


where 9,,;’s(J=1---7+1) are real variables, Of course, in this case we must similarly trans- 
form &, and #,/ in (3+7) into pure imaginary variables. In these transformations of 
variables there occurs no displaced pole in (3-7) on account of the assumption stated 


It is sufficient for our purpose, as easily seen, to make a study of the convergence 
) 


above. 
of S* only in this case.’ 
After this transformation (3-7) runs 


¢ 2n+2 Sn +2 
A Gt BAO ae He | ged dun I O ed G( Px); 


heal “ 
graph(irr.) graph(red,) J Fuglid 


Of 
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0(A—#) {A, (2) +B, (2)} 


n+2 3m +2 
= {07 +>} a dpy-dpnsoll OT (hs lO +L + Me )M Go Pe), 
i zs 


graph (i77.) Fuclid 
(3-8) 


with 
1 


G,( ~) =— ee 
: P+pe+M? 


pr=real, 


where the integration is to be carried out in a 4(37+2)-dimensional Euclidian space Z. 

Let us assume that U(%,/) is a positive definite function in /, and bound the 
domain of integration in (3-8) within a hyper sphere S, with a large but finite radius 
Q,, the center of which lies on the origin of the system of coordinates (f). Then we 
get (c.f. page 438) 


O(k—#)|An(h) + Bu(k)| > 0(k— 2’) | An(4)| 


> SL feels Gol 2) I hy L)8'(y+L-+h))} 
= j= ; 


graphirr.) 


2n+2 
= Leila) dp+*L pn 2 ADO (ky +1, + fy). (3-9) 
j=l 


graph irr, 


Here we put 


=Min (1 TG, p))=Gia 


PESn 


Ly= Min ( (iv), 
PES» 


where p is a vector in & with components ( 7,1 o3°-*Pats ***) Pron got? Pass) and_G 


stands for 
1 | on iy as 
3n+2 


O,= V3n+2 -O, (Q being independent of n), 


If we choose OQ, as 


then we have 
Kn= + (2+ M?)- en, 
In this case we can put LZ, into the form 
Lem 


where U is a function of Q but independent of ”. For example, if we take the expres- 
sion 


Uk, . ls) — GF =P 7, (22 + Li + h;') | o> om 


r) 
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then 


2n +2 


sn+2 
iz : —97,2(4-+ 3S 72 — 9p 2 f2 ; 72 
HO (ls) =O "* 7 212 (4 a 224 ) = MB 2% {zk + (32+2)0 t 
j= 


Se SOG EE? 
> {Oye ry (42 +307) are 


UaU, eC 430) 


In general if (/ has the expression 
Oks) =F SFC) FAP), 
then we have 


OwF(O’)*: 


Now let us further bound the domain of integration in (3-9) within a particular 
sphere 2,,(graph) with a radius 
V¥3n+2 R (RK is independent 
of 72 and smaller than Q). 
This sphere 2, must be chosen 
in such a way as to be 
included within the sphere .S,,. 
(c. f."Fig. 7.) The origin’ —o! 
of , in general changes its 
position according to the struc- 
ture of the irreducible graph 
considered in A,. It will be 
explained in § 4 how to choose 
the position of the origin o’ 
corresponding to a_ particular 
irreducible graph. 


In any case, we have 


the following inequality : 


Fig. 7. 
d(k—2') | A, ae By | S agen Grin oe Vn (graph) (3 ‘ 10) 
arr graph 
with the abbreviation : 
V,, (graph) = dp .--dponsall HCE, 4 4 +4;). (3-11) 
Q. grap v= 


As we shall show in §4, the lower bound of J’, for all the irreducible graphs with 
fixed 7 is given by 
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BW) Vim 8b) oe ee <ralerapl). 
(for every irreducible graph.). (3-12) 
Consequently, if we put 
S] = (the total number of the irreducible graphs of the proper self-energy type 
Be ater pesek yee (3-13) 
then we get finally 
| An(2) + B,(B)| > Go"? U2" Voy (3-14) 


where the constant Q appearing in G,, U is chosen as 
O=VE+R. 
The estimation of the lower bound of JV,’ is given in § 4, the result of which is 
hen Va > 2 Gham, (3-15) 
Accordingly we “have 
leg, (2) 25, C4) ) | 2) 6" 2 Gee (3-16) 


Now the necessary condition for the convergence of the series (3-6) is 


lim 9°" | cn (A, (2) + B,(4) | =0. (3-17) 
Therefore, from (3-16) 
lim g7\-2°6> 71 Vs Ge. a0 (3-18) 


is necessary for the convergence of >}*. But unfortunately the left-hand side of (3- 18) 
behaves for sufhciently large 7 as (const)”+n!. Thus (3-18) does not hold except in the 
case g =0. 

Consequently we get the conclusion that the expansion of G in powers of g is 
forbidden however small gy may be. 

In concluding this paragraph, some remarks should be given on the case of local 
interactions. Since the integrals in A, with > 1 have no primitive divergence in case 
of local interactions by virtue of (1-7) with 4=0, we can replace the form factor U's 
by d-functions. In this case (/(%,/) turns out to be 


OK ky =e 


Thus the same conclusion is reached also in case of local interactions, in other words, 
atrive at the following two conclusions : 


we 


1) the non-unitarity of .S; has no influence ‘on our results obtained above, 

ii) the renormalization procedure can not take the series G =) 9"°G. converge 
2 n 

though each term G,, becomes finite on account of this procedure. 
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§4. Estimation of V,, and N,/ 


i) Estimation of JV, 

Let us consider any one of irreducible graphs of proper self-energy type with 2742 
(/-vertices (c. f. Fig. 8) In this graph the 7th internal 
line is supposed to be associated with an energy-momentum 
Pp, and to have an arbitrary but fixed direction denoted by 
an arrow. Then the integrand //0'(h,+/,+4,) in V, 


can be expressed as follows 


2n+2 
a O (hs +15 +13) 
2n+2 3n+2 
oa ee 02} a5 Pia Ok + Oyen 42h") g (4 ; 1) 

In this section, we employ the following notations : 
Greek subscripts assume values ranging from 1 to 2”+2, 
whereas Latin ones from 1 to 37-+2, and a repeated index 
is to be summed up over its range. Further we omit 
indices denoting vector-components whenever no confusion 


occurs. The rectangular matrix @,,; has the following 


property : 
+1 when the 7-th line goes to the v-th 
U-vertex, 
ayj=< —1 when the 7th line goes out of the 
Fig. 8 v-th U/-vertex, 


0 otherwise. 


From the graphical consideration it is easily seen that 


Qn +2 
SU f= 97 +2) (4-2) 


vel 

and further each row has only three non-vanishing elements except the first and last rows 

both of which have only two non-vanishing elements. It is of importance that every 
graph here considered has these two characters. 
Now V,(graph) can be transformed into 


Vn (graph) 
— f 1 pee "di an [explé Orit Py— Wik + Hones’) a’ id Pin sr 
(27) 4(2n+2) a Q, (graph) 
By putting 


a, = fy + Gon 42 y=1---2n+1, 


A2=Gan 429 
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and taking account of (4:2), we get 


1 i iacet—z) 
V,,(graph) eID | ewe. ct a'B,---d* Bon st 
Be —c -0 


2n+1 
x \ D* py--:A" Panes exp [2 ( = Bya,; p;—-P4)]. 
2a as | 


Q) (graph) 


In what follows we assume that a repeated Greek index is to be summed up from 1 to 


2n+1.. Let us consider the transformation 
Lwoj=? mit Coy (e)=1, 2, 3,4 
(j=1---3%+2), (4-3) 


where C\,),s are restricted by the condition 


a iCow= Ovo (p) = 1 5.25354 


y=1.2---2n+1. (4-4) 
Then |’, turns out to be 
V, (graph) =0(k—k') V,! (graph) 
1 i. iB a 39% 
A 9b) aman | Bo Aan [ct ge olga (As5) 


Suppose now that a directed doubled line is drawn in 
a way as in Fig. 9. The labels of the (/-vertices 
and internal lines lying on this doubled line are 
respectively denoted by »,(=1), %, ...¥, %,,(=2n 
4-2) cand: year 

Let C;’s with 7 =—(7\...7;) be equal to zero. Then 


(4-4) can be written as 
Y=Yy=1 Ci = Rey 
test Cw, = CO igs 
vE(y,...¥,) O0=0 
(p)E=1...45 i 5 ie & 


i. e., we have the following solution of (4:4): 


Of TE 
Ce) hes ° 

0 for JER. ty 

Now we choose the position of the origin o’ of the 
sphere 2,(graph) in such a way that the vector 


vo’ in £ has components (C, C,...... Cons) defined 
Fic, 9. by (4-6). Since this vector has the length 


(4-6) 
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Sn+2 


| 00! |= pa CP= VLE <V (3n+2)F. 


2,(graph) can be included within the sphere S,, for every irreducible graph with 
fixed 2 by virtue of the relation 


Qu= V3N+2 O= V3n4+2(R+ VE) > V3n42R+| oF | 


where we have put 
O=R+ VF. 


The integral in (4-5) with respect to g’s can be transformed into 


N-1 
tt 97. IC 2 Ri - be eves 
\ ey ge din — | ee“ (R?—v?) 2 du, 
3S g92<(3n+2) R? r a) =RI 
; te 
2 


(4-7) 


with the abbreviation 
F@s= hy ay; (Gr ees? +2 (p) =1---4) 


N=4(374+2), R’=V3n4+2 KR, 
and 


3+ 3 
o> > EF C 


1 


Here the well known property of /“function has been utilized. Since the right-hand side 


of (4-7) can be rewritten in the following form by using Bessel-function : 
/ N 
mR] (oR) (2X2, 
we have 


N fie sid 
mg? R272 
(ama) 


ve ~ 
Val graph) = [JR ORY Fa Bed Bans (48) 
—-a@ 2 


Now the positive definite quantity * can be written as 
P=, A,B, with Ay, = Ay =p; 


Accordingly we see that the (2~4+1) x (2z+1) matrix A,, is non-singular and has 
positive eigenvalues J,:-doney ‘Let it be supposed that the orthogonal transformation 


laa 
A= (4) 9845-'= A= es 
0 don +1 


is carried out, then f’s are changed to 


AP =SnAP (—)=1,2,3,4, 
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and p° becomes 
2 with yf ==47 Aga 


Then (4-8) turns into 


4 fod z © t 
m2 R’?22? jee | Txe(PR’) onto, 
0 


7? =a sie 
V, (graph) = (27) 4"*” (det A)? (pRiyi rs 


or by putting 


pie 
V,/ runs 
1\ 4(2 +1) oo 
V, n (graph) = = oe f 1Q lim pate fe At Z) a 
ra > 


2742 pantd 
(32+2))' PRE (8243)! of (4242, aid SOMES, 1) {2e. 
~ (det_4)?(27)-2"44(6n4-4)! Z 


(4-9)° 
Here ad means the element of the solid angle in the 4(27+1) dimensional Euclidian 


space, and ,/", is the hyper-geometric series which is convergent in our case because of 


—(u+8)>0,u=4n+42, P=” a 
22 


> (=6n+5. 


Now from the definition of a,,, it is easily seen that 


Ayp= die yj=2 (= 2, 32) 
j 


—1 when the #- and »-th U-veritices are directly 
Ayy= ey jQj= 
J 
(uy) 


connected by an internal line, 


0 otherwise. 


Therefore we obtain the upper bound of det A owing to the very definition of A: 


2n+1 


det A <i A gas ot (c.f. Hadamard’s theorem). 
Taking into account of the fact that 
9f, ek 


and 


\a2= 4(2n+ 1) mint? 
(4742)! 


> 


we get finally the lower bound of I,’( graph) : 
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V,! (graph) > 


(32+2)"*?(82+ 3)! (2n41)-(Va R)™4_y 
3™2°"*"(6n+4)! (4242)! n 


(4-10) 


(for every graph with fixed 7). 
This is just the expression which has been used in § 3. 
ii) Estimation of J,’ 
Let JV, be the number of irreducible graphs of the proper vertex-type with fixed 7 
in(2-12). Then from (2-4) it is easily seen that the relation 
N,! =2N, (4-11) 


holds. If we regard /', U/, and G not as matrix-elements with suffices x, x’, x’ etc., 
but as c-numbers, then the right-hand side in (2-12) turns out to be a simple power 
series 


lb > Post YR: aed 0 deialee ae (4-12) 
n=0 


This expression results from the fact that by looking upon G, U as c-numbers the JV, 
different terms under S}(ivr. graph) in (2-12) have been reduced to a single term 
with an expression (/°"*'G*". From the same reason, (2-11) becomes to be an ordinary 
differential equation 


P=U0-419 UG — 31g’ UG pe S (4-13) 


a 


Since J” with the expression (2-12) is a solution of (2-11), the expression (4-12) 
must be a solution of (4-13) under the condition 


['(9, G) pao=U:- 


Therefore it is sufficient for our purpose to solve the eq. (4-13) in the form of a 
power series in g. By putting 


f SUTG 
— Mite [3 : 
Base 


(4-13) becomes 


2 ay ad 4,2 , 
=)! 4 3, 2 2 EE et ee x : (4-13) 
J +47 y+ a a cree wv’) 
with the condition 
Y)«a0=1, 


and (4-12) turns to 
eae & 
(22) )3 


yes) Oa with @,= 0 | LVas (4:12)’. 
n=0 


Substituting with (4-12)’ into (4-13)', we get 
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aH=1 
Api y= (44 31)>} On—nln > 2(3N4+4)an > 6(74+1) aq; 
where the last inequality is due to the fact that a, >0(7=0). Thus it holds that 
Ana 6"n'. 
Hence 


Ving bwlW ppd pitas cd Vp Dele the ane 


holds which has been already used in § 3. 
It will be of some interest that if we omit in (4-13)’ the term with ady/dr, 
then (3-18) holds. Speaking in more detail, we have the equation 
yHl+4ey 
in place of (4-13)’, the solution of which is 


1 VN 1S6 
y= ie PLA. 
x. 


This solution can be expanded in powers of x in the following way if the condition 
|x| > 167" is satisfied : 


S a 16”"- (2x)! 
IH Dj Ax! Ay! = eer Re = (WV, | ¢n |)- 
n=0 2°*-n! (n+1)! 
Substituting with this expression into (3-18), we get j 
lim <2 ante GU ee et dee 
n>0o Ne ea G2" t Ee 2 38 0 S 


Thus (3-18) holds if we choose 


3° 


lees BEPGSU? (V2 R)I z 


In fact, we can prove in this case that $1* and G turns out to be convergent. The 
detailed explanation will be given elsewhere by the present author. 


$5. Case of model IT 


We have been so far only concerned with the model I. The similar reasoning is 
also applicable to the case of model II. In this section we shall give an outline of the 
arguments, and omit the explanation of notations which have been used in the 


preceding 
sections. The fundamental eqs. corresponding to (2-1) ~(2-6) are 


(-#)(A@))—ig| OC 9" 12609" 9) ey'dy!= Ja), 


(Q-#) 6(e2')— | Plax) 8(y2")dy=—de—2/, 
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(II) G (4") +9 | U (ay! 29) (AG) G(x yay 
—| D* (ay) G (y2')\dy=—b(x—2"'), 


ee ee 


i 2 yy =U (48 2p) a JD" a2") 
Ga! 19) =U (a2! 19) - 4. BEE 


> G7’) =is"| O(ay:y)G( 92) PH 989" 9) hydy' by"dz, 


Pea") =ig'| O( yy" ex) G(y"8") Pe"! v2) G (ey) dy dy""de'de". 


Let us further introduce a function 9 in a way as 
y ( =1 / rel) 
Poo (24') on ted OP(xx’) (5-1) 


gp KA) gt ACH) 
Since /’ is a functional depending only on G and @, we have the relation 
OEE os a fel Gx v2") 6G) dy dy!" 
d(A(y)) OG( 7") KACY)) 
[Pers BY Day ay, 
eC yy") KAC)} 


O(a2x' :y)=— 


or writing down in a symbolic form, we have 


dieeaal” él’ 
ee sg GG rg One ty 
6(A) 6G Z aC oa 


by virtue of (5-1). By taking account of (5:2), >}* and @ can be expressed in the — 


following symbolic forms : 
P=U—igUGIGSI'—-if UGG OGL 
—if UGS — aes ig COT © 68 (5-3) 


o= —i{ 2UGI'Gr+UGG a GIG +PUCC 606 |. (5-4) 


In order to investigate on the convergence of G and , it is necessary to make 


a study on the behaviour of Si* and Pas in case of model I. In case of /=08 


can be written in the momentum space as 


SH =W ar + BO) a= TX 


where veil Ce 
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A@=s jae U (b,) 3 (ky tL, +43) i Gol Pu) tl G, Oy 1 dps WI doy 


bani) 


with the abbreviation 


il 
0 < = > (S, a 
G (p) PoP (7) ae 


/,, has the similar meaning with that of (3-7). Now in this case the total number 
WV, of the irreducible graphs of the proper vertex type with (27+1) U-vertices is equal 
to that of the proper self-energy graphs with (2~+2) (/-vertices. 
NV, can be estimated ia the following way by using the similar method with that 
of § 4. 
By putting 
P=U-y(2) r= if UG, 


@ becomes 


ear) 
( ae ai) 


Substituting with this expression into ae we get 


6=—21U0* G* 


yal 


ay ay fb ae 
2 


ap Z (ee A) tee (x7 7"). (5-5) 


The formal solution of (5-5) cah be obtained in a form of power series 


oO 
an ae ne i 
=>; Mr, ag len LV is 


The coefficient @,,’s satisfy the recursion formula 
%=1, 
Bye Nyt (np -) 33 Qn — KU 
As it is easily seen that each a, is Positive, we get 
me 5 2 
ea a erties n res 20, =2(H+1) an; 
consequently, we obtain 


a, > 269 (5-6) 
If we assume /7> ys, then the following inequality holds 
| cn | + |An(2) + Ba(2)| > lenn (2) | 
= Une, Gut | a | -NV,° Ve (5 : 7) 
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where the relation 


GP) < GP) 


has been taken into account. ‘oe. 
The quantities U G, V,, in (5-7) agree with those given in § 3. Thus we get 


lim | 6, (Ay(2) +By(E)) |= 00 


on account of (5-6). Accordingly the element of .S-matrix of this model is also 
divergent. 


§ 6. Discussion 


In the preceding sections we have proved that the S-matrix S,y= >) g"S, of our 
model diverges on account of the rapid increase of the number /V,, of graphs though each 
term .S, is finite by virtue of the form factor (/. This proof is essentially based on the 
fact that all the terms with fixed 7 in (3-8) have the same sign because of the 
character of the scalar field y(or gy and A). Accordingly in case of Fermion fields, the 
grade of divergence might be weakened owing to the anticommuting character of field 
operators. Further it is easily seen that when the form factor (/ (4,7) is an oscillating 
function, our arguments do not hold. The convergence of the .S-matrix Si may” be 
expected when oscillating function U (%,2) are chosen out in such a way that the each 
integral in (3-8) is made to decrease rapidly with the increase in . In this sense it’ 
may be seen that our result imposes a new restriction upon the form factor (/ at least 
in case of scalar fields. 

Here it may be of some interest to conjecture in what case the S-matrix will be 
convergent. For simplicity, let us consider a harmonic oscillator with non-linear self-inter- 


action, the equation of which is given by (in Heisenberg representation ) 


arn“ aV (4) Vi Ge \ = vw e n 
ae / ee el AIL (6-1) 
at® ax ) 2 


(examples with »=3 and 4 were considered by Dr. T. Hayasi). The potential function 


V’ is concave in the upward direction when 


i) m=even>2 and g>0 


v 
ii) u=2 and |g|< oe 
iii) 2=1 and g SO. 

In these cases we should have stationary solutions though we could not write down these 

solutions explicitly. On the other hand, if 


i) n=even >2 and y<0 


ii) “w= odd >1 and 9 SO, 
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(6-1) should have no stationary solutions. Thus the stationary solutions in case of 
n=even >2 and y >0 turn out to be singular when g tends to zero, Hence we 
can not express these solutions in a form of power series in y. Accordingly we arrive at 
the conclusion that the perturbation method is applicable only in the case where the interac- 


9 


tion potential g/(+) appearing in aoe a°+¢l"(x) does not change the asymptotic 


behaviour of ]7 at x= -- co without any concern with the choice of the sign of g. 
For example, we may adopt the following potential : 


V2) =—_ 2 +a2+br+e with Sta |g 
Zz. 


or 
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The theoretical investigation of meson nucleon scattering given by Brueckner’) which fits very well 
with the experimental data is based on the phenomenological considerations with the mixed use of 
weak and strong coupling theories. The weak coupling treatment was abandoned owing to its failure 
to explain the well known scattering data even qualitatively?) These weak coupling calculations are 
Born approximation. The well known threshold rise of the cross-section is given by pseudo scalar meson 
with pseudo-vector coupling, but there is no securence that the Born approximation is allowed. In the 
weak coupling case, the effective-scattering Hamiltonian can be easily obtained by a canonical transfor- 
mation (for example, assuming the coupling to be weak, retain only second order term), but if one 


‘ 


regards this as a “ potential” which causes the scattering of meson, the singularity of this “ potential ” 


is so strong that the Born approximation do nothing, and just as in the theory of nuclear force one 


“ potential”. (The word “ potential’ does not mean that 


should solve the problem exactly with this 
the meson scattering can be represented by potential scattering ; we call the quantity which appears in 
place of potential as “ potential”.) We now perform a calculation firstly deriving the “ potential” 
under the weak coupling assumption and then solve the dynamical problem of the system correctly (not 
in Born approximation) for the problem of meson-nucleon scattering, This is just the way taken up 
to date in the meson theory of nuclear force, i.e., deriving the nuclear potential under the weak coupl- 
ing assumption and solve the Schroedinger equation with this potential exactly; we want to perform 
the same procedure in the meson-nucleon scattering 

The “ potential ” derived from pseudo-scalar meson with pseudo-vector coupling is very singular 
and changes its sign and magnitude for different total isotopic spin and angular- momentum of the 
system. It is seen that the virtual level resonance takes place for /=3/2 and /=3/2 state. The 
conclusion is roughly the same as the theory by Brueckner.") 

The divergences appear many places but can be summed up to the effective coupling constant’) 


aside from the position of virtual level. 


§ 1. Elimination of the first order interaction 


In this paper we: treat the scattering problem only, so the quantity which depends 


only on the nucleon variable (self-energy, nuclear-potential, etc.) is omitted from the ex- 


pression in the following. The pseudo-scalar meson’ in interaction with nucleon through 


pseudo-vector coupling has the 
mean sum over that variables) 


following Hamiltonian in symmetrical theory (dummy indices 


H=H +A; (1-2) 


* This is the English translation of article appeared jn “Soryushiron-kenkyu ”, January, 1953 (in Japanese). 
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y= | (7a + (Va)? + (2 Gx") doc + | o* (apt nye (1-2) 

Zz 

eee | * (p,%e+ (OV) Gq) tad + O(e), (1-3) 
L 


Px» 7%_ are the canonical variable of meson, O(g") is so-called surface dependent term ana 
depends only on nucleon variables. 

Then under the assumption of weak coupling we perform the following canonic 
transformation to remove the first order interaction term ; 


a a F=| per pder, (1-4) 
where /* satisfies the following equation ; 
iLF, Jo." (GD) $.(9) &gdq + ap+ Bm|=— on (17+ (OV )G.)Ta, - (15) 


where 


7m 1 : aq : 298g (¢ en tax g * ete. . 
#0) aera (26,8 MHD HM ACG)), etc, (16) 


Ef Gis theemeson energy. 
Hamiltonian for % becomes ; 
OO He = Hy + ae spe eter > (1-7) 


(first order terms are completely removed). We take as F, 


i = 1 aq GX * *k eg 
fF (a) = (27) 2/2 | (2e,)1? (¢ Qa (Y)G, (q) == G, (7) Pa (qd) ys 
(1-8) 


then G becomes the integro-differential operator. Expanding G by @ and p, and sub- 
stituting into the left hand side of (1-5), and then putting the coefficient of pe and o 
to be equal, we have as the solution of (1 -5); 


1 € 
Ga) =| + p+ s 
ay fe (14+7°/1*) 2 — (°—2 (pq) /2m)? 
e tt (oq) , —(p9) 
x {--£ 7 pee 4+ HM o 
L a 21 L 2 flE, Pla) 
: f o-qx 
ee —03(Op) + ACIS DY pst | Ta » (1-9) 
mip TaD 
where f= —2I, and this operator in the denominator means the integral operation.” 


Up to now, the formulas are exact, and here 


we simplify the calculation by taking 
the momentum of the nucleon to be neglected. 


In (1-9) this means to take p=0,” 
and correspondingly P*h —> d(x), which means one nucleon at the origin, 
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Then, F becomes ; 


= 2 tts yi ~ 
F=—( i ) see, S ci 2 ee -) gear ) ey 


271 
—(£.) (67) 25% 24+ (“)se,(ar) Tus ee (1-10) 
L WM 
where 

(-2) __ 1 aq i (e9" b (q) + e719 X (q)) | © = 11) 

@ (27)? (2e,)'” e,2 a @ 1r=0 b) 

ey 1 a iad re Fqpae —tyr 

oe ex (27)*”” j Baye 7. . (ee gC) eG (GQ) lem: (1-12) 


Thus, we obtain the Hamiltonian in order g* (from (1-7)) 


rr te eB py g rs 
He= | F, © (o74(0) + (OP) 46(0)) 70 


, x 9° —9 . o* maid 
, {—( - [Gs eo T,(0)73|_— 2, --— {me Ta, #3 (0) Ta} 4 
2 2m / 271 


—(£.) [Cor yar, (GP) 94(0)25]-+ [COP ) A” can (AP), (0) =a]+} 

lad 
(1-13) 

where terms containing ~, and p, was rejected. In this expression, the first term may be 


rejected compared with the second and the last may be omitted compared with the 3rd. 
Then, putting p,=1; 


Hea neeng—§ (©) [(o7) no ru, (GF )$(0) ep] (1-14) 
2 2 pL 


The total Hamiltonian in second order in coupling constant is in $, @*, 7, 7*, Q) % 


representation ; 
Ha ts pte 4) 9) det | (ar + 61d) Sy) 


4 (x*— 920) +2 2* (0) +26” 2,(0)) 
2m 


Bie) e nD. 6* (0) Pa 9(0) )r, 


+ (Px 76 (0) —P2*-.74,(0)) V2 ery (PA -PG,—P ai -VE* (0)) ¥ 2 tar 


+(& ) | e-rmc x Pd*(0)) + (G-P a" 09.0) + (GPa x r4,(0)) | 
L 
(1-15) 


In momentum space ; 
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$ (a) = (A erga) reg"), 


(22)? (eale 
a A PACs \ __ p-ige f(- * ; 1-16 
Fo Oke cae | (ae, (=7e,) (9 (a) —e™ p (@)) ( ) 


=| GP* (a) 9 (a) +9 (DFA) +9" (DIP) 214 
1 \ ay ap : f g ( yy “e) (6?* (gq) (p) 


=i (27)! (OE eS ue ae 

+9 * (Q) 8 (p) +9.* (GQ) 8 (D)—9O (D9 (PD) —9* (MHP (PD) 
3 (0) * 0) ahs oye Ue 

— + 9(a)9(p) 59ers") —( 4) oa) (-L-+ 

x {25(GP* (QO (p) —9O* (GQ) O(D)) + V2 trv GO (MI (P) 

—P* (GQ) GO (p)) + V2 trv (G*(Q) GO (WD) = (QO (DB) ) 


+(£) (ay( 22) fes(9 9) 9" MG (D)) 
p ieee: 


Ee V2 try(O() a (p) — go" (q) G'—*(p)) os V2 Txp(6*(q@) g\ +) (p) 


KO =) (ay) 1 Maes SA 1? 1) gee 2 (p) 
pr aye(wy) + (2 )i(o-axp)( +2 )9*(a) 9 


+9* 8D) +9*(4) 9D) +5) so-axp)(2- =F) 
« (9O@)S (B) — 8 (9 (DP) —2-8* (A) (9) *(D) 
+2 (a) 9 (p)) (1-17) 


This is our working Hamiltonian derived under the weak coupling assumption. It is 
clear that the ct, dependent term is of opposite sign for 7* and z~ mesons but its absolute 


value is the same. Thus, the solution not in Born approximation gives the charge dependence 
of scattering cross-section. 


§ 2. Solution of the Schroedinger equation 
The Schroedinger equation we must now solve is 
HAS ER , 


(2-1) 
where // is (1-17). Then we divide ; 


AT, Hea . (2-2) 
where //, is the free meson, //, is the scattering part of (1-17) (the “ potential ” energy 
acting on meson) and //’ is the temainder of (1-17) which contains the pair-formation 
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and annihilation terms only. We neglect in the following the term //’. (The effect of 
which is to be smaller than //, since from (1-17) AY’ contains the energy difference) .” 
This does not mean to neglect the two meson contribution completely, since H{, contains 
the scattering “‘ potential” which comes from emitting firstly and then absorbing. 
Our problem now becomes to solve 

(H+ H,) Q=fAisrs (2-3) 

from the solution of 
19, =E) oy - (2:4) 

We treat only the scattering problem, we can use Moller’s wave matrix, the property of 


which is 
(= W=Si9e (HID 


: 1 
W,.| a) =0(p—A) + lim —__— (p\|H,W|a), 
(| W.|2) =O (pA) tim eg HUD) 
Taking the state with one meson with momentum gq, charge 0 (+, 0 or —) and one 
nucleon (at rest) with charge ? (+ or 0), 2-component of spin /, (this is correct since 


H{, does not change the meson number), we have 


(q, b; B, p| Ws | Vo a 5 C; a) =0(F—-%) © ene O86 


Ls fata, 658, ol Melb esr) 
Peed Pes af te St at eee 
x (0,637, %|VA| Me 234, a). (2-5) 
Here writing the nucleon spin function as Z,, charge spin function ¢,, and the meson 
states with charge 4.) 0;hands— vas 
ay 0 0 
TREN GO Val “aes iph on 2 =|, Os fe (2-6) 
\ 0 0 al 


We have as (q, 4; P, 0| W.| Qo 23 4 F) 5 
(q, o; 8, P| Ws | Mos a; 4, 0) = ((T gh)" (a | Hs |Q) (2 ta%e))s (2-7) 


(a \W| 46) = 8090) + ay |UD E140)» 


and from (1-7) 


1 35. ee 
Ss : + 
(G14 1D =~) 8(2e,) (22) les G i 


q 


stele 1) Goaxt) 1—Cad eo) |, 


Eq €; 


Oss (@, Wo, 5 0 (tH, Ta>°Ts) 
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1 \ vA t \ 
0 pe (0) Hueeas (), — 0 : 
S2 | V2 | | Fan age ies. 
ih levee 6% 0) ee a) 0 0 > 
vO, ee e5 won | > Cotes Wey V/2 | ’ Ws \ 0 0 sang 
: | eet 
0) uss 0 ) \ VS 2 } 
(2-8) 
(cw) (zw) = (w)?— (tw) =2— (zw), (2-9) 


where 1 is the unit matrix in meson charge space. Then to perform the partial wave 


analysis of (q|IV7.|@>), we transform 


(¢|Ws\%) = (V'C4, Y); Vane, ¢), Y°C, ¢), Ve, Y)3:°*) 


Ve (9,%)\ * 
Yy; (9, ¢5) 
x (¢| W.| 9) ye (9,9) ’ (2-10) 
Yeas *(G, Py) ; 
SV7 OG, P)VE* (A, $y) =O (cos4—cos 4,)9(¢—Go); (2°11) 
l,m 


(then (g|W..|9)) is matrix). In this notation, 


i(G-a x1) =(¥'(8, 9)s Vi, 9), V8, 9), VE", 9) 5-~-) 
6.¢.)\* 
x(-* Fanconi (4, #) (2-12) 


where L=(Z,, L,, Z,) is the same form as w,~w, in (2-9) and has only values in 
shaded part of the following matrix ; 


ORO 0 0 -0m0 ke 
0 Om Ore 
0 O750L 
6 \0Gi0e 0- On Oe: 
“Op ROO EEOC, BO are iF 
Also 
Ag AT RUNG 
(ql) =(4, ¢)- “gy ) (2-13) 


where p is the unit matrix in the shaded area of the above matrix. 


By using these notations we have 


2 as ag ( [7 
(9) W| 4) =—5 80-0) ae ‘alg \.1DU|Wal qs (224) 
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H,\D)= : 4 ofe ‘).8-4 
(91414) (27z)*(2e,)"*(2e,)'” : 2m 8, e e, 
= 48 (£ Yo 4-4.) Jab) + Gw)p) |, (2-15) 
3 pL Ce e; 


where 8S is the matrix 


rs 


The problem thus reduces to solve (2-15). (zw), (GL) has the eigen-value 1 and —2, 
and corresponds to total charge- and angular- momentum 3/2 and 1/2 states. And thus 
from (2-15) it is clear that the state with J/=/=3/2 only suffers the attractive 
“potential” and the other states are in repulsive “ potential”’. (This is the same con- 
clusion from the strong coupling theory since when the coupling is very large, real binding 
may occur only for states /=/=3/2).” 

Putting 


(9| V| 9) =(9| S| %)S 
+ (g| Lie| g0)- (P— (GE)) 


+ (q|Zan|%)-, @p+ (L)) 


+ (9|R\ a)", (2-16) 


where 7? is 


Or0ne0, 0. 0-0 
Ole Os OF Ome 0 0 
OR t0ns 0202 R 0220 
OmeOeeOueO ee Our © 2 
On Oa Ogee OF a0 
OO cee Ome OF. O02 el 
we have from (2:15) ; 
~ af y 1 \ al 
(a\ Sia) = G90) + ead Jaye) a8) 
len ae Wuee 
2m Ey 
ee fae ale 
(| Lina) =—- 89 Jo 8g io ¢ Ga) 2(2e,)""(28,)"” 


x(F F £)(-2\(— . Nee 21+ (cw)) Z| Zi2lq), (218) 
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be al 
(9 Laie 9) = 75 89 Qo) + é, i385 200 -|- (27)*(2e,)!?(2e:) 
is = “a gl m. ra} Sere Gp 2-19 
(4) uy a Loerie (2-19) 


Moreover, putting 


(| Zvelg0) = (9 | Zan Tirl a0) -C— GY) 
+ (9| Lar Fal a) 21+ G)), (2-20) 
(| Zaal a) = (| Lan Taal) - A= @)) 


+ (9| Zane Ton| 9) (21 + (€))- 22 SL OB2S 


Then, (2-18) and (2-19) become ; 


Ly jo Ty 2 
Lip Taj l 5 
> 82 ll 9) = 9 (9-9) 
(q| Ly Tip | Qo) 7 (9-% 
Lo T 3/2 
1 al Le eae ee 1 
ae =a \ = ; (2 ) <5 ) 
Eq — Eq +20 (27)*@e,) h2e,) 27 sae (= E, 
4 Ly L4)2 
al Lijo T3)2 
x Jil 27" |e. (2.22) 
—2 Lge] af 


(2-17) and (2-22) can be scived immediately (since the kernel is the product of two 
variables), and we have ; 


fats 4m ge /2zm 

&, ea (28) (ene tee oe 

e Z l 

se 0) Ea) ei 

Re ae ae + 
GaP GIP Co) POR) 3) 
VO (9) = AS (97/47) eh |, ‘: Pig Sw nkale 

2mm cle sede70) ae (EEE 


Lipaliyjes A=4 


Lil gee = b 
A = a 3/2 C 
(g| 1%) = (7 | Sle . yi 1 | Qo) 


nee :A=—2 
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Se eee SES A g/t)" ; 
Epo Og 220 - (27)*(2e,) (26 q)?” 


1 tear = ‘ 0 
1 (1-10 (4,) +262 (g,)) +> (1-22 (q,) +4) 
Eq a 


us (112 (q,) FO" (9,) 2” (ge) ee 
2 (g,) = ee i |! ee ne (2-26) 
Then denoting the scattered wave by (¢|S|q), (g|4|q)» we have 
(gl Wela) = =a) + 01S 1a) S-1 
+ (| Lip Tip 1) 20) , (Poh) 
+ (9| Zi To) 21 +00) <(p—6L) 
+ (9| Zsa Tia| a) A—) + Gp +0L) 
+ (q| Lon Tiel q) 4-21 + 20) 5 (2p +6 L). (2-27) 


We have the state vector from (2-7) by constructing the matrix (q |W\q,) by using 
(2-10) ; 


Yaoi r= | Ube ern 6575 ¥| Wel 05) 


§ 3. Cross-section of scattering 


(q|Wz|Q%) is given by using (2-27) from (2-10), (2-12) and (2-13) 


(a) x14) =8(—%) + 91S 19) +1 


3 
4799 


+ (g\ Lap Foal 5-21 +) (G4 (9-4 D)) 


+. 


ae ae 1 4 
| | Lio Ls/2 | q) re) an tilo-9 xQ%)) 


es. / 1 ; p 
AF @liae hina) — A) aa i(o-9 XM%)) 


Ss : coal iy : 
+ (g| Zan Tost 9)— SNR aa Gorge | Sali w)) |. (3:1) 
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Since the state functional is given by (2-28), the scattering matrix element is given by 
dropping 1/(27)* (€,,— é, £10) from (q| S| 9)> (| LT| Jo) 
Hoo = (7| el) 1 


; 1 eee ae : 
+(g FT )21)2 CD Hie Cas) eral Ch Came et 
' i ; 
+ (9 | Aij2a2 dyer (21 +70) ——(amti(d-4X%)) 


1 1 : 
+ (9 | Ho21/2| 90) Pee Oe eda (29q,—-i(6-YXQ%)) 


1 1 ae 
+ (9| Asa go) (21. + 200) ——24U = (6 -F Fo), (3-2) 


where (g|//|9,) is in ae and (2-25) the scattered amplitude multiplied by 
Gene ot CO 3(¢,,—€, +00) 75 _ oar. 
a (27)* and ==4 We eheie respectively. We can simplify (¢| //| q) 
by using the following relations (We put ¢,,=¢,=<) : 

V (9) =8V(g) —ev —v, 

[Zen (9) =e] Ng) — 9373) _ gry —ey —y, 

jin SOLAR { Lal 

2mm ering (3-3) 
2° (9) =e2(g) —0, 
29 (9) = 2 (9) —eo — 0, 


; wa & LAE Lidl 


30ye ) e(”) (3-4) 


(where v, w do not depend on the meson energy). 


(9| Hi |) == 2k oe 
2me 1—2€V(¢,) 


; (3-5) 


Festtde Here, Cae) ly ele: xO 
See 2 a) 26 26° 
(14+ 0)? + ev (20® 4 ev) i (3-6) 
£1) )24)2 A=4 
Fhyjosj9  A=1 - 2 
(oN a Me. ta, at HT, bo) te 1 
$/21/2 pe 1—2/4e2®) Fy 2 9 > (3-7) 
F13)22)2 A=—2 (gx) 
Wer 2 (0° wo) 
eva’ ee 
(1+40)? f (3-8) 
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where in the denominator of (3-5) and (3-7), V(g2); 2®(g,2) means to put 2; 
g,° instead of g? in (2-24) and (2-26) respectively. Thus, the divegences appeared are 
summed to the effective coupling constant and the effective coupling constant is different 
for each states with /=3/2, 1/2 and_/=3/2 and 1/2, and also depends on the meson 
energy. . 


From (3-2) we have 
ae = (9|Ae| 9%) 1 
+1/9[2(21 + 7) (g| He 9) 
+ (41—cw) (9| Ay| ) + A—t) (9 | Hs] 2) (9) 
+1/9[— (21 +7) (9 | He] 9) 
4+ (14 2rw) (9¢| i| qo) + Ate) (9| Fal a) 1G XM), (39) 


The scattering cross-section becomes 


do=20| HP —£— go—| 2 Free) dQ. (3-10) 
(27)° 4 


Writing 2® and V’™ explicitly and taking (2e/4%) 1=K, we obtain the following ex- 


pressions ; 


2¢ a: 1 fe 
= Hy= ~ > (3-11) 
» 47 a: Tas ie Ll? al m 
mm J, ef(e—e +20) 
ae 
(SR es ae 
47 pe 
1 = 
2 3 : Z 3 at: Ts ” 
1 24 fs (ela €log( “=~ S02") — p tan"( max )-e— q log( 2 BY 4m 7 ) 
3a pL € p € p € 


where Jax is the cut-off momentum and f?=g"/4z, and since the denominator of the 

. D} . 
(3-11) converges and contains small factor /t/7, we may put it as ~f,//. By using 
these K’s we have the cross-sections from (3-10) 


(i) rw=1 (a*+Po7m' +P, Rat om dV) 
da /(dQ=| K,|?+1/9 {| Ko P—(K&Ki+c0) +| i) ¢ 
41/3 {K*(2K + Ky) +0.c.} cos 9 . 
41/9 {3 | Ko? +3(KAK+ee)} 7 cos’ 0 , (3-12) 
(ii) fos ie (a PS +P, nt4+N—>xt+N) 
do/dQ=| K,|?-+1/81{| K2?'+ (K3 4K tcc) +14 
—2(K* K,t+ec.) +4| Ks [2° 2(Ky* Ko +c.c.)} 
1/9 {K,* (2K 2+ 5h 2K.) +.c.} 7° cos 0, 


g 
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+1/81 {3 | K.,|24+9(KSK, +c.) +24 |, i? 

ELI Kat cae OCS K.,+c.c.)} q* cos’6 , (3-13) 
(iii) ATT Wid (ae 2iraaa” Wik Mr ah Oe eh PEA ee 

do /dQ=2/81 {| K-.|’—2(K 34, + cc.) +4] AGP 

= 2G hace.) | kal (K,* K_.+e.c.)} 9" 

42/81 {3 | Ko |?—3|Ky? +3 (AG* Ki +ec.) 

23(K,* K_j--e.c.) tg: cos 7 3 (3-14) 
(iv) rw=0 (294+ (P, NV) 2°+ (P, V) 

da /d2=| K,\?+1/81 {4 | K-2|?-2( A AGt €<¥) 

4+ | Ky P+ (KK +00.) + | Ky? -2(K* Kat cc.)} 94 

41/9 {K*(3K.4+4K, + K,) +c.c.} 7 cos 

41/81 {12 | K_9|?+18(KAK, +e.c.) +15| | +3(Ay* Ayt+cc.) 

+ 6(K,* K5+ec.)} gi cos’ 0. (3-15) 
In these expressions only A_, contains the resonance denominator” and -hence if this only 


contributes the ratio 9:21 and the angular dependence 1+ 3 cos°@ follows immediately. 


Total cross-section is 


(a) mtt+Pormt+P, m4+Nonr +n. 
o=4n|| K,P+1/9(2| KoP FIA 9), (3-16) 
(b) m+ Po2r-+P, m*4+Norts+N 
o=4n[| K,|2+1/81{2| K_2(°?+4(KSK,4+cc.) +9| KI? 
4+2(K, K,*+cc.) +4|K, |} 94], (3-17) 
(c) a +Prt+N, PEN OCU EP. 
o=4n[2/81{2| K_,|?—2(K 4K, +c.) +3| X,|* 
(KK, K* +00) +| Kil 9'], sper(G rs) 
(d) m4 (P, N)—->7°+(P, WV). 
ao=47[| K,|?+1/81{8| A_.|?+4(K4 K,4+c.c.) +6| K,|? 
+2(K,* K,+c.c.)|K,/* 9], (3-19) 


Total cross-section for 7 4+ P becomes; (or 7*+ /V ) 


o=4n| |K, 


2 1 2 = 9 3) 9 2: 7 1s ; 
rmewielee coo ig 


Expressions (3-16) and (3-20) coincides with Brueckner’s expression (21)') except for 
S-wave scattering and small changes. The changes are that in our formula the “ effective 
coupling constant” (3-6) and (3-8) appears and the non-resonating term contains the 
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different denominator compared to the Brueckner’s. Apart from the resonance, the 
J=/=3/2 state is favored from the coupling constant, ‘because (3-8) shows larger coupi- 
ing constant in this state. But owing to the ambiguous treatment of the diverging 


quantities, we cannot put this conclusion conclusively. 


§ 4. Conclusions 


We showed that the effective Hamiltonian derived under the assumption of weak 
coupling gives the good result for meson-scattering when treated exactly (not in Born 
approximation). Since the treatment of this paper is essentially non-relativistic, we cannot 
derive any reliable numerical value to be compared with meson scattering experiments, 
our only conclusion is that the qualitative features of meson scattering can be explained 
in standard meson theory. Other ambiguous point is that we have not renormalized the 
self-energy hence the effective coupling constant contains this effect. 

But if it is allowed to use our approximations made in this paper, pseudo-scalar meson 
with pseudo-vector coupling is qualitatively good for meson scattering. That we performed 
in this paper is so to speak the treatment of nucleon in second order nuclear force. The 
higher order terms are to be expected to be the correction to this or will play definite 
role in the higher energy region. Non the less, the effective Hamiltonian derived under 
weak coupling assumption gives the right qualitative results for both nuclear force and 
meson scattering will serve to’ support the treatment in this way. 

In conclusion, I express my heartful thanks to Professor S. Tomonaga for his kind 
discussions and to members of Tokyo University and Tokyo Bunrika Daigaku for their 


critical discussions. 
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On the Proten-neutron Interaction 


Toshiya Komoda 


Tokyo Lnstitute of Technology 
and 


Muneo Sasaki 


Tokyo Metropolitan University 


March 26, 1953 


In the phenomenological treatments of nuclear 
force, non-singular or Yukawa potentials have generally 
been used for the sake of simplicity. These potentials 
will be sufficient so long as the energy of a system 
is low. However, to secure the better fit with ex- 
periments up to high energies, it seems necessary that 
investigations are extended to the various types of 


As the 


preliminary work we have computed the magnetic 


potentials, singular as well as non singular. 


moment and quadrupole moment using the potential 
It was shown that the results 
did not contradict with the known facts concerning 
the deuteron ground state. 


with 7~* singularity. 


We shall assume the nuclear potential : 


C4ar 


ye lo - - , A 

} CG — 3 (t14-To) ] 0 T+ Sy9 7 = S 
This is the modification of the pseudo-scalar meson 
potential with a parameter 7’, the 7~* singularity 
If we take the 


eigenfunction of the deuteron ground state as 


being for the practical simplicity. 


(x) =x [ee (1) 3Z, Ol + W (x) 8241] (z)o, 


then che radial functions #(«) and w(.r) satisfy the 
well known coupled differential equations : 
ev 


au 


ee 


9 "es 
—— —¢244+a—u=—2V2 ~——_w 
ax" & r x? 
dw a er - e% 6 
= —t- 0-2-2 2 eee ee 
da? x “f x x 
eer 
wae NG Dee 
ax? 
where we set the abbreviation 
VM ,. |4|at 
cer (ieee 7=az, eS 
wee wee 


The equations were numerically integrated. By taking 
the binding energy of the deuteron and the meson 
mass as 2.237 Mev and 273 m respectively, we have 
computed the magnetic moment and quadrupole 
moment according to the zero cut of and hard core 


approximation. The results are given in the Table. 
Zero cut off | Hard core 
a 1) in Mey yla x9 Percent 2 Qin 10-2’ cm? Xo Percent D (Qin 10-27 anes 
2.0 41.382 1 0.489,2 2.855 1.871 
2.2 45.521 1 0.543,6 2.954 2.009 0.239,7 3.678 
2.4 49.659 1 0.605,6 3.046 2.163 || 0.274,1 3.952 2.296 
2.6 53.797 Ly NO.655,7— + 3.114 2.3005 0.299,8 4.079 2.425 
3.0 62.074 i 0.755,6 3:229 2.556 0.359,5 4.399 2.732 
3.5 72.419 1 0.860,1 3.455 2.855 0.428,8 4.737 
From the above figures we see that in the zero cut the experimental values. 
off approx. the cut off radius becomes too large and A more detailed discussion on the assumed 


D-state probability and quadrupole moment are small, 
while in the hard core approx. the cut off radius is 
satisfactory and the obtained values of the magnetic 
moment and quadrupole moment are well fitted with 


interaction will be investigated from the proton-neutron 
scattering and photo-disintegration of the deuteron in - 
the high energies, j 
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On the Pion-nucleon Scattering 


Yoshihiko Miyachi 


Research Institute for Theoretical Physics, 
Hiroshima University 


March 29, 1953 


Field theories with non-localized interactions have 
been investigated by many authors!). Their main 
purpose has been the construction of a convergent 
field theory, while applications to practical problems 
have been of secondary importance. On the other 
hand, recent experimental findings on pion-nucleon 
scattering?) differ widely from the perturbation 
theoretical predictions and many works have been 
done on this subject. In this note we consider the 
non-localized interaction as a possible mechanism of 
providing a consistent description of a pion-nucleon 
interaction and investigate to what extent we can 
approach to the satisfactory interpretation of the pion- 
nucleon scattering phenomena. 

As mentioned above we consider the interaction 
between pion and nucleon to be non-local with the 
following interaction Lagrangian : 


a=) j ju’ (Gage xl, al! ; x) (dx’) (da!) (dx) 


= [foun eee toy teb 9) ¥ 
0) EO (7) (te) (da! (2). 


(1) 


Here &(x) and ¢(x«) are the Lorentz invariant ex- 
tensions of the 6!(+)’s and subject to the following 


conditions : 


E(x) = : (€o(*) +&(x)); €o(*) =T450!(—*) Ty 


(2) 
(yu. Out 2) 0(4) = (aH) 84(4), (3) 
C(x) =F (ol) + Cot (x)), (4) 
(T—x2) Co (x) = (x0? — x?) (+), (5) 


where to and x9 denote the nucleon’ mass and meson 
mass respectively and y and x are newly introduced 
parameters which we regard as complex quantitics. 


10 
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1004 


0 
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Angular distributions in the centre of mass 


system at meson kinetic energy 135 Mey, 
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For the derivation of the S-matrix we have used 
the method developed by Yang and Feldman‘ and 
by Kallen®). We have calculated the matrix elements 
for the pion-proton scattering to the second order in 
the coupling constant and to this approximation the 
form factor ¢(«) plays no role and only €(*) is 
essential. From (2) and (3) the Fourier transform 


of &(x) is of the form: 


£(p— po) (27h + pw) + (we — po) (78+ DS 
(6) 


and by rationalizing (6) we find this factor may 
contribute as if there were a resonance. We have 
determined » (complex) and » so that the calculated 
values of the total cross sections for the process I 
nt+P—> 2t+P may best fit the experimental values 
by Fermi et al. For the values of » thus determined, 
(6) contributes merely as a cut off factor for the 
process II 2-+P-—-2-+VP/. This is because the 
momentum of the virtual nucleon is (y=/p—gp/ 
in I while 4u=/yp+ gu in I], where 7p is -the 
momentum of the initial nucleon and gu and gy’ are 
those of the ini-ial and final meson respectively. 
Using the symmetrical theory, the results thus obtained 
are given in Fig. 1 and Fig. 2. The total cross 
section for JI+III is somewhat larger than the ex- 
perimental one. This is due to the large cross 
section for III. The calculated ratio of oj, o111 and 
oii at meson energy 135 Mev is 14:7:1, while the 
experiments by Fermi et al. give the ratio 9:2:1. 

In the lowest order approximation here considered, 
the form factor ¢(.) contributes nothing. This wiil 
play an important part when we consider higher order 
terms or any other phenomena, e.g. the anomalous 
magnetic moment of the nucleon. It is also of great 
interest whether we can explain the y—z process 
consistently by using the values of parameters here 
adopted. But before entering these problems we must 
investigate the problem of gauge invariance. 

The author is grateful to Mr. N. Shono for his 
kind suggestions and instructive discussions and also 
to Mr. T. Ouchi for his valuable discussion. 
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The Statistical Mechanics of 
Time-dependent Phenomena 


Hajime Mori 


Institute of Abplied Science, Faculty of Engineering, 


Kyushu University 
_ April 2, 1953 


By using the laws of classical mechanics and the 
ensemble averaging procedure, a general statistical 
mechanical theory of time-dependent phenomena will 
be presented. The ¢henomenological behaviors of a 
system of molecules are described by a far smaller 
number of variables than the degrees of freedom of the 
system 7. We shall first attempt to describe the 
motion of a dynamical system (a phase point is de- 
noted by X=(/,9)) by an arbitrary set of a small 
number of dynamical variables a(V¥)={cy, -~, 
an(X)} (4 << 2/). The change with time of these 


dynamical variables is given by 


ay (X,) =e-8 91), (X) (1-1) 
and 
Ft OH sO 0H O 
(X lear ee Ae : 
(x) ilies, uae ee (1-2) 


where // is the Hamiltonian and X, is the image of 


phase X after time s(=0). By the probability dis- 
tribution function /(X,7), let us define 


f(a, 4) = [dx F(X, 2)8(a—a(¥)), (1-3) 


W(a(X)/X3¢) =FCX, ¢)/f(a(X),¢) (1-4) 
and ; 
Ta, 03.07, 07) =(8(a/ et (t/t) EX) a(X)) da, 


(1-5) 
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where 0(a—a(X)) =JT 0(a,;—a@;(X)), 8 is Dirac’s 
6-function and <:--), denotes (dx 6(a—a(X)) x 
W(alX; Z)---, f(a,2) is the probability that a(Y) 
has a set of yalues a= (ay, ---, @,) at timez Ji” (a/X;2) 
is the “conditional probability ” that the phase is X 
when a(X) has a set of values a, and 7'(a, ¢; a’, ¢’) 
(4 <<”) expresses the “ transition probability” that 
a(X) having a at ¢ attains to a after time (¢/—/). 
Applying Liouville’s theorem 7'(Xy 7-1, 47) =/( 444), 
we obtain 


{lal 1) =Sdaf(mAT(at3a’,t) (1-6) 
and 
L(G t)T (a, 83 a, 0) =f, #1) T (0’, 5 a, 2). 
(1-7) 
Because of exp[—7(¢—¢p) Z (Xo) ] =exp[—7(¢—-) x 
L(X’)] exp[—7(/—4) Z (Ao) ], we obtain 
T (ao, £03 % #) = [ da’ T (aq) 495.0, 7) X 
xT (a, ¢5a,¢), (1-8) 
which is nothing other than Smoluchowski’s equation 
for the continuous stochastic process if t) < 47 <#. 
If (1-4) does not explicitly depend on time, ie. if 


the ensemble is in statistical equilibrium or one may 
admit the adiabatic approximation 


F(X, ¢) =f(a(X), 4) W(a(*)/X), (1-9) 
this process becomes Markofian and Green’s principle! 
is justified. 


If we confine ourselves to the case of 9 (X)= 
F{H(X)}, we have 


wm X)=F(—-X), —X=(-4,9) @-1) 


by the principle of dynamical reversibility 7(X)= 
H(—X). Then, we obtain 


of(a) =9f(—a), W (alX) ="V(—a/—X), 
OP (a, a’ 35) =9T(—4, —a/5 —5), (2-2) 


where a(X) is assumed to be composed of even and 
odd variables, 6(X) =4(—*) and c(X)=—c(—X), 
—a@imeans (4, —¢) and s=t/—?¢. From (2-2) and 
(1-7) we have a generalization of the princitle of 
detailed balance 

F(a) °T (a, a’; 5) =f(—a’)°T(—a’, —@;5) 

j (2:3) 

which, if we adopt 7(X) as a(X), gives 

of(L) T(E, EB’; s)=f (ETL £35), 


E and E’ being the values of energy of system. 
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Then, Kolmogoroff’s ergodic theorem gives 
lim °7"(@, @ 315) ="7(@).- (2-4) 
s>a 


The macroscofic rate of change with time of 
dynamical variable a;(¢) is given by 


v4 (a,¢)=49{ (da! T(a,¢; a’, ¢+ A) a’; —ay} 


A 
<2) 14(Xs)d0a1 (3:2) 


A(= 1) being a short time interval in macro-scale, 
a=a(t) and V;(X,)=da;(X,)/ds. (3-2) justifies 
the dowkle averaging procedure which Kirkwood?) 
used in analytical derivation of Langevin’s equation 
for a Brownian particle. If we admit (1-9), (3-2) 
may be brought into 


) 
0az 


h 
(3.2) = Vidat 2 Wa) [°f(2) €s2(2)] 


3-3) 


under certain restrictions for the set 2(X). €;7(@)’s 
satisfy symmetry relations which are a generalization 
of Onsager’s!). Thus we obtain generalized Langevin’s 


equation 
daz fat="“\Vpat 
Z 0 
Pad hte LL) %42() 1+ Kio), 
ES aq 
3-4) 
where 


A 
0¢ 43 \ x (a, ¢+5) ds)_=0, 


06K; (a, 0) Ky (a, t+ At) aq = 2°47 (0) 0 (Me). 
(3:5) 


K;, is the generalized fluctuating force, and %€;; is 
the symmetric part of °€; 7. These equations should 
be compared with Hashitsume’s. Langevin’s equa- 
tion obtained by Kirkwood” is, as a special case, 
derived from (3-4). 

If we admit (1-9), we obtain from (1-8) 


0°77 (a3 4) (0¢= 4° PT; t+ A)—°7'(a;3%)} 


(4-1) 
0 
Hoyo) A ("Eur } 7034) 
Z ay 
Gee ae se : 
+3igz O89 93 |, (4-2) 


where °7'(a;7) denotes 97'(a,@3¢—Z9). For an 
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isolated system, Eq. (4-2) coincides with Fokker- 
Planck’s equation obtained by Green. From (4-2) 
ahd (1-6) we obtain the differential equation for the 
distribution function /(a@,¢), coarse-grained in time, 
from which we may, as a special case, derive Kirk- 
wood’s®) equation and Maxwell-Boltzmann’s equation?) 
without use of time averaging procedure of Kirkwood. 
The detailed investigations of the above-mentioned 
shall appear in this journal shortly. 

The author wishes to express his sincere thanks 


to Assist. Prof. S. Ono for his continual guidance 
and his helpful advice and to Assist. Prof. T. Tanaka 
and Mr. T. Nakamura for their valuable discussions. 
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The Quantunurstatistical Theory of Transport Phenomena, II* 
—On the Theory of Metallic Conductivity— 


Hazime MORI 
Department of Applied Physics, Faculty of Engineering, Kyushu University 
(Received April 5, 1953) 


The main purpose of the present paper is to derive the Bloch integro-differential equation, upon 
which the modern electron theories of metallic conductivity are based, analytically from the principles 
of quantum-statistical mechanics. In the first place, a generalization of the phase-space distribution 
function of Wigner is obtained by means of the integral transformations which may be, in general, 
different from the Fourier transformation. And the starting point of the present theory is the equation 
of motion for the singlet generalized phase-space distribution function, which is derived from the 
Schrédinger equation for the quantized wave function. The Irving-Zwanzig equation for the Wigner 
distribution function is immediately obtained from the above-mentioned equation of motion. The 
generalized phase-space distribution functions of electrons are defined so as to be suitable for Bloch’s 
band scheme, and the equation of motion for the singlet electronic distribution function is obtained. 
The macroscopic electric current density is defined from the quantized density field with the help of 
the time-averaging procedure over a microscopic interval. If one uses the customary approximation method 
together with the postulate of random @ /viori phases, the Bloch integro-differential equation is obtained 
from the equation of motion for the time-averaged electronic distribution function. 


§1. Introduction 


The consequences of the Bloch integro-differential equation’ ”, on which the electron 
theory of metallic conductivity 1s based, have been developed by many investigators since 
Bloch” derived this equation about twenty years ago. It seems, however, that the relation 
between the Bloch equation and the quantum-mechanical Liouville equation for the density 
matrix is still obscure, and that there has never been an attempt to derive the basic equation 
of the electron theory of metallic conduction analytically from the principles of quantum- 
statistical mechanics. In the present paper, we shall undertake analytical derivation of the 
Bloch integro-differential equation by the method closely related to the one for analytical. 
derivation of the Uehling-Uhlenbeck equation” in the gas kinetics at very low temperature 
from the quantum-mechanical Liouville equation, which has been shown in the first paper 
of this series.»** The quantumrstatistical theory of transport developed in this paper is 
based on the time-averaging procedure over an interval, macroscopically short, but micro- 


scopically long in the sense of Kirkwood.” 


* The main contents of the present paper was alreedy published in Japanese (Busseiron Kenkyu, No. 
51 (1952), 52) and reported at the meeting of the Kyushu Branch of the Physical Society of Japan held on 


June 21, 1952. 
** We will refer this paper as ff 
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Although the method developed in I may be applicable to a system of Fermi Pa 
as well as to one of Bose patticles, the distribution function (abbreviated d.f.) of Witgnes 
is not suitable for treating electrons moving through the crystal lattice. To Shears ay 
adequate description of electrons in metals, a generalization of the Wigner distribution 
function is obtained from the quantized density matrix by means of the integral transfor- 
mation which has the other kernel than the Fourier kernel. The equation of motion for 
the irreducible generalized phase-space ‘df., which serves our theory as a starting point, is 
derived from the Schrédinger equation for the quantized wave function in the second 
quantization. This equation of motion can be easily brought into the Irving-Zwanzig 
equation” for the irreducible phase-space df. of Wigner (§2). Applying the formulation 
in $2 to the system of electrons in metals, one defines the generalized phase-space d.f. 
of electrons so as to be adapted for Bloch’s band scheme,” and derives the equation of 
motion for the above-mentioned electronic d.f. In the present formalism, however, the 
customary one-electron approximation is not used, but the role of the Bloch functions is 
only to furnish the transformation in the same manner that the plane wave functions 
give rise to the Wigner d.f. (§ 3). 

We define the electric current density from the quantized density field, and derive 
ordinary expression for the electric current, observable by actual macroscopic experiment, 
with the help of the time-averaging procedure (§ 4 and 5). The expression of the current 
density, which has been given by Irving and Zwanzig,” is equivalent to the one obtained 
from this definition, but is unsuitable for our present purpose because their derivation has 
been based on the ordinary phase-space d.f. of Wigner. The equation of motion for the 
time-averaged electronic d.f. is derived, and the Kikuchi-Nordheim term due to the external 
field, the term due to the interaction between electrons and phonons, and the term cor- 
responding to the collisions between. electrons are obtained. 

For the present, the discussions are restricted to the electrical conductivity. But the 


present method applies to the thermal conductivity, on which we shall discuss in the later 
paper of this series, 


§2. The generalized phase-space distribution function 


We shall now consider a system composed of /V identical Bose or Fermi particles. 
And we will denote by g,; the coordinates of the 7th particle and by g” the set of the 
coordinates of the system; g will include the spin coordinates as well as the space coordi- 
nates. Let (¢,(g)} be a complete orthonormal set of functions of the coordinates of 
single particle, and then a complete orthonormal set of symmetrized or antisymmetrized 
functions of the set of the coordinates of the /V particles is given by 


Pra Ag) = det, (g= 0. (gy) | (2-1) 
with 
VH=N, 
t 


det6?) Ka) anand s - 
where det‘*? and det‘? indicate a permanent and a determinant, respectively, and 7, is 


The Quantum-statistical Theory of Transport Phenomena, IT 475 


the number of particles in the state represented by ¢,(7). If annihilation operators @, 
and creation pepeenors a,*, which are Hermitian conjugate to each other and both of which 


act upon YP y% oe \(g™), are used, the system of identical particles may be described by the 
quantized wave function” 


$2) = Dahl); (2-2) 


which fulfills the canonical commutation rules, and which is so normalized that 


N= | 9*( gQ¢(gydg=n,, N=a,* a,. . (2-3) 


The Gibbs ensemble of the quantum-mechanical systems is described by the density 


20) 


matrix, ’? of which the ia in the g-representation is given by | 


pC’, gd! ‘A= Sw; @P Fee (at t) P( 9", t), (2 -4) 
where {%,(g%, ¢)} is a complete eee set of wave functions, and ww, is. the 
probability of the system being in the j-th state (Sjw,;=1). If the transformation to 
the /V-representation is utilized, the representative of “he aoe matrix becomes 

e ({ah, {al} 3 )=S1, C* C'S, NGC). 0), (225 )5 
j 
where. C,( {v,}, 2) is the transformed wave function in the /V-representation and is defined ° 
by 
Kg d= > GU OF aye, (2-6) 
= pe 
whence the above-mentioned two representatives of the density matrix are related by 
ph ca®, g* oon 3 eae ae a oS Fey @ NGA? Cae Nay 2) Pen 7¥( CEE (2-7) 
W 
[Simp —S,/=W] 
The reduced density matrices are defined by 
ae CPs SO Gn > Dues eg) Ga > t) 

=$*(9)') 8" 9.) PM) P(g), (Na 2=1), (2-8) 
which is the simplified form, i.e., the ao in the right-hand side should operate on 
the density matrix (9, 7’ Ys 2) or pC {,}, {mt} 3 2) according to such 2 a Rok that 
the quantized wave functions ¢(q)’s operate Sig on VY Cae of p™ (9%, 7; 2) given’ 


by (2-7) or only on Cans tye of pO Cas 5 {n,\ 5 8) given by (2-5) a gee be 
integrated with respect to 7% or summed over the sets {7}. The expression (2:8) may 


* In the case of the pure state desctibed by the wave function (7%, ¢), we may, in the following, 


use the density matrices / 
pi) (9%, g'; ‘) =" CAE t) Dy, t) 


and 
op) ({ae}, (e735 4) =C*({2,/}, 0) CU}, 4) 


instead of (2-4) and (2-5). 
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) and alternatively from the 
The expression (2-8) with 
and is excluded to avoid 


be obtained from the algebraic theory of the density matrix," 
tedious but elementary calculation shown in Appendix I. 

n=N differs from po (9, g'%;t) by a constant factor /V! 
confusion. Denoting the space coordinates by a and the spin coordinate by a, and using 


the space function y,(ae) and the spin function Z,(a), we have 
(9) =9,(H)4,(o), t= (45 &) (2-9) 
$Q)=Si9"(#) (0, 


(2-10) 
pr (a) =o a’ 2, (2). 
The reduced density matrices in the configurational space are defined by 
O° (Hay 5 Wns W's 2's Wn 5 2) 
=) S10 476.7795, n0 Gn "5 On re ney On! : t) 
TiN 
=} Sp (aly) Pe” (an!) PA" (Ben) = PY! (Hr) (2-11) 
Hy Ln 


where 0,,¢°is Kronecker’s delta. The diagonal element of the irreducible density matrix 
oa, a; 2) gives the particle number density in the configurational space. Here we 


shall introduce the generalized phase-space d.f. which is defined by 


Z(H, tty Wn 5 hy, bres) Ras ) 
1 1 é 1 1 
=| ef, (a— 2 n)-9l, (ee a) 0 (w———y; + ——Y 5 ) 


1 .-\ 1 
x Pp, (a, ara th) @p,,( n+ y.)4dy , (2-12) 
where a and y stand for the sets of the space coordinates (#,, ---, Hy) and (Y,, --*, Yn)s 
respectively. And then we obtain immediately from (2-12) 


pees Op my Wn 5 hy, rest hin? =e” (x, 855 Wy 5 Wy, 7°, Wy 5 z) \ 
ey Vn, | 


and (2-13) 
fos faeer doen (ary, Se af bee Ri; see, yaa H=Nz Nz, 


where 7,—= S‘7,", and no two of %,, -:- and #, are equal to each other. The first and 


io ' 
second expressions of (2-13) give the multiplet probability densities of order 7 in the 
configurational space and in the /-space, respectively. If we choose the plane waves, 
¢,(x#) =h*” exp(—p-a/ih), as the complete orthonormal set, we have 


Raa es sot) Wn 5 Po ane) Pn t) 


(m) 
siren] ermal g (x—-y; weoy ; say 
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=[NV1/(N—n) lf (a, NE Hn > Pj, ae Pr 3 t), (2: 14) 


where DYDD Le. F™ is nothing other than the phase-space d.f. first introduced by 


Wigner” and extensively investigated by Moyal' for a pure state and applied to quantum 
hydrodynamics by Irving and Zwanzig.*’) From the above-mentioned, the function defined 
as (2-12) may be called the generalized phase-space d_f. 

The equation of motion for o” is derived from the quantum-mechanical Liouville 
equation for the density matrix’ or from the Schrodinger equation for the quantized wave 
function. Then, we may obtain the equation of motion for g“ by means of the transfor- 
mation (2-12). The singlet generalized phase-space d.f., which gives the particle number 
density in the a—Z space, is 


(mH, , 2) = |e g,* (a— Se u) en (a + = y) p{e— + y, e+ = ‘) 
; Zz 


(Za15\s 


in which we are mainly interested for the present. Now.we shall search for the equation 


of motion for g(a, &, f). If the Hamiltonian of the system does not contain the spin 
: ‘ Soe , = p a 0) 
variables, the Schrodinger equation for the quantized wave function may be written as” 


ih @* = {—(#2/2m) 446 (m#) + G (x)} o* (2-16) 


with 
G(x) =Si| an g”* (ac) u(ar, a) P* (a0), 


where @ and zw are the potential energy of the external field and the potential between 
particles, respectively. Thus, the equation of motion for the irreducible density matrix, — 


o(a, a! ; 1) =>) P"* (ac’) $* (9), is obtained as 
we 
ap (w———-y, at y; 1) /ae 
2 2 
: 1 An 1 4 k 
—(h/mi)V,-V, p(a—— gener S Y ; t) 
+(i/h) {6(w—-y)—9(ae+ +) p(a— 1 y, w+—-y; r) 
, \ oe De 2 2 ; 
= (1/74) \zy u(w—" y)—u( w+ y; v)} 
ms Dives: oie had 
x p?(a—— 9, Y 3 0+ =e WY; ‘). (2-17) 
2 


According to the transformation law (2-15), eq. (2-17) is brought into 


* Henceforth, the index‘! is omitted for simplicity’s sake. 
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ag (a, kh, t) /dt 


asl ies ee 1 : Ly ye ) 
—(h/mi) je g.*(a=— v) pr ( 2+ — y)PyP. p(w——- ies ree | t 

) : ca oe i u)— (a+ ney, 
+ (i/t) | ay ex* (a— ‘u)e(ae+ : y){o(x 5 y )—9(x 3 y) 


i : 
x p(w 2 Y, H+- ys t) 
D 2 


= = t 1: mee} 
= (1/ih) ay | ay \" (eat 5 y)—w (w+——y, y)} 
x pet (e——= y)e.( + — y)e® (a ly, ys 0+—-Yy, y3*), (2-18) 
2a & 2 2 2 
which serves the present theory as the fundamental equation. If one adopts Gi=he. 


exp(—p-a/ih) and expands ¢ in the power series of (y/2), the equation of motion 
(2-18) reduces to the one for the Wigner df. : 


af? /at+ (p/m) Vf —(2/h) sin[ (4/2)V,-V,\o(xr)f™ 


= 1 = 1 a 
=(1 NWP) | dt Wag x— + -y, y)—n(w+ = Y,4 | 
(1/ih | ay \ ay ju( 7 : . a) 


RL OES p(a—— YY w+, y; ‘), (2-19) 


where I7,, operates only on the potential energy. This equation, which is equivalent to 
the one obtained by Irving and Zwanzig’’ from the Liouville equation for the density 
matrix in the g-representation and is an alternative form of eq. (3:7) of I, is the 
fundamental equation for the quantum:statistics of transport in gases. 

Egs. (2:11) (2-19) have the same forms irrespective of statistics of particles. It 
is, however, more convenient for the purpose of deriving the Bloch integral equation from 
the quantum-mechanical Liouville equation to adopt, instead of (a, x’ ; f) and g(a, %, ¢), 
the following functions : 


p" (ae, ac" 5 t) =P" (ac!) $* (Or) (2-20) 


and 
2 1 1 i ib 1 
* (a, &, 2) =| dy 9," ©—-— e+ Sy } pt —-y; 
g" (MH, &, 2) jays (x i y)e(o+ : uv); (w Y, H+ 5 yt). 


(2-21) 
Then, the change of g* with time is determined by 


ag" (a, ht) /ae 


—(h/mi ju (a7 y) (ve sth y —V (we pata, ; t) 
(h/t) \ Ay ¢, SU Pel Sse Vt ea ee el eae 
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+ (2/2) \ey gx* (w— y) ee(a-+ 2 y) {9(#— ~ )—o(a+ 3 v)| 


x p(w Y, BY ; t) 
2, 2 


= (1/24) \Jev dy {i (x— rey. y)—n (a+ ataty, u)| 
2 2: ; 
x * e— i ; sid a S11 G2* 1 5: VK (as, Nor eee ne figs : 1 
9,* (a ; y )o,( 0+ au Sig Cw, P*(Y) PCY) G* ( a——-y}, 
/ y 2 


(2-22) 


which will be used in the following sections instead of (2-18). 


§ 3. The states of system of electroas in metal 


The existing theories on metallic conductivity and the cohesive energy of metals are 
usually based upon the one-electron approximation for the states of electrons. According 
to Bloch’s band scheme,” the one-electron eigenfunctions, under the Born-von Karman 


boundary conditions,* are determined by the Schrodinger equation : 
{= (W#/2m2) 4+ Vat) | GH) = Ex Gi (H), (324) 


where the potential /(a) consists of the electrostatic potential due to all remaining 
electrons as well as the total ion-core potential, having the periodicity of the lattice. The 
function ¢,(a) has the form 


OC) OO eee (OC ; k=(H, kh), (3-2) \ 
g. 


to which we refer as the Bloch function” : %,;,.(a¢) has the translational periodicity of the 
lattice, and K& and 7x are, respectively, the reduced wave vector and the number of the 
zone. As was reasonably reformulated by Slater’ recently, eq. (3-1) may be regarded 
as the Hartree-Fock equation for the system of myriad electrons in metal. And, according 


) we have 


to Koopmann’s theorem,” 
En, = 0, ijt} — LS Pipl, ,=0} =h—E, (3 -3) 


with 
Bini = (nb) LLL kh) = | POS HL Phy (0° 40", 


whete H, is the Hamiltonian of the electrons, and A {nz} is the energy of the state 
represented by Vey (9%) which is given by (2-1) and (9) =9,(a#)% (0) (G, (9) is 
the Bloch function!). Eq. (3-3) gives the energy required for the transition k—>f in 


the one-electron energy diagram of the band scheme. 


* Usually, the infinite crystal is divided into cubes of the seme dimension to which we refer as ° 
elementary regions. The Born-von Katman condition is imposed on each of the cubes. 


: f 4 5 
In order to define the electronic d.f. in accordance with Bloch’s band scheme, we 


choose the Bloch function (3-2) as y,(*) in (2-12), obtaining the singlet electronic 


d.f.:: 
eat 1 1 v Le oy Sp ea AE 
ot (a, nk, t)= jay agk4 7 a Y ) tnt (a+ Fe YE one: Y,: ee 


(3-4) 


In the subsequent sections, we shall investigate the equation of motion for g’(a, uke, t), 
which is obtained from (2-22), from quantum:statistical point of view, and shall show 
how the Bloch integro-differential equation is derived from this equation of motion. It 
should, however, be kept in mind that the one-electron approximation is not used in the 
present formalism, and that we choose the Bloch functions as the complete orthonormal 
set of functions, in terms of which the wave functions of the system of electrons are 
expanded, instead of the plane waves in the case of gas kinetics. 

The electronic system is perturbed by the lattice vibration. According to Bloch’s 


3 . 1 
theory, the perturbing potential can be represented as” 


H,=S0(a,), v(x) =— u(x) VV (x) (3-5) 


t=L 


with 


Ux =G PSs 


3 
s j= 


S1(A/2Mler)!” Cag (tay UH), (3-6) 


&. 


where «3, and v,;, which are Hermitian conjugate to each other and both of which act 
upon the wave functional” PN, , (%) of system of phonons, are creation and annihilation 
operators of the phonons with the wave vector $ and the direction of polarization @,,, 
respectively. G* is the number of the unit cell in the elementary region,* and J7 and 
W,; ate the mass of ion-cores and the frequency of the phonon s,, respectively. Even if 
Bardeen’s"” perturbing potential obtained from a self-consistent field method is used, no 
alteration is necessary in the following formalism. 


§4. The time average over a microscopic interval of time 


In deriving the macroscopic law from the microscopic law, we may use such a 
averaging procedure as time averaging over a finite interval of time .and space averaging 
over a certain region of ordinary space. We shall, here, attempt to average the equation 
(2-22) over a microscopic interval of time in order to obtain the secular variation of the 
macroscopically observable properties of the system, in the same manner as in I and as in 


: ) . pis uate : 5 
Kirkwood’s theory on classical statistical mechanics of transport processes.” 


The space 
averaging procedure is unnecessary here, because we confine ourselves to the case of uniform 
electric current. 


* cf. footnote, p. 479. 
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Since the interaction between electrons and lattice vibration is expressed by (3-5) 
and (3-6), it is more convenient for taking into consideration the system of phonons to 


choose, as the base of functions of /\-representation, 


(=) Paes (et 
P ney (9* )¥ Lv, (4) (4 od ) 
¢ Ce} n 
instead of 4,24 (g"). Then, the Hamiltonian of the whole crystal may be written as 
H=H.+ H,,+ H, (4-2) 
with 
H.=S 3) (2| Ale) ab at + Psst (lu kb at ‘ays a¥ al 
Phy ke 2 BY pie 
H,=>(N, ++) iho, (4-3) 
Hy=DSD\ (hol £) ak* at , 
Bk k 
where 
A= —(12/2m) 4+ (a potential energy due to external field) 
and : 


(hl 


ae {| ve" (00,) oe (ats) 1 (ty, Is) (I) 7 (ay) dt, dy, (4-4) 


and H,,, is the Hamiltonian of the phonons, the interaction between phonons being 
neglected. If (k|v|&)’s are actually calculated (c.f. (7-3)), the Hamiltonian His 
brought into the complete quantized form. The set of integers ( {7}, {/V,}) shall be 
denoted by (x) for simplicity’s sake, in the following. 

The time dependence of the d-f., (2-12), and the transport quantities, such as 
electric and heat current, can be represented in terms of the density matrix A Ae are, 
which is determined by the Liouville equation. The change, coatse graining in time, of 
p(x, x’; 2) with time may be given by 

ple ds = (a/2) | ola xs e+ Dav, (4-5) 


0 


where ct is the interval of the order of the magnitude of the mean life of the states 


c 


corresponding to 


Pint (gw) Py (4) exp(Z,,-t/th), (4-6) 
in which . 
E, = (x|H |x) =E {nk} +>(N4+) te, C, (AS) 


and which changes with time by the perturbation due to the interactions between electrons 


and. phonons and between electrons, i.e., the non-diagonal part of the Hamiltonian (4-2). 
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‘ { 
By means of the similar method to the customary theory of the time-dependent perturba- 
tion theory, we obtain, for the transformed wave function C(x; 2) of- the crystal system, 
C4 C4) = GD exp(E,-¥/th) 
[33 Cfo} |B fred} ) ONS — (NS) + 1 x") 
nI ($A) xn! 


x Se eee C%', 0) (4.8)+ 


; i : 
with c>v~> 0. Thus, in the same manner as in I, the time averaged values of ‘ non 


diagonal” elements of the density matrix in our JV-representation are given by 


p(x, x5 2) =8h[ (ford ELI on!) ) ON — (}) + (I 2) ] 


x {o(4,—4y) /t} WaGe x; t) Siu (5 a > ft) } > (4 -9) 
where 
w(x) = —e 8) /a? +t /ihx=0* (—4) 
10(x) +10(2)} | (4-10) 
with 


Q(x) =e0(2) +0* (x) =4 sin’ (47/24) [x= (277/h) O(4) (4-11)** 

A(x) =i-{w(4) —o* (x)} = (27 /hx) {sin(4r/2)/(4t/h)—1},  (4- 12) 
where the postulate of random a@ Priori phases,’ which may correspond to the approxi- 
mate character of our measurement or the disturbance of our object in the macroscopic 
observation, is used at the initial time y=0 in the integrand of the expression (4-5). 


From (4-12), it is easily seen that @/z is the second order infinitesimal quantity with 
respect to z and, therefore, may be neglected compared with Q/t. Thus we obtain 


(1/2) o(x) = (1/22) 2(x) = (2/8) (0). (4-13) 

The relation (4-13) will be used throughout the present paper, while the imaginary part 
of w will play an important role in the quantum-statistical formalism of the optical property 
of solids, as will be seen in the next paper of this series. Since the present consideration 
on the change of state with time due to the interaction between particles is based on the 


similar method to the ordinary time-dependent perturbation method, the results of the 
present section are valid only in the case of gases. 


§5. The macroscopic electric current density 


Let us consider the case where the uniform electrostatic field is applied to a metal. 
For the system of electrons, we obtain the equation of continuity, from eq. (2-17), 


* fan —fary)— {1 if the set {V5} is identical with the set {V5} 
BORG Ne Vad) ay eerie mae ; 


** O(*) is Dirac’s 6 function. 
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de (a, 2)/t+Vl -7(x, A=0, (5:1) 
where 
J (mH, t) = (eh/2mz) Sd) (GF ge" —Pp** g"), (5-2) 


p(%, t)=cep(a, x,t) (e is electronic charge) being the charge density of electrons and 
Jj(a, 2) the corresponding current density. Using the Wigner phase-space d.f., (5-2) 


may be brought into the alternative form 
: Vales Rte Wag ny er S97 
I(x, t) = \| Bs Sp, 0 (#:—H) |r COON Lada ks 
mt i=r 


which is the expression for the current density used by Irving and Zwanzig in quantum 
hydrodynamics. Then, the macroscopic electric current density in the metal may be given 


by 
F=| js) fa]f aro) jr |ac, t+), (5-3) 


where < is same as in the expression (4-5) and DD is the volume of the elementary 
region.* Thus, using (5-2), (2-10), (4-9), and (4-13), the ordinary expression for 
the electric current density is obtained (cf. Appendix II) : 


Fa (1/D) SDE" ley 1) 00a (5-4) 
eitere 7 
(oO) nc | dee is. (B/ mi). Pau (1 /8)P x En (l) (5-5) 
and | 
gh (ly Q=Sint Ws 2s =f ah, & Oder. (5-6) 


Because of L,(k)=4,(—Kk), we have J=0, if 


‘ gt (1, ke, t) analy —k, t), O72). 


. . i . . 19) 
which is correct for metals in thermal equilibrium except for superconducting metals. 


Carrying out time averaging procedure over the interval r and integrating the electronic 


df., (3-4), and eq. (2:22) over the elementary region, we obtain the equation of motion | 
for g" (nk, ¢) : 
az (uke, t) /OL+ Sfint Se + Sh= Sc (5-8) 


with 


* cf. footnote, p. 479. 
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r 1 aed 
SH, Cik, t) = (Z/mt) \) away cyl, |“ (w— ae 2) Unie (w + oan v)| 


e V, pe(ae———y, e+—-Y, t ‘), (5-9) 
2 2 


yy? 
if i 1 
- 1 : 5 +10) 
x pt (oY, eg mae A t), ( : 


Sih (ake, )= (1/8) |\axdy 5. (Y) Pun(a) (u(y) —v(a)} PLY, H, t) (5-11) 


and 
Soh (uk, t) = (fit) \\ ax dy\ BY AMY) Pn (H) {UY Y) — U(r, Y)} 
x Se (wor WP WHY), (5-12) 
where the potential of the external field for the electrons is é(x”) =—F’-2+u7(a@), and 


bars indicate time averaging. The calculation of each term of (5-8) will be performed 


in the following sections. 


§6. The Kikuchi-Nordheim term 


In the present section, it will be shown that S4in vanishes and S," gives the Kikuchi- 
Nordheim term. Using (2-20) and (2-10), we obtain 


Sin (uke, ¢) 


== (h/2m) >| {arn ai, | «oo V1. Vy, aac —c.c.} 
p. 


— ee) ee +p) + {ak hn A | Dk) e (Vy) ty A +¢.c.}. 


Since 7,,,(0)’s have the periodicity of the lattice, the integral over an elementary region 
may be replaced by a sum of the integrals over the cells: 


Sit, (uke, t) = — (G?/th) 


x ean at | Une {— (2 /2m)V? + (WK / mi) VV uy, dae+c.c. 
Do 


because of 


(G—1) Boss 
ST ao — G*, if @=27g © (6-1) 
a=) 0, otherwise , 

where 2, represents integration over a unit cell, and @ and g are lattice and reciprocal- 


lattice vectors, EPEC ey ey Since a#j* a¥.(Z%= 7) vanishes as shown in Appendix II, we 
obtain 
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Siecle e) 0s (6-2) 
Using (5-6) and (3-4), we may express S," given by (5-10) in the ae 
S” (ile, t)= (F/h) VP), &* (nk, 2) 
— (F/h)- ee o* (a, Y, 0) 0 ;,[ (a) tn. (a) | dacdy 


=(F/h) V2" (nk, t); (6-3) 


where the last line is obtained by considering that a2* a: vanishes if (3; 7. The above 
derivation of the Kikuchi-Nordheim term™ is quite rigorous. Kikuchi and Nordheim 
have shown first that this term always obeys Pauli’s exclusion principle if it obeys initially 
this principle, but here we need not prove particularly this conclusion, because (6-3) has 


been derived directly from the Schrédinger equation for the system of Fermi particles, 


§7. The term due to the interaction with phonons 


The 5% given by (5-11) may rewritten as 


S4(uk, t)=S*(nk, 0) + S** (nk, 0), (7-1) 
where 
Suk, t) = (i/4) S3>5 at. ay, (nk |u| Lp) p(% % t) (7-2) 
‘,p nr 
~ with 


(nls |v| Ip) = — G7 ISIS) (8/2 Meoas)'? Kal, 
Saas eiy, 


x[4,,6(h, p+s— ang) +u%,0(k,.p—s— arq) | (7-3) 
KE, p= Css: \ 0 MEV WY) |p Wrey » : (74) 
Do 


(3-5) and (6-1) being used. In (7-3), the reciprocal-lattice vectors g 2= 0 correspond 
to Peierls’ umklapp process. Substituting (7-3) into (7+2), we obtain 


S# (nk, t) =(/th) > O%,. 0%, (1— hn) 2b» 
i,p #% 


x SIDS (4/2Mgs GY" Bake, 


IG 


x [o(k, Pr S— 279) ve, p(x ASE 1 — Nhs 1 Nip» wv 5 Meise t) 
fe O(k, p—s—27g) Vv (N53 ae 1) o(x pth 3 1 — Uns iL = ins Nest ilisinis 3 t) | ’ 
(7-5) 
where @ represents the sign function which appears in the second quantization according 
to Fermi-Dirac statistics." From (4 9), (4 -13), (4: eee | and (4-3), we obtain 
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p(x sees T— 1h, 1— Mis Np es ub) 
=th (x|Hy|+--1—1hns 1—n},, Vs5 1--+) 
x (1/27) 2(+ ho + Ep) —Ln(®)) 


| Pet ee ap --1— nh 1— mh Vey F 1+: 5 % 7 a (7-6) 
(x | Hy| ++ 1— thins 1==Jihp» Noi + 1---) 
= OF On,.t, (17h) (Vos | {Zp |v| wk)| NV, 1), (7-7) 


if 7%;,=0 and w},=1, and, from (7-3), 
(N, 2) | Meg 1) 


= — (4/2Mo,,G)'? K tlin| 


VN,,; 0(k, p+8—27q) 


eles (7-8) 
VNj+10(k, p—S—27g). 


Thus, substituting (7-6), (7-7) and (7-8) into (7-5), we have 


S* (ale, 2) = ig: (17m) hp 2a 21D (4/2Mo,,; G") | Kz i 
Lp n j 
x [V,,{2 (4o.;+ Bip— Enx) /t}? (Dp, R-S$ +279) 


x as x; t)—p(---1—n%,, 1— 1, Neyg— 1-3 4% 3 OS 
Nj +1) (2 (—hoyt+ Ly— Ex) /t} 0 (p, k+ $4 27g) 
x {o(x; %3 2) — 0 (-:-1— mh, 1 ml, Wey Fl * 375 t)}]. (7-9) 


The time averaged functions for the distributions departing only slightly from = thermal 
equilibrium may, as was pointed out in I, fulfill the relation ' 


3S (1 SSH ) Rip LV 55 0 (% 5 x; t) 
w 


= {1—g" ak, 2} g* Cp, D(Nays (7-10) 
where 
(Msi2= 2 Nui p(%5 x; =P) (7-11) 


This relation corresponds to the ee of molecular chaos in quantum-statistics. Sub- 
stitution of the expression for .S"(wh', 7) into (7-1) and time averaging of thus obtained 
expression over such an interval that the relation ee may be justified give 


Spi ake, t) = — (h/2MG) >) IES (1/45) 
KA al WO Zee Be hi /z} 
x {eh (1—gh) (Nei +1) —o te 1-8) (V5) 
+ AI tg) {2 (Ban — Big begs) /T} 
x {gh(1—ghn) Neg —ahe A — oh) (No) +1} ], (7-12)* 


‘ Enh indicate 6" (xk, 7)’s given by (5-6). 
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where 
pHk+s4279, qHh—s4+279. 


As with the customary theory of metallic conduction, we may neglect the transversal lattice 
vibrations and the umklapp processes. Then (7-12) agrees with Bloch’s expression, as 
far as we consider only the first zone. 


§ 8. The term due to the collision between electrons 


The expression (5-12) for S,." (nk, #) can be brought into the form 


S." (nk, t) = S" (xk, t) +S** (ak, 2), (8-1) 
where 
S*(h, 2) = (A/ih) TS) ak ar* a,’ a," (ha |u| rs) » (8-2) 
v 9,7r;,s 


in which the set (7, ), for the sake of simplicity, is denoted by & and also g etc. 
similarily represent the set of the reduced wave number and the zone number. From (4 9), 
(4-3) and (3-3) we obtain 
| De ea: ds a 
| =ih {(rs |u| kg) — (rs |x| 92) Our} 
x (1/t) (+ £,—£,-£) 
x Shawn,” (1—1g) A—m") — d—2,") (1—2,"). 2 2°} 0% % ft). 
(8-3) 


From the property of the Bloch function 9, (a) = pkx-% (ar), we have the conservation 


law of momentum : 


(rs 
If we substitute (8-3) into (8-2) and if we average the obtained expression over such 


an interval that the relation 


u| kg) =0 (ke, +k, —hk,—k,) (rs \2| 49) - (8-4) 


tle u,(1—77’) —n jf) o(% 4%, t) 
=g*(r, Ng'(s, 2 1-2" (g O} {1—g* (A, )} (8-5) 


may be fulfilled, we have, making use of (8-4), 


“Ss (et esr) G-2) — G2) 0 Tay oe a 

Mp bce bgt Kel 
x [drs |ul gy — (rs alae) bal? : 
x (22 /h)d(E,+ B= E,— Fi), (8-6) 


488 H. Mori 


i een that 
where 2 means the summation with respect to pairs (7, 5). It may easily be see 


Ges 
this expression has intimate relation with the probabilities for transition by molecular 


collisions, '” 


§ 9. Conclusion 


Substituting (6-2) and (6-3) into eq. (5- 8), and averaging gi obtained equation 
over such an interval of time that eqs. (7-10) and (8-5) may be fulfilled, we obtain 


the equation for the electronic df. ge(nk, t). 
az" (nk, t) /At+ (B/h) 0, g* (nk, t) 
=— St(nk, t)+ S*(xke, ¢), (9-1) 


where the explicit expression for S,% and S.* are given by (7-12) and (8-6), respectively. 
We have derived eq. (9+1) analytically from the quantum-mechanical Liouville equation 
for the density matrix by means of [I] the tmz averaging procedure over a certain 
interval of time ($4, 7, 8), [IL] the postulate of random a priori phases (§ 4), 
[III] Bloch's band scheme ($3), and [IV] the assumption that En(h)* Ee) if 
mel-{S.6). 

Here, let us confine ourselves to the case of steady state, where ag #/9f=0, and 
omit the term corresponding to the collisions between electrons, S.*. Then, if we neglect 
the interaction between electrons and transversal vibrations and umklapp processes as in the 


customary theory of metallic conduction, we obtain, as far as we concern only the first 


zone, 
(F/h) Py. g" (hs) = (4C2/2MG) S\(S*/0,) 
it eme ace ey re 
x {¢(p) —2(k)) (ND +1) —¢ (hk) 1g (P)) Ns) } 
pe Eo —20,) / 5} 
: {g(M) —s(k))(N—2 &) A—2(2)) (Ns) +}, @-2) 
where 
p=khAs, q=E=k—s 
and 


C= (2/3) (#/2m) | \Pa\* doc 
Do 
is 2/3 times Sommerfeld and Bethe’s coupling constant,” and Q(x) is defined by (4-11). 
Eq. (9-2) is nothing other than the Bloch integro-differential eres on which the 
customary theory” of metallic conduction is based. 
Here, it should be noted that the term corresponding to the collisions between 
electrons is omitted and one concerns only the first zone in the derivation of eq. (9-2). 
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The latter approximation may be admitted only- in the case of mono-valent metal. Eqs. 
(9-1) and (9-2) might become invalid at the very low temperature, where the /osti/ate 
of random a priori phases might not be acceptable. 

In conclusion, the author wishes to express his sincere thanks to Assist. Prof. S. Ono 
for his continual guidance and advice, and to Mr. T. Takemura and K. Kamiya for their 


helpfull discussions. 


Appendix I. The quantized density matrix 


_ Husimi and Nishiyama" have obtained the expression (2-8) from the algebraic 
theory of the density matrix. Since this method is, however, not familiar to most physicists, 
we shall here show an elementary but tedious method of obtaining the expression (2-8). 


We have, from (2-7), 
"aged pe “75 Un ais ares Qn! 3 t) 


ee 
=([WV!/(NV—2) Hi a [rr@ Orans BRON Qn Te On 439 ae In3 t)@Qns1-°@9n 

(AI-1) 
= [M1/(W—2) SS oO Cad 5 fan'h 5s 2) 


{ae htt 


(N-7n) ones ee te - AS oy ‘os = 
x \ “o [rnc 2 Un+i» °° "> dx) Pog > 9nti "9 Qn) 29nii Ax. (AI-2) 


Substituting the expression (2-1) into (AI-2) and performing the integration, we obtain 
(2-8). For the sake of simplicity, let us consider P? (Gy 923 91's 92 3 2) for the case 
of the Bose-Einstein statistics. The expression (2-1) may alternatively be written as 


Fy) =[A/N ta SUP $e,(a).- Pew Gn) 
sail m/N [2 oh P dhe, (91) *:ey (On) 


where /? represents permutation of the coordinates g¥= (9, -*:, gw) and >} and S1’ indicate 
the summation extended over all the permutations and the one extended over only the 
permutations giving the terms different to each other, respectively. Substituting the first 
and second expressions into / Fk and F tnt)? respectively, we obtain the following ex- 


. . . * . 9 
pressions, in the same manner as in the second quantization,” 


Pan 3a BrO= >) SPP Cals tats O 
Ue} {22075 
x [Mn S/T rg PSS St, Or, 2) SSG CGD) a (Ta) oH) Pe Qe) 
er yp 9g 


» 


O D ri 0 
X On TS, pay Onyls Mr D405!) Ms—1 2 129/y Mgt) 


a ae [1-(725— 9s, a) (tg +1—%,, rq, 3) Up + ae Opp Oe t Omg) 
fi74} Pp; q ”; Ss 


x fp™ (95) ¢,* (9), CALL (90) 1% Cae} sig 1, Deon ® Ny + 1, Ng + 1. > t) 
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ae YN Sear fioek 1) fy * y A he } h ge aes a “DOr PSA {72,\ 2 {ity} : t), 
=>} yaa Vy (qi) q Jo), q Vs / 2 7 q 


(AI-3) 


where 7,* and a, satisfy the relations 


St Sea 2.33 tn] pal gpa ene men 
af p™ (Lah; {tubs = GEL Ai Hg Sk eas ia (AL-4) 


ayo” (ths wae 2) = Vn, pOr( NN eri a Be 
Using the expression (2-2), we may rewrite (AI-3) in the form 


0 (Ais 925 Q1 > Qe 3 omy > os (qi) 9* (go!) 9 (Ge )G( (a) eC {a}. {et 5 t). 
es (AI-5) 
Alternatively, this may be written as 
0° (Grr 923 > GsH)= Ds DP Cth s tess 4) 
fay} fit, 71/4 
x ff e 0% (DI D* (gi )P* (a2 9 (92) P (9) Pin ET» (AT-6) 
where 


Pees errs eS) NY) \ 
ye Ge ope (Q)= Vn +1 SN VO ) 


“ (AI-7) 
ae ye AG) oe Vin fs pie Oe 


"yt 


which are identical with the definitions of the operators a,* and @ given in 6 22 Then; 
(AI-6) may be written as 


P9923 Os 2 5 2) = " ‘erage (9! 9 (2) P (a) 0 G3 Fs ag 
(AI-8) 
in which the quantized wave functions ¢’s operate only on V in (g*) concerning the 
first index g” of (9%; g/%; 4). Eg. (AI-4) shows that the transformed operators of 
a,* and a, in the /V-representation should operate only on C({v,}, 4) concerning the 
first index {n,} of 0 ({x,}5 {v/} 32). Thus the expression (2-8) is obtained from 
(AI-5) and (AI-8). 


Appendix If. The macroscopic electric current 


From (5-3) and (5-2), the macroscopic electric current density is given by 


Ta tep /2miD)>3\ (g?* Fg®—Pp** g%) dae , (AIl-1) 


where the bars represent the time averaging. Substituting (2-10), the expression for 
g", into the integrand, we obtain 


J=U/DISs > at* a” Si, (AII- 2) 
p &, ‘ 
where 
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Sp~= (eh/2m1) | (etry. —Pe.t Q,) ax (AII-3) 


are the well-known stream‘matrices. The diagonal elements of the stream-matrices play 
the decisive role in the theory of electric conduction, while the non-diagonal elements, 
which vanish for free particles and appear in the theory of the optical property of solid, 
do not contribute to J as we shall see later. 
We obtain immediately 
of (e/D) 211s oe" (nk, t) (nk |\p/m| nike) 
i nk 
+ (e/D) 3S} S33) (uke 


wn, l(>n) ke 


p/m\ the) a, ah, +c.c.} , (AII-4) 


where 9» means the operator (4/2) and the following relation is used : 


(nk | p\ lhe) =d(k—k) (nke|p|lk) . (AII-5) 


The second term of the expression (AII-4) corresponds to the various vertical transitions 


between the different zones in the reduced-zone scheme. 
We obtain, from (4-9), 
p(x ss--1—y,", 1—7,"--: ; Z) 
=jh(x|H|---1—n, 1—m".--) {o(4,—E,) /7} 
} 


SA ees 1) — eta aes. 5.2) 


(AII-6) 


if 7°=0 and 7,*=1. Consequently, we obtain 
a", ap, =ih (lhe|A| nk) {o( 4, (hk) —E,(k)) /z} 
x 4 7. (1 —1%,) — (11) mies 0% %3 2); (AII-7) 
if we consider only the terms containing A in F,, eae for the sake of simplicity. 
The expression (4-13) tells us that atj* ati, vanishes if ZL, (he) <=, (Me) for (237, which 
is quite correct at least for the mono-valent metal. Thus we obtain the expression (5-4). 
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The meso-disintegration of deuterons and the scattering of mesons by deuterons are discussed 
introducing the nucleon isobars rather phenomenologicaily. Agreements with experiments are satisfactory 
in the case of meso-disintegration, and the deviztions from impulse epproximation in the case of the 


scattering are in right direction. 


§ 1. {airoduction 


The existence of nucleon isobars was formerly anticipated from the strong coupling 
meson theory, and seemed to be argued by the experiments on the photo-production of 
neutral z-mesons from nuclei for which the cross sections were comparable with those for 
charged =-mesons." Experiments on the scattering of <-mesons by hydrogen also seem to 
suggest the existence of nucleon isobars.” To clarify the role of the nucleon isobars, it may 
be worthwhile to investigate the interaction of 7-mesons with two nucleon systems, 1.6% 
the deuterons. 

The strong coupling theory is the only one at present that can predict the existence 
of the nucleon isobars consistently, but it is in many aspects ambiguous and imperfect (such 
as the lack of the relativistical invariancy, extremely large coupling constant, etc.) and its 
form is so complicated that it is very difficult to carry out the calculations in a good 
approximation: We therfore do not refer to the strong coupling theory in detail, but 
start with some assumptions which can be deduced from the strong coupling theory. They 
are: 

a) The existence of the nucleon isobars with spin and isotopic spin both equal to 3, 2. 
Their energies and lives are to be suitably chosen to fit the experimental data. 

6) A selection rule. When a nucleon absorbs (or emmits) a meson, it cannot stay in an 
ordinary nucleon state, but must be excited to an isobar state, or inversely, an isobar must 
fall into an ordinary nucleon state when it emmits (or absorbs) a meson.** 

c) The predominant /-state interaction of the 7-mesons with nucleons.” 


d) The potential of the force between a nucleon and its isobar, which is, according to 
Pauli and Kusaka,” of the form : . 


) Now at the Institute for Nuclear Szudies, University of Chicago, Chicago, Illinois, U.S.A. 
) In the strong coupling theory, the interaction Hamiltonian of nucleons and unbound mesons is pro- 
portional to “ey; Zy2 > (written in Pauli and Danco#’s notation), from which this selection rule is derived. 
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Vir) =f(r) (een) +8 (ere) -- = (ef ¢%,)) : (1) 


e) The charge independence of the whole theory; ie., the invariance under the rotation 
in the isotopic space. (see ref. 2 Anderson ¢/ ad.) 


f) The energy dependence of the matrix elements of the meson-nucleon interaction pro- 
8 


portional to p/w?. (p+: momentum of incident mesons, w: their energy) (This assumpton 
is not very essential in our discussions. ) 

With theseassumptions, we discuss in Sec. II, the meso-disintegration of deuterons, 
and in Sec. III, the scattering of =-mesons by deuterons. 

According to the assumptions (() and (), the meson-nucleon interaction Hamiltonian 


must be of the form 


R 1 
H= SP *-20 of? ++» (2) 


ow 


t 


wy 


where & is the coupling constant, w the ener of the incident mesons, #~2 the wave 
< Fa > 


SS, 
function of the issbars with charge 2¢ (the upper suffix means the charge number), O an 


operator which is linear in grad and contains the spin and isotopic spin matrices, 9 the 


1 
wave function of the meson field, and ¢/°the wave function of the proton. Assumption (c), 


the hypothesis of charge independence and the hermitian property of the Hamiltonian 


zl all 
completely determine the coefficients of the other terms such as /*~?O0gy* etc. (except 


for sign). _ Namely we. have 


Ha Ee hogy t+ Sar hogy? + V2 9b) 
wo V3 


oS re Gee ng ete Ue Paces 
ee 2472 v.67) +P *29 3} -herm. conj. (2’) 


Nucleons are always treated as non-relativistic particles in our discussions. 


§2. The meso-disiategration of the deuterons 


Experiments were performed by Durbin, Loar and Steinberger’? using positive *-mesons 
with energies of 20~50Mev. The striking features of their results were: 
i) almost cos’J angular distributions of two protons and 
ii) steep rise in cross sections with the energy of the incident mesons. 

It has been shown that the usual weak coupling perturbation calculations” entirely fail 
to account for both i) and ii). To remedy these defect, Chew et al”. had to take the 
D-state of the deuteron into consideration that is far less than the .S-state, and Matsuzaki 
and Sasaki* introduced an extraordinarily strong interaction between the two nucleons in 
the final state. Our theory is, howerver, in a satisfactory agreement with experiment without 


referring to any such assumptions. 
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1. Angular distribution 


Following to the perturbation procedure, we treat the problem in two steps. The 
‘ncident meson is first absorbed by one of the nucleons and this nucleon goes into an 
isobar state, (selection rule 4) then under the influence of the nuclear force, the system 
of a nucleon plus an isobar goes into a two-proton state. 

The two-nucleon state with total charge 2c interacting through nuclear forces (contain- 


ing the tensor force), can be in either of the following states, 
16/4 FD+---, 3p+-5, LD) AP Se 


and so on, where the black letters mean that one of the nncleens is excited to an isobar 
state. As the z-mesons can interact with nucleons only in /.state (assumption c), it is 
easily seen from the parity consideration that the *P states are forbidden as the intermediate 
states. Since we are dealing with z-mesons with small momentum, (less than sic’), and 
since the ground state of the deuteron consists mostly of the .S-state, the intermediate 
states cannot be the D-state. Therefore, we finally see that the intermediate state must 
be "8S. The orbital angular momentum, /, of the gnal state must be 0 or 2 since the 
nuclear force of the type (1) can change the orbital angular momentum only by 0 or 2. 
The total isotopic apin, 7, of the final state is obviously 1, there fore must be equal to 
1 also in the intermediate states. The total spin, S, of the final state must be zero by 
Pauli principle, and accordingly, the total angular momentum / must be equal to 0 or 2. 
In the intermediate the value of / was 1 or 2, and since the nuclear force of type (1) 
cannot change the total angular momentum, the value of / in the final. state must be 2. 


The values of S, Z, 7, and / are summarized in Table 1. 


Table 1 
Lie Ses The crbital angular momentum, total spin angular 
teks momentom, total isotopic spin, and total angul 
initial (eh Oo -Al sh Soe 
momentum of our two-nucleon system. 
intermediate OR: 2 pie) 
ae 52, ees The nuclear force cannot excite the deuteron 


aenk in the ground state, a charge singlet state, into 
a state that contains an isobar, since it cannot change the value of 7. 


From the above considerations, we see the final state must be the '/ state. 
The state with /=2 can be constructed from the /-wave of the z-meson and the 


spin wave function of the deuteron as follows: 


: ih 
Je=i, Vy Moti t Mh), 
el ae ae 
ret) en e i+ 27a) +7,a_,), (3) 
1 
Sas ay ies 4-230), 


> > . 
where 7’s and d’s are the wave function of the 7-mesons in f-state and the spin wave 
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function of the deuteron respectively, and the suffices indicates the values of the 2-component 
of the angular momenta. If we choose the direction of the incident mesons as the <-axis, 
the wave functions of the initial states are ¢, d,,, with 7=1, 0, or —1, and we get 
from eqs. (3) the ratio of the final states with /,=1,0, and —1 equal to 1/2 : DIB % 
1/2. We finally find the angular distribution proportional to 


9 


ut gS A 2 Brae 1 a 5 
% : C28 ies) Ra aes Mia yr Oco Gos 0 41; (4) 
which is in good agreement with experimental data. 


ll. The excitation function 


The excitation function can also get a better agreement with experimental data by 
introducing the nucleon isobars owing to the following reasons : 

i) The energy denominator in the perturbation calculation E—w, where F is the 
energy of the isobars, decreases as the energy of the incident mesons increases. 

ii) As our process occurs in two steps, the high momentum component of the wave 
function of the deuteron is not required to give a large contribution to the transition 
matrix elements. 

Unfortunately, because of our ignorance of the detailed nature of the nuclear forces, 
especially the force between a nucleon and an isobar, we cannot draw any definite conclus- 
ion, but we can inspect some features of the excitation functions by assuming some suitable 
radial dependences of the nuclear force. 

As the intermediate states and the final state have different values of orbital angular 
momentum, the central force does not contribute to our process. The tensor force, accord- 
ing to the meson theory (ps. pv.) of nuclear forces, has the well-known 1/7° singularity, 
and does not give. any meaningful result for our problem. We, therefore, aocording to 
Araki and Mori”, replace it by 

| (Gr) te, ao} (e% ci) ), 

if he o) 
where js is the meson mass (we shall always refer to the unit system in which h=c 
=p=1) and @ is a constant which should be taken so as to give correct values for the 
magnetic moment and electric quadrupole moment of the deuteron. Araki and Mori gives 
6=2.7~4.5. 

Following the usual perturbation procedure, one can easily obtain the differential cross 


section 


4 De oa Wl, ae lk p 2 ; 
Io (0) = Og? —— - 22 A? —— —f(k) (3 cos O+1), (5) 


where # and w are the momentum and energy of the incident mesons  fespec- 
tively, % the relative momentum of the nucleons in the final ‘state, 4 the relative 
momentum of the nucleons in the final state, M the mass of the nucleon, J4= 
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E—w and Ap(h) =A\ kr )GeCr) wae dr, Y, is the wave function of the deuteron, 
s Jo ® i Y 


which we have taken to be of Hulthen type, ie., Gee B=7u, Asie 


normalizing constant. Accordingly, we have 


“+1 ) Jean oh 3 Stith ad 
kB o+l 2 k 


f(h)= 7 (1+3( 


1 pei Lek 3 p+il 
eee (17S ees ee ue ss Soe 
a # ( hk ) Jean B+1 2) BR 
and 
1= 1 pec Laas 
AS - =o 
Bru - 


Lie 
To get the best agreement with the experimental data of the meson-nucleon scattering, we 
put the value of / to be 2.0 with imaginary part (half width) equal to 50 Mev., cor- 
responding to g°=6.86 (see Fig. 1). The best agreement is obtained by putting 0°=3.6 
which is slightly smaller than the values required by the problem of magnetic dipole and 
electric quadrupole moment of the deuteron. The total cross sections, both calculated and 


experimental are plotted in Fig. 2. 


150 


100 


; 


0 30 100 150 200 Vier 20 30 40 30. -Mev.: 


cross sections 


cross sections 


energies of the incident mesons energies of the incident mesons ~ 


Figal Fig. 2. 
Meson nucleon scattering cross sections calculated 
{rom our theory putting “=2y-? and I’/2=50 Mev 
at the resonance. 
x : a+ given by ref. 2. 
* : +f given by ref. 10. 


Cross sections for the meso-disintegration of the 
deuteron, calculated and experimental. 
Experimntal values are due to ref. 5. 

: mH given by ref. 2. 

: m~H given by ref. 10 


—e-+ 
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§ 3. Scattering of z-mesons by deuterons 


The experiment performed by Isaacs, Sachs and Steinberger have shown that for the 
kinetic energy of the incident mesons of 58 Mev., z*-) and a -D cross sections are 
nearly the same in accord with the hypothesis of charge independence, and less than 7*-/{ 
plus z~-/7 by about 15 percent. It was shown by themselves that the calculation based 
on the weak coupling theories could not account for these experimental results. On the 
other hand, eccording to Anderson ef a/.,'” the difference between the cross sections of 
m-D and «‘-// plus 27-7 is not so large in the low energy region, and becomes strik- 
ing only in the high energy region (higher than 115 Mev.). If this effect were due to 
interference, the smaller it must be the higher the energy of the incident meson becomes. 
One of the most reasonable way to account for this effect is, therefore, to consider the 
role of the nuclear force between two nucleons during the interaction with 7-mesons. 

Treating the interaction Hamiltonian as a perturbation, we can immediately get the 
second order transition matrix elements, i.e., 

A=A'+ A", 
where 
das AAD) | (8) 
j f3—L; 
and 
Ata AAPA) 

j E;—Ej 
A? is the matrix element corresponding to the process that the deuteron first absorbs a 
meson and then emmits a meson, and A” corresponding to the process that the deuteron 


first emmits a meson and then absorbs a meson. We have, accordingly, 


E=0r( Lavy (9) 
ats Fe ) 


oa a eco (la tit aS 
‘ io? )s 
and 


Soe ay ge ae ee sa T = A r +V),4+¢ sm, (10) 
= b= (oe aria ‘Se ) Si awa? 


where ¢ is the relative momentum of the nucleons that constitute the deuteron. Expanding 
(8) with respect to the quantity in the second bracket of (10), and retaining only the 


first term we have 
wv Als) IA) | ; 
ee w—E—p/2M 
AAD MIDNA AGED MAB 
SI I RE OAS SS 2 aay eee E f 11 
ee (w-E—p?/2M y’ 


Since we finally make use of the closure approximation, and due to the even parity of the wave 


498 S. Matsuyama and H. Miyazawa 


function of the deuteron, an operator linear in @ does not contribute to the matrix element, 


2) 


y? on ; 
and therefore, (g?);—(¢°),+4— makes no contribution to the matrix element. We 
4 


finally get ex Yer 
pres AHA GUM x A ALVA, 

7 wo—E—p/2M 3 (w—E—p/2M) 
ee AGIA AAO OEE IID G35 


oy prety - 
7 wot k+f/2M j (wt E+p7/2M )° 


(12) 


> 


The first terms in (12) and (12’) are the terms that can be obtained by the impulse 
approximation,'” and the second terms are the corrections due the nuclear force in the 
intermediate states. 

If there were no nucleon isobar, E=0, the denominators of the second terms are 
always very small compared with the first terms. In our treatment, however, assuming 
the existence of nucleon isobars, the second term in (12) becomes appreciably large when the 
energy of the incident meson is near the energy of the isobar. 


Neglecting the nucleon recoil in the final states, we obtain the differential cross section, 


da="S}| pelea) AA) 3 AAV" Ht) E (13) 
An f i wo—L—-pf/2M 7 wthk+p/2M 


ney ELD GNA 5 PE VIE He) 
FEF /2M)F (w- B-P/2M 


In calculating (13), terms small compared with the second term in the curly bracket are 
neglected, since they are smaller than the second term by a factor 20 or more. The firsm 
term in the curly bracket is the term that can be obtained by the impulse approximation. 
As we are neglecting the effect of interference, for they are known to be very small in 
the high energy region, this term gives o(7*—//) plus ¢(z-/7). From Hamiltonian 
(2’), we have 
o,=0(n*-A) +a(z-A) 
lee 2 | 2 
ian w' yy, 


EE NDE M EL an OD A 

jo—E—p /2M ljotl+p°/2M\° 

“Sg5 ee 
9 (ow—E-—p/2M)* (pto+p/2M) 


In evaluating the second term, the correction due to the nuclear force, we must now 
evaluate the matrix elements of |’. The intermediate state consisting of a nucleon and 
an isobar must have the total spin .S and total isotopic spin 7=1 or 2. As the ground 
state of the deuteron is the charge singlet state, 7 in the intermediate state must be equal 
to 1. Therefore, we have only to evaluate the matrix elements of J’ for the states 7=1, 
S=1 or 2. 

The tensor force only appears in combination with the D-state of the deuteron which 


is far less than the S-state, and is very complicated to manipulate, so we neglect the 


Meson-deuteron Reaction ant Nucleon Tsobuars 499 


: . il 
effect of the tensor force. The expectation value of (ef @%,) is —— for the state S=2, 
3 


5 
i for the state S=1, and ele for the ground state of the deuteron. Therefore the 
3 


matrix element [H/, /’] vanishes for 7 with S=2, (strictly speaking, after summing up 
with respect to 7 and f), and we must calculate the rario of the matrix elements cortes- 
ponding to the processes that occur through 3-let and 5-let intermediate states. This ratio 
can easily be evaluated from the invariant property of the Hamiltonian under the rotation 
in space. If we take.the direction of the incident mesons as ¢-axis, 1/4 of the total 
processes occur through 3-let state when the s-component of the angular momentum of 
the deuteron is 1 or —1, and zero when the z-component of the angular momentum of 


the deuteron is zero. We get finally, averaging with respect to initial spin, 


Ba 16(4*— fi) bon — ir) (15) 
8 2 Ma Gi oat ee an 1 
te 4(= : Pest rae F a Se Se ae : 2Ke i oe = a x 
v/ 3 Sac ie 3 meas” ; oe 
: —— aes pee eee )} 
(w-h-py MM)? 7S 4 ee (aug toe Noe tae a i SCY, 


We have taken the wave function of the deuteron to be of Hulthen type as in Sec. IL. 
This choice of the wave function gives the value of (17) au, 17.9 Mev. Numerical values 
_are plotted in Fig. 3. Agreement with experiment of Anderon cé a/. is fairly good in the 
region 100~130 Mev. of the incident meson energy. 


O(z* - )+o(z-— FF) 


200 | 


a(zP) 


cross sections 


100 


0 50 - 100 150 u90«(ev 
energies of the incident mesons. 
Figs 3: 
Cross sections for the the scattering, o(x+//)+0(x—//) and a(x 1). 
~ Experimental values are due to ref. 11 and ref. 10. 


-§4. Summary and conclusion 


We have discussed the meson-deuteron reaction by assuming @) the existence of nucleon 


isobars with spin and isotopic spin both equal to 2/3, 4) a selection rule, c) the /-state 
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interaction of z-mesons with nucleons, and a few other assumptions. Following the second 
order perturbation procedure, we have obtained the cross sections and the angular distribu- 
tions of two protons for the meso-disintegration, and the difference of the scattering cross 
sections between 7‘-// plus 7--/7 and z*-D. Agreement with experiment is satisfactory 
in the case of the meso-disintegration, and right in sign and order of magnitude in the 


case of the scattering. 
We believe that we have revealed some evidence of the existence of the nucleon isobars 


by extending our discussion from the one-nucleon systems to two-nucleon systems. More strong 
evidence will be got when the experiments on the meson scattering and photomeson pro- 
duction proceed into more high energy region. The authors thank to Professor Yamanouchi 
for his kind encouragement. They are also indebted to the Yukawa-Yomiuri Fellowship 
for the financial aid supplied to one of them (S.M.). 
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In the case when the interaction contains the higher derivatives than free part the method of previous 
paper is extended. It is shown that our formalism is perfectly equivalent to the Heisenberg-Pauli’s 
method, but not to the Ostrogradski’s one. Lastly, the example of the quantization of non-local 
interaction is given. 


$1. The structure of the theory of the interaction representztion 


In this section we briefly discuss the structure of the theory of the interaction repre- 
sentation for the system of the arbitrary fields and interactions with higher derivatives, the 
detailed investigation of which has been given in the previous paper I” for the case of 
simple interactions. Moreover, in this discussion some confusions in the usual investigations 
for the interaction’ representation are removed. 

The theory of the interaction representation (LR.) is based on the relativistic field 
equation for the field quantities O, (7) (u=1, 2, ---), the covariant commutation relations 
for O,(«) and the Schrédinger equation for the state vector Wa). 

In the interaction representation, O,(%) satisfies the relativistic field equation for the 
free field, and so it is necessary to pick up the free Lagrangian L’ from the total Lagrangian. 
If we regard the every term, which is composed of the operators of the same field, as the 
part of the free Lagrangian, the physical image of the free field becomes very complex. 
As the simple example of such a case we have AU/*-term for the neutral scaler field, which 
is required as the counter term in the renormalization theory. Therefore, we will define 
the free Lagrangian in the following paragraphs according to the simple physical property 
of the free particle. 

As is well-known, for the energy-momentum ke, of the free particle with the mass %, 


we have the simple relation 
hy byte = 0. (1-1) 
(1-1) requires that Q. (x) satisfies the equation of the simple harmonic oscillators 


(S.H.O.). 
In general the equation of S.H.O. has the following form : 


F(C) Qa(2) = I(C)—#7) Qa) =0. (1-2!) 
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The simplest case of (Gt 24\mris: 
(=4) 0.0. (1-2) 
Therefore, we proceed with our discussions according to the “requirement of S.H.O.” that 
the state of the system of the free fields in the quantum field theory corresponds to that 
of S.H.O. in the quantum theory with the canonical formalism, . 
Then, the relativistic field equation for O,(+) in the interaction representation has 


the following form :*” 


Ags (0) Qs (4) =0 (1-3) 
and we have the following requirement for the derivation operator 1,,(9):*” *” 
([) (1-2) (or the more general relation (1-2’))-can be derived from (1-3). 

Then free Lagrangian is picked up so that it gives the field equation satisfying the 
requirement (I). 

The commutation relation for O,(.) is also determined by the requirement of S-H.O., 
the relativistic invariancy of the theory and taking into account the fact that the velocity 
of the propagation of the disturbance can not be larger than that of light: 

LOMDROM Sl = t Re OA ees (1-4) 
Aas (3) Rex (8) = (CI—22) Buy (1-5) 
In (1-4) (—) and (+) correspond to the fields with the integer- and the half-integer- 
spin, respectively.*” The physical meaning of (1-5) is as follows : | 

When we transform QO,(%) into the principal: axes _g,(2)  (7=1, 2; ==) S0f S.H.O) 
in the momentum space, the quantum theory of Q,-field based on the field equation (1-3) 
(c.f. Appendix III.) and the commutation relation (1-4) is equivalent to the quantum 


theory of S.H.O. which is founded on the well-known Lagrangian with principal axes g,.//) 


and the commutation relations of S.H.O.*© *” *” 


*! Throughout this paper we adopt the same notations as those in L 


(1-3) is the linear equation, 
because (1-2) and (1-2/) are linear. 


* In this paper the field equation means just one including sign and constants which is obtained from 
the suitable Lagrangian by means of the variation principle. 

*3 Usuall7 there is also the requirement (II): 
the first degree. However, in our followin 
is required in the usual wave mechanics of 
probabilir 


the relativistic field equation is diterential equation of 
g discussions this requirement (II) is not studied. Although (II) 
the particles as the necessary condition for the existence of the 
y function, its physical meaning is rather vague in the quantum field theory. The general theory of 
the relativistic wave equations based on the requirements (I) and (II) has been studied in detail by Bhabha 
and Chandra, but the complete result has not yet been obtained. Recently, the interest suggestion on this 
problem was given by Hepner”). : 


“1 As is well-known, this fact comes from the requirement of 


the invariancy of the theory for the Lorentz 
transformation including the time reflection’). 


*° The detailed accounts on this fact have been given in I. Strictly 
relation of (—)-typ2 corresponds to that of S.H.O., because only two values (”=0.1) are allowed for the 
principal number 7 in the case of the commutation relation of (+)-type. However, for the sake of convenience, 
two cases of (+)-types are en bloc called the commutation relation of S H.O. 

*© The star * means the Hermite conjugate quantity. 

*7 We shall improve some errata of paper I in Appendix III. 
omit the footnotes *** of p, 22 and **** 
cally switching in and of of interactions 
OC, %) and Q(x, —co), respectively. 


speaking, only the commutation 


Moreover we shall note that we must 
ot p. 23 in paper I, because it is needless to assume the adiabati- 


in the theory of present paper and Qout and Qjn are defined as 
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Then it is clear that the energy-momentum four vector 7), can be rewritten as follows : 
Page te ey Oia ui (&) + C-number. (1-6) 
KE ha ti Pt 
n* (hk) is the well-known number operators of positively and negatively charged particles 
respectively and 7\,’ is derived from the Lagrangian L” of the free field by the usual rule 
as follows: 


in a ~ a 0 
7, =—1\ Ty de, , 


fe} 


0 
A OL” Ove L OW ? - | e 
ba OF: ; 


Using (1-6), we can rewrite the field equation (1-3) in the following form : 
=9,F@(F@). Te, (1-3!) 
where /'(x) is functional of O,(+)- 


The derivation operator A’,,(9) generally contains the term which is proportional to 


(_]—-#): 


Rus (OV= Ray @) + (0) Res! (8): (1-8) 
Therefore, the commutation relation (1-4) can be rewritten as follows : *? 
[O.(4), Q3( 4") le =7 Kas! (9) A(a—x'). (1-4') 


However it is convenient to write the commutation relation in the form (1-4), be- 
cause (1-5) gives the simple general rule to obtain the commutation relation and explicitly 
shows the intimate connection between the commutation relation and the Green function. 

Since we have the theorem*"’: 

The highest degrce of the derivation operator in A, (0) for the field with the 
spin s and mass ~ is 

DS for x40 


ean. al for z=0, s=half-integer, 
0 for x=0, s=integer. 
Expressing Aas (9) with the sum of all the possible derivation operators with the degree 
< 0, the same transformation property as O, OQ, and the undeterminate constants and 
determining the latter constants according to the relation (1 -5), we can easily obtain Kg, (0) 
and the covariant commutation relation (1-4). The examples for determining ,.(0) of 


various fields were given in I. 
By way of (1-5), the commutation relation is intimately connected with the Green 


function. When 4¢(*) satisfies the relation ((J—#) 4e(#) =9(4), for example : 


* When we determine the commutation relation so that it is compatible with the field equation, (1-47) 


is directly obtained. 
** The proof and the detailed account of this theorem were given in iff 
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— A(x) 


ars (7) 
4%) sacle aa 


gre (1) 


(1-9) 


Fi lanl ai 
Then 2,,(0)4,,(#) is the Green function of the field equation (1-3): 
A; (Oy Rs )4e(4) = tise (1-10) 


In other words, we have the following theorem: The commutation relation with the 
derivation operator, which appears in the Green function of the field equation (1-3), 
satisfies the requirement of S.H.O.. 

It must be noted that, when we write the commutation relation in the form of (1-4’), 


the inverse of above theoretm does not always hold true. 


Now we discuss the Schrédinger equation. The Schrodinger equation can be obtained 
when we have the interaction Hamiltonian /7/(x: 7) (v7 is the normal unit vector of the 
space-like surface oc) . However the general rule for determining the interaction Hamiltonians 
has been still unknown and so they have been tentatively constructed by use of the 
integrability condition”: 


[Al Cx! 390) AT (atopy |==2 ZACEER DS faye SGX EARS (1-11) 
da(4’) da (4’’) 

However, in fact, we can find many interactions satisfying the integrability condition, 
and most of them are not the correct interaction Hamiltonian. Although in the particularly 
simple case the most simple //(4: 7) which satisfied (1-11) may be the true interaction 
Hamiltonian, in general the interaction Hamiltonian can not be determined by use of the 
integrability condition and the principle of simplicity. Such the circumstances were con- 
cretely explained in § 5 of I by use of the electromagnetic interaction in the Duffin-Kemmets’ 
meson theory. Therefore it becomes necessary to find the general rule for determining the 
interaction Hamiltonian. We have shown in I that the interaction Hamiltonian can be 
uniquely determined by use of the unitary transformation, which combines the Heisenberg 


representation (H.R.) with the interaction representation (I.R.). In the following we shall 


show that this fact holds true for arbitrary interaction. Then, we can uniquely construct 


the total Hamiltonian in H.R. and the interaction Hamiltonian in I.R. and so, obtain the 


canonical formalism even for the interactions with higher derivatives. 


Now we briefly summarize the tule for determining the interaction Hamiltonian, re- 
writing it into the convenient form to extend to the case of interactions with higher 


derivatives. When we denote the quantities in H.R. by the underline, the field equations 
in H.R. are as follows : 


Ags (9) Q; (4) =/e (7) Z qd . 12) 
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Ae SO Sh Palette) 


m 


Oe ree La ee bh TO 80g: 
t Bn By Bon qa -13) 
Jou = Jan “Pm = DL!/O Qari y--tny 2 
Qa cw, = Ou. " Oy, Qa ? 
where L’ is the interaction Lagrangian. 
Using (1-10) we can rewrite (1-12) into the integral form : 
On2) =Oa(2) +) Ran(9)Dade (v= 2") faa ee" (1-14) 


O.(x) satisfies the free field equation (1-3) and so we regard QO, (x) as the quantity in 
LR.. Various 4,,(a)-functions give the various interaction representation. Since we can 
equally well treat even if we take any 4,,-function satisfying (1 -10), let us adopt 4° (1) 


as the 4,-function, i.e., 
Qulx)=On(2) + | Res (B)Dad(x— 2") jualede’ (1-14) 


In the course of introducing the unitary transformation (/(¢) connecting H.R. with 
L.R., we can not define it as the transformation combining O,(4) and Q,(+), because in 
general O, (1+) (u=1, 2,---) contain not only the canonical independent but also dependent 
variables. 

Therefore, in order to define the unitary transformation connecting LR. with H.R., 
we introduce the field operators O,(7,0) (4 does not always lie on o), which serve as 
the independent canonical variables in H.R.. Strictly speaking, O,(, a) is the free field, . 
the independent canonical variables of which agree with those in the Heisenberg representation 
at r/o. Then, G.(, a) must satisfy the following requirements : 

(i) Q,(%,@) is connected with O,(x) by the unitary transformation U/ (0) which 


a 


depends only on the space-like surface @: 


Oa(*, a) =U" (a) Q.(4)U(a), U(—o)=1, (1-15) 
(ii) Q.(%) is the functional of O,(4, a) at the same point + Babs 
Q.(2) =F(O.(% 9) ) late (1-15') 


Since .O,(4) (¢=1,.2, ---) are not the canonical independent variables, it becomes 
very tedious to apply the Heisenberg-Pauli’s quantization method to the system with the 
interactions containing higher derivatives. However it is exemplified in § 2 that even in 
this case we can find the canonical independent variables to carry out the Heisenberg-Pauli’s 


method. Since these canonical independent variables evidently satisfy the requirements (i) 


* x/g means # laid on o. 
«* This functional contains the norma! vector 7 and the derivation operator 9. operating on Q, (4, 4). 
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and (ii), we can develop the covariant quantization theory, which is “equawateat oe 
Heisenberg-Pauli’s method, by use of these requirements (i) and (Crp cs sa it is 
exemplified in § 2 that OL, a) is equivalent to the canonical independent variables of 
the Heisenberg-Pauli’s canonical formalism.**? 

In the functional (1-15’) the degree of time derivatives can be reduced to the first 
degree by means of the free field equation for O.(7,¢). It can be easily understood that 
this fact corresponds to the elimination of time derivatives in the canonical formalism. 

From the requirement ( i) Q,(4,@) satisfies the field equation and the commutation 


telation of the free field for the fixed co: 
UP ( a) ? Os (as a) |. =1 Ras (d)4 (7 x") ? | 


Au3(0) Oz (4, 6) =0. 


(1-16) 


From (1-15’) we have the relation between O,(4%, a) and O,(4): 


Qe 2) =U7(0) Ol 2)U CO) ate) 
aa 
Ou (4) =F (Q.(4)), } 
and so we can also describe the VO, (x)-field on the surface o by means of. O f4-01; 

From (1-14), the requirements (i) and (1i), we can easily show that O,(%, 4) 
has the following form : 


Ou(20) = Oa(x) + | DaRes(B)I4— 2!) Irae!) deel +8" ‘G. (2, x) del, 
; (1-17) 


(1245: Sean 


As (0) Ga a 4 =0- 


The third term in the right side of (1-17) for the case +/o must be the function 
which is independent of the field quantities in the past because of the requirement (ii), 
and so this has the following form : 


(Au; a NO, hha) 5 (1-17’) 
where /,(1, 7’) is the certain function of +, +’ and ”,. 

It can be seen from (1-14) and (1-17) that Q.(4) (=Q,(4, —©)) does not 
always agree with O,(r) even for o(v) =— © because of the interaction at ¢=-—co***™. 
It is not necessary to assume the adiabatically switching in and off in order to make 
O,(4,) the canonical independent variable as a= +00. It is the well-known fact that 


similar circumstances are found for the vector field with the simple interaction with no 


* Tt must be noticed that the commutation relation for the canonical quantities in the Heisenberg-Pauli’s 
quantization method is equivalent to (1-14), because they are described in the free field representation. This 
fact corresponds to the situation in which Q,(2, 0) satisfies the field equations and commutation relations of 
the free field. (i) and (ii) are the complete conditions for the equivalence between our theory and the 
Heisenberg-Pauli’s formalism. 

** This fact clarifies the meaning of Dirac-Wentzel potential in quantum electrodynamics®), because Qy (*, o) 
can be regarded as its generalization. 
*** Cf (4-19) in I. 


HK Cp as 5 
* a(x) means the surface containing the point x, 
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Pees The state of the field on @ can be described as the state of S.H.O., because 
' Qz(%, a) behaves as the system of S.H.O. 


ab toy we discuss the necessary and sufficient condition for the requirement (i). Using 
the interaction Hamiltonian //(x, 7) which is defined as follows’: 


oe =H(x«:n)U(e) | 2/0 
(1-18) 
<I (a) fT X/ a <0), 


t 


we introduce the Schrodinger equation 


; 0 P(a) 


0a(x) 


=Hiiaen)e{s). (1-19) 


As shown in I, the complete condition for the existence of the unitary transformation 
of the requirement (i) is equivalent to the existence of //(x: 1) satisfying the following 
relation”: 


[O,(%, 6), H(a'/o: n)]=i Rog (0) Da 4 (4—2') frat’) ig? Ge 2’), 


where g is the coupling constant. (1-20) 


Therefore, we must determine G(7, +’) so that H/(x: 72) satisfying (1:19) exists. 
Then G(x, *’) can be uniquely determined in the form of power series of the coupling 
constant ¢ by using (1-19) and the following relation which is derived from Gea) 
and (1-14): 


4/6 


M(3) Oz (2) = M10) Oa(25 2) 
2 ; \c M(0) D, Ras(8), €(@— 4") ] 4 (2— 2!) fra 4 ale! 


—3"| Ma) (a, 2dz', (1-21) 


where J/7(0) is an arbitrary derivation operator. The term of the first order in g for 
M(d) Oa(*) — M9) Q(4, 2) | jo 38 determined by the interaction Lagrangian LL’. Sub- 
stituting (1-21) into fju(v’) of (1-20), we obtain the g*term in the first term in’ 
(1-20). Then from (1-20) we can determine the g-term in //(v:7) and the g term 
in g°G(a,+'). We see from (1:20) and (1-16) that the g-term of HUG ys 
L(x) te, 

It is very difficult to develop concretely and generally this method for determining /7(¥ : 7) 
because of the g-number- property of O,. Therefore in order to see roughly the procedure 


* When /(.x) is a functional of 0, (v), the notation /(, 6) means the same functional but with Q,(, 4) 
replacing Cy(«). For example: /(4)=4u0a(); f(x, 0) = Op Ca (% 2) and f(a/s) =02 Cal", 6) |xjo 
A On. 0a (a/). : 
** 7/(x) is defined from 2/(«) by substituting QO, («) into Cz (x). 
*** Therefore, the existence of the interaction Hamiltonian is partially based on the intimate connection 


(1-10) between the commutation relation (1-16) and the Green function, 
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for determining //(.: 7), we proceed with our discussions regardless of the detailed order 
of field operators and in the g”approximation. Then, g?term in (1-20) has the following 
relation (see (A-17) in I): 


re oe roe pe 
[O. (x, *), W(x! /o . n) == ieee (a)D,d(x—2")| dx" a Post ir) x 


[Dy(— a) D.C) Rl B)2(e— 2) Ae = 2") te? Ge 4"), (1-22) 
where IJ’(x:2) is the g*-term in H(x: 7): 
H(a:n)=—L' (x) + W(ain)+ Os"). (1-23) 
Since we have the relation 
("21") —A) DRA), 70) A—#) Dyn MM), 24) 
where /(1) is an arbitrary function and 7),,.».(9) is the certain derivation operator. From 
(1-24) we have*? 
Doysch) DN 0) © (1 . 25) 
Therefore, there is ]/’(a: 2) satisfying (1-22) only when we take 


. = . of 
2G (4, «== mx Rag (9) Da | 4 Cae Bunk2) Dorve(F' feel #’) 


23.8 


joule!) Dyran 8") {A(x 21) 22D} | 4 OC). (1-26) 


O02. 
Then we obtain 
+ late ; : 
Wein) = rela (2)D sean (Ooo Bis (1-27) 


and so 


mes ; nde = 2 NN joule” ool") 


x [Rox(9) Da) Dp( 3"), (x! —2")] (a —x"\dx'de", (1-28) 
which again agrees with (A-19) in I. 3 
Since it is seen from (1-24) that Dyy5e(9) 7rc(4) has the same transformation pro- 
perty for the Hermite transformation as that of Q,.,(7), (1:27) shows that W(x: x) 


is the Hermitic operator and so U/(c) is the unitary matrix. By means of this interaction 
Hamiltonian (/(o) can be written in the following form : 


U(o)=33 es [ae | ey PU, pa eee of Reet Ty Bis (1-29) 


m=0 ! 


* Moreover we take into account the following relation : 


Ras (0) =Rpg(—9), 
which can be easily derived from (2-9) and (2-7) in IL 
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Replacing (A-17) in I by (1-25) and (1-28), we can derive the following relation 
efor .Gete0 )': 


(0) = 3) | dxe-| dx,, P* (LI (4), +3 L! (Sm) (1-29’) 
m=0 772! J-o -© 

P* means the following operation: Firstly, we treat P*-bracket as if it is Dyson’s /- 

bracket without rewriting Z’ (x) by means of the field equation (1-3), and secondly we 

make the following replacement : 


(P(M a) O.(x), N(3') Os (@)) >> Mid) N(8') Rus (0) 4p(x-—2'). (1-30) 


In other words P* is the operation in which all the derivation operators including 
Ry(9) are taken out of the bracket and then the bracket is treated as the Dyson’s 
P-symbol. This fact holds true also for the expectation value of any physical quantities 
on the surface of the finite time as was proved in the previous paper. For example, the 


expectation value of the functional /(Q,) is: 


m | 


(1(0.(2))) = 33 PO” ire [ drm PFO), M4 Hm) 


a7? 


[ry \ da (P¥(f(Qa(2)), << L'(Gm)))- - +297) 
From (1-25) and (1-26) we have: 


a(r) « foe) 
(Ee wae = Ede! jal Dero) £2] 


i fic? 
RY Dede vy ee (1-31) 
OOs:a 
Thus we can see that G(x, x’) has the form (1-17’) and so satisfies the requirement 
(ii). In (1-31) the derivation operator Duysc(8’) operates not only on e(xv—.x') but 
also on 4(4—2') Of 0(4’)/OQs:a- When we derive (1-31) we make the partial inte- 
gration and use (1-25). 
Thus, the unitary transformation U (a) and the interaction Hamiltonian are 
obtaincd by use of (1:19). ip 
We havé shown in I that H(x: 7) obtained from (1: 19) satisfies the integrability 
condition (1-+9)”. 


* Thus, we have now proved that (1-29’), which has been frequently adopted for the interactions of 


general types, gives the correct S-matrix! >, 
** Tn (1-31) we neglect the term, which comes from the lower limit (¢(—°°)), 10 the course of the 


partial integration because it does not depend on o(7). In fact, this term, which may be denoted as C(v, —°9), 


can be removed when we use the following form for Oq(«,¢) instead of (1-17): 
re] 
Galt, 0) =Oa(2) + [Da Ras @) Ae —9/) js sa dal+g2| Clea/dx’ Cl, 20), 27) 
=O) =—o 


and we can derive (1-19) also from (1-17): 
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It must be noted that the derivation operator in (1-23) is not Ras (0) in 4-4’) 
but R,.(9) in (1:5). 

Although we can obtain H/(v: 2) and O,(%, 7) as the power series of g, it is very 
difficult to determine their region of convergence. Therefore we assume the convergence 
for Hix:n) and O,(+,¢) in what follows (assumption of convergence). 

When we introduce the energy-momentum four vector 7; in the Heisenberg represen- 


tation according to relations 


Desai Tole (1-32) 


Lo UF Gian e —0,,H(#:x)} U(e), 


where 7,,,’ is the energy-momentum tensor of the free field in the interaction representation, 
then, 7), satisfies the conservation law and has the role of the displacement operator 
for th- Heisenberg operator : 


Se Onl (4) as [7 (4) ? ve . (1 : 33) 


The proof of (1-32) was given in Appendix IIT of I. 

Thus we see that (--7/,) is the total Hamiltonian in the Heisenberg representation, 
which, as well be exemplified in § 3, agrees with the total Hamiltonian obtained by 
Heisenberg-Pauli’s method. 

When H(x:7)—(—Z'(x)) contains the normal independent term, the usual method 
for determining //(1: 7) based on the integrability condition is incomplete. We can see 
from (1-20) and (1-19) that, A7\r:”)—{—L/(+)) contains the normal independent 
terms, when the derivation operator {_] appears in /,,(9) or in the interaction Lagrangian. 
The example of the former case was given in §5 of I for the Duffin-Kemmer’s meson 
under the electromagnetic interaction and the latter case is concretely exemplified in § 3. 

For the case, in which the derivation operator in /’(%) is at most of the first order*? 
and the spin of the field is at most 1, ‘a 


Glee) 0: 


When Z’(x) contains the derivation “operators of the higher degree or the field 


operators with higher spin (s > 1), /7(v: 7) and O,(4,¢@) are the infinite series of terms 


containing the higher derivatives. Then, the higher derivatives sometimes appear company- 


ing with the increase of power with respect to g in the power series of G(1, +’). Then, 
it may happen that /7(x: 7) and O,(x) of (1-15’) ate not the local but the non-local’ 
quantities on the space-like surface o through + because of higher derivatives. However, 
the non-localizability in the time-like direction does not appear, because the time derivatives 
with high degrees can be eliminated by means of the free field equation for QO, (x, 7). 
As will be exemplified in § 3, when L'(x) is the non-local quantity spreading over 
the region with the radius /, the each term of the power series A/(v: 7) is the similar 


rk af : 
I'he more complete condition for the requirement that 7/(x:7) and Q,(x,¢) are the quantities of the 
finite power of g, was shown in detail by Y. Katayama (private communication). : 


The General Theory of the Interaction Representation, IT Sia 


non-local quantity. Moreover, in such case /(QO,(%,¢)) in (1-15’) is also the non- 
‘localizable functional of the local quantity O.(+1,¢). That is, in the case of the inter- 
action Lagrangian with higher derivatives, the property of the non-localizability appear in 
the relation between QO, and the canonical independent variables.*) However, it must be 
noted that the non-localizability in the time-like direction does not appear in this case, too. 

Lastly we note that the somewhat curious fact, that the higher derivatives in Lagran- 
gian do not induce the increase of number of the canonical independent variables in our 
theory, can be understood by taking into account the situation, that the formalism based 
on the canonical independent variables O,(1, 0) corresponds to the theory of QO,(*) with 
the field equations (1-12) and the auxiliary conditions (1-21) for higher derivatives 1/0) 
=3,,9,0,°- 

Hereupon, we have three methods to treat the system with higher derivatives, Le., 

(i) We regard the part to be reduced to the Klein-Gordon equation as the free 
one and make use of the method discussed in this section. 

(ii) We regard the part to be reduced to the equation of multiple harmonic oscil- 
lator, if it exists, as the free one and make use of the relation (A-3) which will be 
verifed in Appendix I. 

(iii) We treat from the beginning the system by the method of Heisenberg-Pauli™” 
which will be illustrated in § 2. 

(i) and (iii) are the equivalent formalisms. (ii) is the different method from (i). 


In (ii) the energy is not always positive definite**?. 


§2. Some examples of the quantization 


This section is devoted to discuss the relation between the Heisenberg-Pauli’s method 
and outs. 


(i) Firstly we consider the system, for which Lagrangian is given as follows : 


L=-G(7 +O) 9 +A O¢Y, (2-1) 


where # is the spinor field operator. 

In this case, according to regard whether the first term or all as the free part, we 
have two methods of quantization, and so we examine the relation of those methods and 
show the equivalency between the former and the Heisenberg-Pauli’s methods. 


From (2-1), one obtains : . 
(+2) +i yw) =0. (2-2) 


We firstly consider the first term in (2-1) as the Lagrangian of the free field. In this 


formulation the commutation law is obtained from (1-4) as follows : 


* This fact suggests that the field OQw(x«, 0) describes only the motion of the center independent of the 
detailed internal structure expressed by Oa-feld. 

** We shall note that we can develop the theory, in which the interaction representation is treated by 
the method (as along the similer line in this paper by introducing Va(% ¢), which satisfies (i) and (ii) in P. 5. 
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(W(x), P(x") == SG #'), (2-3) 
z 
where ¢/(1) satisfies 
—(70+2)¢ (7) =0 (2-4) 


and we calculate the interaction Hamiltonian from the stand point that we combine (2-2) 


with (2:4) by means of an unitary transformation. From (2-2), one finds 


P(n=$(%) +2) S21") Vo @ az’, 72a) 
and we define the quantity 
W660) =) +AfLIS@— 2") -LIGO)de" (2-6) 


which satisfies the same relations as (2-3) and (2-4). Therefore, we obtain the equation 


to determine the interaction Hamiltonian, 


[b(a, 0), (4! /o: 2) J=i4_JS—2') Loe); (2-7) 


and by successive use of the equation 
(4) =$(4/e) Ps | (ele — 49 |S s2 jee ae 


=$(2/0) +A Ga—N YO), (2-8) 
the interaction Hamiltonian is determined in form of power series as follows : 
Hx: n)= AVP (2) CIP (2) +228 GD) AEG OGD) +. (2-9)4” 
When we express successively ¢(1) by (2,0) by use of (2-8), then we have 


LAVSFAB) EF) ete » (2-10) 


where we use the relation 
(7d +x) i (x, 6) =0 (2-11) 


and /(Ax*) is the function of 4x* which tends to 1 for A=0. The commutation relation 
of (x) is obtained by means of the commutation relation of (1,0) as follows: 


[Par 2), Pe 7", oar LARS A#) [ha (a, 0), Pa* (2, yee ES 
(SUR) FRR) | Va Sane 4)} tat! 


Se, A f* (AO (N—1), | (2-12) 


Since // * is always positive, as seen in (2-12), we have no negative energy. 


* In this case we can take G(x,.2’)=0 in (1-17), as will be shown later. 


RT 
The first term of (2-9) can be rewritten in the form which has not [_] by use of the equation of 
motion, but we adopt above form in order to compare with the interaction Lagrangian. 
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: a let us prove the equivalence between the Heisenberg-Pauli’s method and outs. 
oe a ; : : 

y, w De the suitable independent canonical variable of this system, because 
we can not eliminate the time derivatives by using ¢/ as an independent canonical variable 


in the formalism of Heisenberg-Pauli. For simplicity we denote ¢/(1/a) by ¢(), ie., 
g(4)=$(4) -4L) Va—x) f(x) (2-13) 
=$(x)— 4 (J+#) G39 s(4) 0%). 214) 
By using (2-14) we can rewrite the Lagrangian (2-1) in the following form : 
L=l $e O¢—$ Gata) 
=--G(70+2)9+4KGEt+O(H) (2-15) 
=—G(yat+M)¢. (2-16)* 


(2-15) perfectly coincides with (2-16) up to the second term, when / is the constant 
pan Wb 2H (2-17) 


In fact we can expect this result through the following discussion. From (2-2) we can 


see that Y satisfies the equation 
(A+L)P=0, (2-18) 
Apit p—x=0. (2+19) 


According to the general theory of the 4th order equation, the solution of (2:19) is 
easily obtained. However, since we adopt the solution which tends to x for A— 0, we 
shall discuss the first several terms of the Taylor series expanded around A=0, 

If we differentiate (2-17) with respect to 4 and substitute (A=0, v=x) into it, 
then we obtain 


pe |ano= — 
PEE OK, oo 


Thus we find that ¢ agrees with (2-17). Since (2-13) and (2-18) give the equation 
(79 +/4)¢=0, we can expect the equivalence of (2-15) and (2-16). The series (2-17) 
have a region .of convergence for 4 and ~, because the equation (2-19) has the real root, 
in which case 2 can be expressed compactly as a function of A and x. We can easily 
seen from (2-15) and (2-16) that no time derivative appears in the total Hamiltonian 
g* g—ZL and that its interaction part (—Ax'Gy+---) has the same form as (2-9). Thus, 
(2-16) shows that our formalism coincides with the Heisenberg-Pauli’s method, in which 
g is used as an independent canonical variable. 

Besides the above consideration, we have another method of quantization of (3-1), 


Pais-‘Uhlenbeck’s (or Ostrogradski’s) method, which will be discussed in detail in 


1.025 


* O=¢" v4 
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Appendix I. In this method, by factorizing (2-2) we have 
4 
{— (7a +x) +AL 7} O™) =A Il (ya+a,)¢(*) =0. (2-20) 
T 4=1 = 


In order that (2-20) is to be reduced to (1 -2') with n=4, the relation 22=0 is necessary. 


If AS<0, we have the commutation relation 


4 
Dg wv), dy(4')],=2 : SI Seen (See (2-21) 
fala), th poe 
where 
) : 1 they — Ket) _ ,—*4irti— KF) | 73h : %) 
Si) =—Ges5) (t7—a;) Bye. [e’ vd ie Ae |d kf . (2 22) 


If we put ¢=/', then we have 
4 


[Yar 4), BO", = — 5 Died ="). (2-23) 
— a A t=1 


4 
Since uv, ate the coefficients of partial fraction of {AL P—(7d+%)}, pa is clearly zero. 


Th-tefore the commutation relation is 
[va(1, ¢), Pe", 2) |, =O. (2°24) 


As shown here, the method, by which the first term of Lagrangian (2-1) is regarded as 
a free part and is quantized through the interaction representation, is quite different from 
the method, by which the total of Lagrangian is quantized as a whole, i.e., the Ostro- 
gradski’s one. 


(ii) As the somewhat complicated example we adopt the following Lagrangian : 
L=—§TAtDP+E GIS B.— (A) Gy}- (2-25) 


In (2-25) ¢ is the lepton field and 2, is the sum of terms of products of two 
- heavy particle field operators with no derivatives**’. 

Firstly we shall apply the Heisenberg-Pauli’s method in (2-25). Then we must find 
the canonical independent variables (¢, //) so that (i) 3,9 and 0,// do not appear in 
the total Hamiltonian and (ii) they satisfy the constraint 7//=—gy* which is required 
for the quantization of the spinor field. We cannot use ¢ as the canonical independent 
variable ¢, because in such formalism we cannot eliminate the 0,0 of the second term of 
the interaction Lagrangian in (2-25). We can eliminate it by using the following o(+) 
as the canonical independent variable : 


t > 1. Dae 
aes ea Sha ct cre Sal ga OA 12 (2-26) 


* KK, = (2,21 + a,2) 12, 
** For the simplicity we consider the case in which By is made to be the Hermite operator, although 


our discussion in this section can be extended in more general cases, for example, the Konopinski-Uhlenbeck’s 
case. 
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and so | 
fp terg Brey Be+ Oe") (2-27) 
In fact, substituting (2-27) into (2-25), we have 


kee =F WP+sPy- are P74 049° BE—-OTO+O E+E (POn.p— 9. ¢} I, 


oh > 3 Baap : 9 uy, >) 
ae DeOn+ *7ras(G- By) — 2 SP TROE+ 2) 9° Bib 7~- Bye By 


+e° [ors 9: 9—9. 7s] B,B,+0(g"), (2525) 


besides the terms of completely divergent form which have no physical effects. Then, using 
the canonical conjugate quantity 


i= 3L/dd.g=—P1s+8 PBs = $7, Be +0(g"), (2-29) 


we can easily show that the Hamiltonian 
H=tlldg—L (2-30) 
contains no time derivatives. From (2-29) we have 
i/J=—¢*. (2-31) 


Therefore, (v, /]) are the canonical independent variables in the Heisenberg representation, 


and so we can introduce the commutation relation 


[g(r 2), TQ", 0) ),=20—1"). (2-32) 
As is well-known the total Hamiltonian // is the time-displacement operator, L.e., we have 
[F(4), SHd@'«)=—d,F (4). (2-33) 


Now we shall apply our quantization method to (2:25). From (2-25) and (1 +17) 


we have 
) (ry =o(a/e) +E Buty ra er eas (2 -34) 
On (4) = 9 P (4, 2) |jo-*8 PB vMy My +2 (0,9) Boi, My 
£ Ou (TvP Bo) lp yt OH Bo) ny 
+29, (7% PB,) Ny My +28 9a B,) ta Up My My « (2-35) 


From (1-19) we have, 


. p=(1, 2, 3, 4) 4 =(1, 2, 3): 
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(p(x, 0); H(2'/o:n) =e S(e—2")0y! ft By! 
z 
+23, S(e—4') By! +g? Ga, 2"). (2+36)* 
F x 


Substituting (2:34) and (2-35) into (2-36) we can find. that //(x’: 7) satisfying 
(2-36) exists only when we take G(+, +’) as follows : 


ig G(x, 2") =— 2g [S—¥ Bi TO PO Be) att 


+(0,.' SG— 2B, 7,0 By m,n, 4+ S(4— 2B rs (0,'b(4', a) B,!) ny ity 
+ (0, S(v— 2") B70! By! ty ty t+ S(a— 4) By 7,0) OO, a) Be tats 
0, S@=Z2) Bn Bp Uptte + 2S(x—2') By 7, a! (1',a)B,!)ngnp ty Ny 
+2(0e S(r—4') B70 B,! 19 tp My My lero + OC") (2-37) 
and then we obtain 
H(x:n)=g [$O.¢)-Bu— (uh) PRON) HPS, Bmp ty 
Or Ad) B, By t,t, —*e° PY BB, ny, Ny 


9 
o- 
a 


22 


+ 


[YB (0.98,) = (Ou¢4,) TPB m2, 


ar = [P 2.7. (0, PB)J= (0,92,)n¢ Fy] My My 


2 


3 2 rer ates GBs) (APB, )7, PB] ny I, 
+E° [br By O.PB,) — (AaePB,) 7 P By] tee yp My Ny 
| He Og"). (2-38) 
We have from (2-37) 


G(4) 
2 1 o 
& [eu a "\dal= ZS Futars $(4/o)B, ny tot, t+ OCg*), (2-39) 
and so 


$(X)=$(4/0) ton PB, nen, 


1 te 7 ») 
See oly (4/a) B,B, ny non, ny + Og"). (2-40) 


Similarily we obtain 


* = O(a), By! =B, (x). 
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$(a)=¢(4/2) +2 PY, Betyg Ny 
1 are P) P) 
ra A(4/e) oP u Bo lp lo Np My + O(g"). (2-41) 
Comparing (2-40) and (2-41) with (2-26) and (2-29) respectively, we find 

$(/a) =9(2), | 

} 

b(4/o) =G(4)=—tll 7,» 


when o is the flat surface. Thus we see that (¢(%,0),$(4,¢))./¢ are the canonical 
independent vatiables in the Heisenberg representation and so our formalism is equivalent 


(2-42) 


to Heisenberg-Pauli’s quantization method. Moreover, we can of course show that 7), de- 
fined in (1-32) agrees with [//d*x. Then (2-33) is an example for (1-33). 


$3. An example of the non-local interaction 


In the present section we take the following interaction as the example of the non- 


local one : 
, 


LEAP bee At EOF Ge 


(3-1) is the non-local quantity spreading over the region with the radius /. ¢f and A, 
are the field operators of the electron and the electromagnetic: fields, respectively. 


The interaction Hamiltonian, ¢(1,¢) and A, (4, ) are. determined by the following 


‘relations**’: 


h(a, G) = (1) + \'s(e—2") rf ry eto", 
ee yee" Ar, gy £2 ad‘ x", G3 <2) 
A,(% o) =A, (x) +2 Os Ce oe oe ] 


[P(x 0), Hla‘ jo m= 4 Se— 2!) traf PAY 418 CC 2)» 


(3-3) 
[A, (4, 0), W(a'/o: = 4,4). 


G,(a, x’) and G(x, x') are determined by the method of the successive approximation — 


as follows: 


Gla, 2)=2 SE —2 HO PT) 


* JC. means the Hermite conjugate quantity. 
*K A,’ == Ay”), ¢’ =~ (x’) 
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prem gent seca 
ee [Je —o7'ry/2 S(a—2x")r,0} Cae if’) 
ety 

— Pr) Cle" S(#—2)) 7.9 +0), Cp 
4 


Gir) =D. (3759 


Therefore we have 


oe Ae (9 -- - 4/2 2 - ys 2 ) - 
ic| Gi Gy 2! dt (Gn) ite oe 424) 9S G29 nV ee 
4 EV, 2 SO re) Grae! 
8 Je 


a alouy (3-6) 


In (3-4) and (3-6) the derivation is operated on all the quantities in the bracket { }. 
(3-6) has the form (1-17’). However in this case (3:6) is the non-local quantity 
spreading over the region with the radius //2 on the space-like surface. 

From (3-5), (3-4) and (3-2) we have 


Ay (2/0) =Ag(®) 2 (Dru), 


a(2) (3 e 7) 
b(x/a)=g(x) + aC, (4,2 at", 


and so from (3-3) we obtain 


H(xin)=—4 {hy Oe. Al Ae et: 
say eee EEA Sr cle Vie 


The first term in (3-8) of course agrees with —Z’(x), which is zero in the present case. 

Although Z’(1) (==0) satisfies the integrability condition, it is seén that the inter- 
action Hamiltonian is not (—Z/(x)) but (3-8). However, the various physical quantities 
can be easily calculated by means of (1-29’) and (1-29’’).’ In the course of this calcu- 
lation it must be noticed that we should not use the equation {_]4,=0 (and so Z’=0) 
before the derivation operators are taken out of the /’*-bracket. 
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Appendix | 


Interaction representation in Pais-Uhleabeck’s theory of non-local action 


As was already mentioned in the previous section, when we take (1-2’) as the equation 
of the simple harmonic oscillator, we can also carry out the quantization by regarding the 
term which is contained in the bilinear form with the higher derivative in the Lagrangian 
as a free part. With regard to the quantization of the bilinear term with higher derivative, 
there ate well-known methods, namely, the method of Ostrogradski and the harmonic method 
of Pais-Uhlenbeck®, and both methods are equivalent as shown by Pais-Uhlenbeck. We 
shall, in this section, confirm. that the relation A(a)R(d) = (LJ—#), which is valid in 
the case of the usual local field can be extended as follows for the Pais-Uhlenbeck’s case 


of the field equation containing higher derivatives (ie., even in the case of the non-local 


action) : 
A(ayR(@) =F) (A-1) 
F(D)=MO-*), (A-2) 


where all x,2 are assumed to be real and distinct in what follows. 


In order to prove (A-1) we write the commutation relation in the following form: 
[O(z), OV) a=ik (A) 4 4-2"). (A-3) 


In (A-3) d(x) is the modified delta-function, the definition of which is given in 
Appendix II. 

Using the method in 2 of the paper I or Appendix of the present paper we can 
prove that (A-1), (A-2) and (A-3) give the commutation. relation satisfying the re- 
quirement of S.H.O. with the principal axes 


g(M=16,/R(-)} #O4). (A-4) 
Now we shall show that the Pais-Uhlenbeck’s method is equivalent to the quantization 


method based on (A-3). We shall introduce Q,(4) according. to Pais-Uhlenbeck’s method 


as follows: 


0a= a) a(F(—2)) ete ath (A-5) 


(27)* 
3) 11.02.08); 
where 
yf 72 a, the 25! 
Qe) = GeO alana ath. (A-5!) 
We have from (A:3) and (A-5) 
Sn Cin, (Oi), O,(2/Yu=! 3) ni CRB) 4,(a—4"). (A-8) 


“ul 
q=1 j=! 
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Now consider only the term of 7*</7 in (A-6), so this term is always zero, because, 
since 
[O.(x), O;(#") Ja 

must be the function of x—2x!, only the part —L=2' has non-vanishing value, in which 
hand #! are the Fourier momentum of Q,;(7) and Q;(+’), respectively, 1.e., 

O(R +4;)0(k° +%;7) =0 for x,3¢%;. (A-7) 
Therefore we have 
R(d) 


t 


A(«—x!). (A-8) 


LO; (x) > QO; Le) \==t 7p 0:3 


We can easily show by using (A-4) that Pais-Uhlenbeck’s method is based on this com- 


mutation relation. 


Appendix I 


4-function tna non-local action 


From the relation 


F(E))4 (4) =-8(2) : (A-2-1) 


we have 
= fey (ey a wikx 
NF ee ate : d‘k. (A-2-2) 
; IT( +x) 
Z=1 
By use of the relation 
=~ i Fe 
I) pe (A+2-3) 


we obtain 


Cs 1) eae [expe a en te 
A(x) = — loci ara) ee ae 


=4' (1) 4+4-(x), Ce 
because, from the relations, which are easily proved, 
ay 9 9 iy 
NR AR)I=S OE +x2)7, (A-2-5) 
i= 4=1 
ae os N 
d(H +x) =S) nw CAE+ A), (A-2-6)" 


where 


* These relations are already derived by W. Thirring. Phys. Rev. 77 (1950), 570. 
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Bi CS (xy — xy) 
ji 


A:-2-7 
G=H [xe —2e |=" ( ) 
= i= Hi+1> (A-2-8) 
we have 
AES HEME) 
Ka ; (A: 2-9) 
A(x)=> ni C4; (x) 
in which we use the notation 
ye = (—1)9 1 (A-2-10) 


and J,(x) and 4;(x) are the ordinary 4 and 4 functions with mass ~,, respectively. 
Since 74, (or 7;') alternatively changes sign for 7=1, 2, ---, as easily seen from 
(A+2-8), we shall normalize as 7,/=1 for 7=1. 


Appendix III 


The improvement of the proof for (1, 5) 


We shall improve some defects in paper I concerning the proof of (1,5). In ordet 
that the requirements of S.H.O. are satisfied it is necessary to show that the action integral 
of the Q,-field agrees with that of S.H.O. not only on the path of real motion (4, + 
x#°=0) but also on the all possible paths. Such the equivalence was somewhat implicitly. 
proved in paper I because we did not use the relation (/,°+%°) 0 (A +2) =0, although 
we explicitly introduced O(h, +x") in action integral. Now we shall show the equivalence 
more explicitly. 

The action integral of S.H.O. is 


[Lat= 3 fe y\d°s dtq,(«) (LJ-#) 9&4) (A-3-+1) 


ee a v{ fA ae+e) (97 (A) gt (A) +9) Bar (A)), — (A3 +2) 
2 (2a )* 


where 


BSE eS os ja ha,( A) cnt, 


and 9, ; g; (%) are the positive and negative frequency parts of g,(&), respectively. 
Constants VW and 7" are volume of whole space and the length of time in the world 


respectively and defined as follows : 
Ya[Jetvrd? x]..0= (22 3(0))", 


; (A-3-3) 
T=[ foto" AF gee 27 0 (0). 
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We have the well-known calculation rule 
LS fO=Gaj lO 
‘ (A-3-4) 


ee Bal ia) == 1 def (ty) - 


Since canonical conjugate quantity of g(x) is TVAg(%)/dt we have the following 


commutation relation of S.H.O. : 
T?2V [Qn(40 6), 964s F) le = 285 (4,—24//). (A-3-5) 
(A.3-5) can be derived from the following relation by using (A-3-4): 
hy lar (A) s 95 (2) l= Pen | 
[ai (8). 08 Wala), a He=0- | 
The equivalence of (A-3-2) and the action integral of Q,-field 


(A:3-6) 


4 
[dem Tf EE 102 Ao(OO; +02 Os(—O BH) (A-3-7) 
"14 
gives the following relation 
Agg (B)R (2 8) Oan* Van= (—*) 8,5 (A-3-8) 


where we transform 9, (z) into Q,(%) by means of suitable quantity R(r:h) and unitary 
transformation [U/,,|: 


SR(r: 2) V/2) Oot ey = 07 yee (A-3-9) 
(A-3-8) gives the relation 

Ags(9) Rey (9) = (I -#) Oar » (A-3-10) 
where 

Ra(t)=d Una Ta R(r: b)- (A-3-11) 


Hitherto we have not used the relation %,°+x—=0 and so (A-3-10) is the complete 
condition for the requirement of S.H.O.. Now we can show that (A-3-6) gives the 
commutation relation (1-4) on the path of real motion (Awt x°=0). In fact, we have 
from (A-3-6) and (A-3-9) 


[02 (2), Or Wa = Ra (ORB) /2h. — G=1,2,3) (A312) 
Oz (k), Oz (k) are the positive and negative frequency parts of O.(&) which is defined 


as follows® : 


2 =" ieee (2) ou 


* Qy(%) corresponds to Qg(%)/24) in paper I, 
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(A-3-12) gives the commutation relation (1-4) when %, (and /,’) satisfies the relation 
BoA 2 =O 
u : 
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Note added in proof: 


It is easily seen that Qy(x, 0) and S-matrix (1-30) agree with those of Mdller-Kristensens’ (Dansk. 
Vidensk. Sels. 27 (1952), No. 7) and Bloch’s (Dansk. Vidensk. Sels. 27 (1952), No. 8) theories under the 
assumption of the adiabatically switching in and of (at o=00) of the interactions. Moreover, although in our 
theory the non-local interactions are written in the differential form, it is expected that we can easily rewrite 
our theory by means of the integral form of the non local interactions. 

The proof of the integrability condition in Appendix II of Paper I is also valid for the non-local interaction 


because Q,(.”) is the functions only on « and o. 
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In order to explain the inconsistency between the production and the decay probabilities of /®, it 
is proposed to assume that /”° has an unknown degeneracy. From the lifetime and the production rate 
of 1”°, the state density of /° is estimated to be of the order~10!9/mc’, and from the dispersion 
of the Q-values for the decay of 1°, the total number of the internal states of 7° is estimated to 
be very roughly of the order ~10!”. Using these results, the cross section for the production of /”° 


by the nucleon-nucleon collision is calculated. 


§ 1. General discussions 


In the few years since /”-particles were first observed in cosmic-ray penetrating 
showers”, more than four hundreds of |’-particles have been photographed, and we may think 
that the ‘following principal properties of l’-particles are definitely established: (1) 
V-particles result from the impact of mesons and probably also of nucleons, upon nuclei. 
(2) J-particles are generally produced singly and not in pairs. (3) In the great 
majority of cases |”-particles decay by the production of a proton and a negative pi meson. 
(4) The data are consistent with the assumption of a two-body decay for a majority of 
V-particles. (5) On the assumption of a decay into a proton and a negative pi meson, 
the Q values range from about 10 Mev to about 100 Mev. The distribution curve of 
the Q-values has two maximums, a great maxima in the neighbourhood of 35 Mev, 
and a small maximum in the neighbourhood of 75 Mev. (6) The rest mean lifetime of 
V7-particles is about 2.5 x 107" sec”. 

The rate of existence of |particles in cosmic-ray penetrating showers is of the order 
of a few percent comparing with that of pi mesons”. So in these high energy collisions, 
they seem to be produced with reasonable probability. Therefore, in these events some 
reasonably strong interactions must be involved. Considering the possibility that ‘V-particles 
decay in tracing back the way in which they were created, the question arises as to how 
they can last so long. 

Three alternative explanations have been proposed which may be schematized as (1) 
hypothesis of indirect production with introduction of one or several intermediary particles, 
(2) hypothesis that |-particles are not produced singly, but produced accompanying the 
heavy brother, and (3) isobaric states of nuclei with very high angular momenta’. 

The first turned out to be the correct explanation of the mu meson. This, however, 
does not work well for //-particles. Let the hypothetical parent of I”° be called + and 
be strongly coupled to nucleons. If the decay of x into ]”° were extremely rapid, the 
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latter could recreate x virtually, and since it is strongly coupled through nucleons to still 
lighter particles, it would decay preferentially to these, and the heavy |particles would 
not in fact te produced. If, on the other hand, the decay of + into I’° were very 
slow, then 1 itself through its interaction with nucleons could again decay into still lighter 
particles than I”. 

The second explanation assumes that a heavy mate is associated in the production of 
l-particles, and there is therefore not enough energy to return through this state to the 
unstable nucleon system. It is true that there is little experimental evidence for the 
production of pairs of these particles, but, considering the fact that different heavy unstable 
particles are produced with almost the same rate, we must think it is still an open 
question. 

Isobaric states of nucleon with very high angular momenta should be metastable both 
against radiation and meson decay, and may account for the long lifetimes. Although it 
depends a little on what we take as the range of the interaction, angular momentum of 
the order 6 to 8% will guarantee the lifetime of 107" sec for the metastable states of 
nucleons which are predicted by the so-called strong coupling theory. However, the same 
strong coupling theory then also predicts the existence of the singly or doubly charged particles 
which in other points have almost the same properties as |/-particles. 

It seems to me that we must accept the reality as it is. The stability of //-particles 
shows that [7° occupies a large volume in phase space, or that V° has a large number 
of accessible internal states, and that those states are so similar as cannot in practice be 
separated from each other. On this idea, I should like to postulate that V° has an un- 
known state density p. Using this quantity as an arbitrary parameter, we may be able to 
explain the properties of 7° consistently. In the following section some examples of the 
calculations of this sort are treated to make clear the situation concerning with this hypo- 


thetical degeneracy, which, for a while, we have to think as a mere phenomenological concept. 


§2. Production and decay of V° 


10 seconds. 


Experimentally /”° decays spontaneously with a lifetime of about 2.5 x 107 
In a great majority of cases we may think it decays into a proton and a negative pi 


meson. Therefore, we shall postulate the reactions 
FAO) pa > 
Vos pir. 


Assuming |”° to be a particle with 1 /+2h spin and obeying the Dirac equations, and the 
pion described by a pseudoscalar field with a pseudoscalar coupling, the interaction energy 


suitable to produce the reactions would therefore be 
a\ (ITP Batts VAT*V Bute) ad , 


where is a suitable interaction constant having the dimensions of an electric charge, {ffi 


and //* denote the amplitude of the pion field and its complex conjugate, P and |’ are 
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the amplitude of the proton Geld and that of the 7° field, P and V’ their Hermite 
conjugates. Using Heavyside units for the pion field, /7 and //* will be 


T= Ss. We he Nabe ee 
ee 2s 
— he F —(7/4)p5-°7 S 
iets = = ( Pe —b, é / Lf: 
= V20E, ) 


where 2 denotes the normalization volume a, and &, are the annihilation operators for 
the positive and the negative pions of energy /, and momentum f, or — p, tespectively. 

The calculation of the lifetime for the decay mode /°—f+7™ is quite elementary. 
Using the perturbation theory, one will have 


Ae amt Le Rs FB 


T Am \he/ hk My 


where # and 7 are the momentum and 7 of the secondary proton : 


1 Ep 


— = = — ae 
V1i—(vp/c)> Mpe 


In order to obtain the numerical valué of t from this equation, we must know the 
Q-value for this reaction. We shall use Q=35 Mev which corresponds to the larger 


maximum of the distribution of the empirical Q-values. Using this value for Q, one 


will have 


9 


iss: =(! )x 5.1840 sec. 


Inserting in this equation t=2.5 X 10°" sec, we have 


( ve )=0.77 x 107%, 
hic 


The production of J’° by the impact of a negative pion upon a proton we shall 
consider as the reverse process of the disintegration of 7°. The cross section o for this 
process in the laboratory system is 


a= ( h } hon Piet) E — ue zy Ps 
2 ON 6 een Ey ; 


where [7 and 7 are those for the projected pion, 


Bas puis ae 


C iS 


and ¢ is the state density of the internal states of |”°. Inserting in this equation the 


suitable numerical values, we have 


T= Wize ok 2.8 X105 cm. 
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Through his experiments on the artificial production of |”° by bombarding negative pions 
upon a carbon target, Schein estimated the magnitude of a to be of the order~10°** 
cm’’?. Using this value, we can very roughly estimate the order of magnitude of the 
state density ¢. One will have 


Mal Pp ~10". 


In this equation, for convenience’ sake, 77,,¢° is multiplied on p to have a dimensionless 
quantity. However, 7,,c°@ may have some physical meanings. Let us consider the total 
number of the internal states of /7°. This quantity may be estimated to be of the 
order p times 4/, the breadth of the dispersion of the Q-values. We shall put dE 


equal to the difference of the two maximums of the distribution of the Q-values. 
4E~75—35=40 Mev. 


This value, however, is very roughly of the order of imc =140Mev. Therefore, we may 
think that the total number of the internal states of V’° is of the order ~10". ) 
The production of ’° by the impact of a proton upon a neutron may be one of 
the most interesting problems for the physicists who have a high-energy proton accelerator 
in their laboratory. Let us calculate the cross section for this reaction. In the center of 


mass system, one will have 


do (_*_) (42) Ma PLE, 0) Ep. 
167 \ myzC he z fe Ar 


where ¢, is the interaction constant between the pions and the nucleons, /, and \ Js ate 
the momenta of the initial proton and the final 1°, Z, is the total energy, 4Eo the 
total number of the internal states of 1”°, and 


Ey Ep—C€P,P, cos 0— my me 


E, Ep—CP,Pz 00s 6 41/2 (11'n— Wy — Ml pe 


E! ,Exy—€P,P, cos 9— mpitye" 


x = ° = = = : 
El fig —th Ps cos G + L7f2 (1 x — it p— WU x) cf 


F(h,, A= 


where “7, and /y are the energies of the initial proton and the neutron, ESS and Gey, 
are those of the final proton and 17°, @ is the angle between the initial proton and the 


final 17°. Inserting in it the suitable numerical values, we have in two extreme cases 


E °° 9 
Une \ _o7 4 
o~( ie ) x107%cm’, for P2> 1,6 
0 


and 


\ 1/2 
€ Sat ; 
o~ ) MLOs wei) fot) P53 7705c 
Mag 


where € is the excess of #, over the threshold energy of this reaction. 
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By extending th2 method of the renormatization theory and making use of the similar idea as the 
radiation damping a possibility is examined of establishing the non-singular theory of interactions of 
the second kind. When using the propagation functions modified by the field reaction in place of the 
usual one we can obtain, in general, less singular theories. It is shown that for a given set of inter- 
actions, some of which belong to the second kind, we can always construct the non-singular theory 
if we further introduce, when necessary, auxiliary interactions of the second kind. Several examples of the 
non-singular theory obtained in this way are given and some remarks are further added in connection 
with the characteristic features of this method. 


§ i. Tatreduction and summary 


Based on the use of the relativistically covariant formalism of the quantum theory of 
wave fields the renormalization theory aims at rewriting the theory in its equivalent non- 
singular form**). In this theory the effects of the reaction of self-fields are divided into 
two parts, ie., the observable and the unobservable parts, respectively, and divergences 
appearing in the latter are removed by the procedure of renormalization to give definite 
finite results to be compared with the reality. As ‘usually said, the validity of this method 
is justified in view of the great success in the field of quantum electrodynamics. Hence, 
there arises, in this connection, an important problem as to whether the renormalization 
procedure would give the non-singular form not only for quantum electrodynamics, but 
also for the theory which describes the behavior of all the elementary particles including, 
of course, the system of electron and electromagnetic fields. 

As has previously been investigated in detail’, when only the interactions of the 
first kind exist in the nature the renormalization prescription is successful in giving 
the closed non-singular theory, while it is no longer so if there exist interactions of the 
second kind. Concerning the renormalization method when applied to the most general 
system of the interactions of the first kind the detailed considerations have been given in 


(IIL), where it was found that although there are several possible tules for the separation 


* A preliminary report of this work has appzared in Prog. Theor. Phys. 8 (1952), 675. 
** We shall call a theory “closed” or “completely convergent ” according as all divergences thereof can 
be removed by the finite number of counter interaciions or any divergence does not appear at all. Further, 


> 


we call these two cases “ non-singular” theories. 
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of divergences, which correspondingly lead to different finite answers, the unique finite 
results, however, can be expected under the consistent use of well-defined rules. 

On the other hand, as was observed in (II) there are some evidences in favour of 
the existence of interactions of the second kind ‘in connection with the phenomena of 
B-decay and multiple production of mesons. Furthermore, the interaction between nucleon 


and z-meson seems to favour this kind, too. Thus, we would be faced with the question 


whether it is possible to establish the closed theory of interactions of this kind in some 
way, say, by extending the renormalization method so as to be applicable to this case. 

In the renormalization theory, however, we know that there are some inherent 
arbitrarinesses. In this theory, some parts of the secondary effect appearing in the higher 
otder perturbation approximation are renormalized into the primary interactions. Since 
nothing is known at present about the laws that prescribe the actul forms of interactions 
permissible in the nature, we are left with a freedom in that we can choose the primary 
interactions so as not to contradict with the experimental facts®. By utilizing such 
circumstances we can expect that the non-singular theory may also be obtained for the 
case of interactions of the second kind. 

If we have the theory in which the unitarity of the S-matrix ts guaranteed, the 
strong singularity appearing in the lower otder perturbation calculations may altogether be 
compensated by the strong damping effect coming from the higher order terms. Such 
a consideration was just the starting-point of Hitler” and Wilson? in their theory of 
radiation damping. As is easily seen from the dimensional consideration the field reaction 
due to the interactions of the second kind gives the large damping effect”, and so we 
can expect that the non-singular theory may be obtained if we appropriately take into 
account the correspondingly strong field reaction due to the interaction of this kind**’. 
Of course, as shown in (I) the renormalization method based on the usual perturbation 
approximation is invalid, so that in order to construct the closed theory for the interactions 
of this kind it will become necessary to adopt other approximation methods. 

In this paper we have investigated such a possibility. For a given set of interactions 
of the first and the second kinds we have not yet found a method for establishing a 
non-singular theory. We can prove, however, that for a given set of interactions we can 
always get the non-singular theory if we further assume, when necessary, that the supple- 
mentary interactions of the second kinds (called in what follows “ auxiliary interaction”), 
whose coupling constants are of finite values but of dimensions of large power of length, 
coexist together with the former interactions***). Furthermore, remarkable is the fact that 


in some cases the completely convergent theory can be obtained, in which it is unnecessary 


4 ; : ; j 
In quantum electodynamics the primary interactions such as the current type interaction and the mass 
term. i i i i i 

have the correspondence theoretic basis, while terms such as 4¢3 and Ag+ in the renormalizable meson 
theory have no such theoretical grounds. 

ae ’ aay : 

Thus, we can consider a rather paradoxical possibility that the existence of interactions of the second 

kind may better the convergence of the whole theory, which is divergent in the presence of interactions of the 
first kind only. 


KK Of a 7 é 5 
In some cases, the auxiliary interaction may be one of interactions which have primarily been given. 
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to introduce the counter terms with infinite coupling constants and any ultra-violet divegence 
does not appear. The secondary introduction of the strong interaction of the second kind 
may be regarded as corresponding to the use of counter terms in the renormalization 
theory and further the use of the auxiliary fields may also be considered as the original 
idea of the mixed field theory. As a result of the arbitrariness concerning the choice of 
the primary interactions our method leaves various possibilities in constructing the non- 
singular theories. 

In our method to be developed in the followoing some parts of the field reaction 
due to the interaction of the second kind are beforehand taken into account and then the 
remaining parts are considered. Perhaps there may be many possible ways for such pre: 
scriptions*), but in this paper we shall consider the method in which the corrected pro- 
pagatarion functions are used instead of the usual uncorrected ones**?. 

Let >\* be the proper self-energy part of the u-field in the 7*-th order perturbation 
approximation due to the auxiliary interaction, which may in general involves diverging 
parts. In order to extract the finite part S\¢ from it we can use the counter terms, 
which we beforehand introduce into the Lagrangian. Taking into account all the iteration 
processes of >\% the propagation function 4% of o-field is transformed into the modified 


one J%/. Between these two functions there exists the following integral equation 


A= As 4 de Sedy, (1-1) 
from which we can obtain the formal solution 

My = 45 / (1-47 D10)- oe haa) 
Corresponding to this modification, the external line U2 is to be replaced by 

(i = ae Ae) Oe. (1-3) 


Now, it is our proposal to calculate the S-matrix elements in terms of 4% as far as 
possible. In this case the calculations are made almost in the same way as usual, but we 
must set up some further rules for picking up the necessary graphs, lest we should 
overlook the contribution of some Feynman graphs of usual perturbation theory or count 
them more than once (§ 2, V). Further, we can always choose the auxiliary interactions 
such that the counter terms, which has been introduced in order to cancel the diverging 
parts of >7", plays the role of this cancellation only, so that these terms can be left out 
of consideration as far as we use the propagation functions 4d:!, When the special types 
of interactions of the second kind are adopted as the auxiliary interaction, which contain 
two field quantities (henceforth callled “ ¢wo-verlex interaction”), >\* does not diverge 
and so the corresponding counter terms become unnecessaty. 

In §2 it is proved that when. we suse the “th order self-energy patts for the 


correction of 4%, we can obtain the non-singular theory. In this case it is further supposed 


* For instance, higher order effects may be taken into account by using the corrected vertex parts. The 
formulation of this method seems, however, to be somewhat difficult. In this connection, see the forthcoming 


paper by one of the authors (S.K.). 
** This method is to be regarded as a generalization of the proposal made by N. Hu, reference 4. 
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that our procedure also improves the degree of convergence of herpetic series, 
since the higher order terms in this case give rise to very small effects in the high energy 
region*). For the case 7/2" > 2 the above mentioned calculation rule becomes vey complicated. 
Thus, it will further be shown that by adopting suitable auxiliary interactions we can get 
the non-singular theory even for the case #/“=2. In this case we can obtain in some 
cases the non-singular theory such that apart from the counter terms, which has been 
introduced to compeneate the term (3)*—)'¢), any infinite quantities do not appear at 
all. 

When the usual interactions with field quantities more than two are adopted as 
auxiliary interactions, we shall call this prescription in the following the ‘“‘ szcthod A”’. 
On the other hand, when we use the two-vertex interaction for the correction we shail 
call the “method B”. This method is further classified into those of (4,) and (43) 
according as two field quantities contained in auxiliary imteractions belong to one field 
or two different fields (i.e., (/(0)U%U"). In the case (4,) we easily find that 7*=2 
and can show that in some cases the completely convergent theory exists. In the case 
(B,) we see that 7*=1 and it is generally proved that we can obtain, for neutral fields, 
the completely convergent theory and, in general, the closed theory involving a finite 
number of primitive divergences. Contrary to the case (4), the methods ( B,) and (£,) 
do not require the introduction of counter terms, which cancel the divergences in 1°, 
since >|" is convergent. 

In § 3, some examples of non-singular theories are given, which can be obtained by 
our method. We can in fact make up a completely covergent quantum electrodynamics, 
a non-singular meson theory and a non-singular theory for /-disintegration. According to 
the types of auxiliary interactions used for the field correction of propagation functions, 
that is, the method (A), (4,) and (2,) and kinds of the fields introduced into those 
interactions, the various types of non-singular theories are obtained. We may say that 
such an arbitrariness corresponds to the similar status of the renormalization theory in the 
choice of primary interactions and may be regarded as an enlarged form of the latter 
situation. In fact, when we use the interactions of the first kind as the auxiliary ones, 
nothing appears essentially different from the usual theories (§ 2, (ii)). Hence, the 
usual scheme of the renormalization theory for interactions of the first kind may merely 
be considered as a certain special case among several possibilities of our non-singular theories. 
In this respect, it also becomes necessary to investigate, in comparison with experimental 
facts, which type of non-singular theories may really correspond to the actual world. 

In § 4, the characteristic features of our method and its relationships with the usual 
theory are briefly explained. Since the effect of the reaction of self-fields are being taken 
into account to some extent, the present theory sometimes gives the similar results as the 


resonance in the strong-coupling theory (for example, in the ratio ¢(2*)/o(z~) of the 


This is evident from a simple dimensional consideration. For instance, the quantity, which involves 
logarithmic divergences, has the finite part of the form log (4/x°), say. On the other hand, the converging 
quantity has the form of positive power of (1/#2). 
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meson-nucleon scattering”). Some mathematical remarks are further given in the connection 
with the definition of poles of the functions Jt. As the auxiliary interactions we frequently 
use the interactions having higher derivatives than the usual ones, which, as well-known, 
give rise to several peculiarities. In particular, when we regard the auxiliary two-vertex 
interaction as a part of the free Lagrangian, the theory reduces to that of non-local action”. 
In this connection, theoretical foundations are given for justifying our adoption of the 
definition of S-matrix (I, 2-5) and it is shown that our method is based on the quantiza- 
tion method different from that of the theory of non-local action and the difficulty 
concerning the appearance of the negative energy, say, does not appear at all*’. Finally, 
a remark is given on the gauge-invariance of the theory. 

In what follows, the same notations and definitions shall be used as in the previous 
papers (1), (II) and (III) and the equation (2-9) in (I), say, will be referred to as 
(i-27'9).. 


$2. Geaeral considerations 


i) Suppose that there are several fields v, (,... in interaction with each other via 


the total interaction >} /7, (primary interaction), in which the coupling constant of FH, 


2 

is of the dimension of 7;th power of a length and that the propagation function AS; Aare 
and the free operator (/*, U*,..., of the fields uv, P,... are Wanstormede into! a> orc ieee 
Bee eek Pt woe respectively by means of the auxiliary interactions Ef,» FLy,y+00s The 
auxiliary interaction /7, , which, of course, includes U/*, is to be either picked up from 
among the primary interactions or ad hoc introduced into the primary interaction as such. 
In the following we shall use the notation W= >} //, for the primary interactions including 
Ais FT, y+ It must be noted that the interaction ff, as obtained by replacing 0,, the 
derivation operator acting on the charged field quantities inl, by “ie A, must be 
introduced together with //;, from the requirement of the gauge-invariance of the theory. 
Taking into account the definitions (I, 2-13) and (JL, 3-3) we find 


it (2-1) 


In the following we shall employ (1, 2-5) as the S-matrix, the physical meaning of 
which is discussed in the last section. In this section we shall prove that by use of the 
suitable auxiliary interactions we can obtain the non-singular theories. 

ii) Now, we shall show that in order to obtain the damping factor in the denominator 
of 4%, Le must be the interaction of the second kind, ie., gr, 7 0. 


Using the representation in the momentum space, we have 
Ae (x) = 198») 4e(*) 


=const.| ask u is(— thu) —e7 ary, (I, 2-9) 
kit (x) 18 


* The detailed discussions are given in reference 10. 
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Bide Le ; anes 
As proved in the separate paper, the derivation operator 15 (Oy) satisfies the relati 


31450) TRO.= (OT ue (2-2) 
where 13(0) is the derivation operator appearing in the field equation of the o-field : 
Ag (a) Uz=0. (2+2") 


When we assume that the normalization of the operator (/* is determined as in (I), 


takes the following form : 
a a ; 4 
| eee oh a axa Sf ae gee ON) ies (I, 3X9 


where Gas aj;,... are dimensionless constants. Then, it is easily seen by means of the 
dimensional consideration that the mass term in the free Lagrangian of the o-field is of 


the form 
(fy tas el (2-3) 


The dimension of the proper self-energy part })\* due to the interaction /7, must be the 


same as that of the constant factor in (2-3), and so we have 
[S3*]=[length”’~*]. (2 -3’) 


Thus, we find that $}?, the finite remainder of the 7%-th order self-energy part ee to 
fh, , turns out to be of the asymptotic form for large /, 


SE) ~ Beer Mes (2-4) 
n=1 
and so we find 
45 (k) = — 4 x 47 (%) ts |e, Fo, . for Mw, & 0, (265) 
IEE) dg(@) Len, for ne > 0. 


. . ee . . a 2 
Therefore, only if q, 18 positive, 4% obtains the damping factor ~/" % in the 
denominator and so J* changes itself into 4%’, the corresponding constant for 4% according 
to the relation 


OO) tay, é (2-6) 


iii) In this sub-section, we shall give a sufficient (but not necessary) condition for the 
closure of the theory. 

Taking into account (2-6) and (I, 2-20), the gtaph G(E", V*, et in which 
internal and external lines of the fields wu, B,..: are represented by 44, 4¥,... and U, 


B) ‘ ; , 
U*",..., respectively, is divergent only when the following condition is ey 


Ss) a 1 7 1 « Coe U 
Sd sim a ie. a pin 2 1) EL ie i SS 4—Dz,, (2-7) 


whete 
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Bae : 
m= 2 mann, » (2-8) 


DSS (N+ i) —S) E*a*, (2-9) 


and g* is the minimum degree of the derivation operators acting on U* in H=>} Lh. 
Z 


D,, is, therefore, a characteristic constant of the graph under consideration and 7; is to be 
regarded as the constant 7; of the interaction in the revised sense as above mentioned. 

If there is at least one interaction //, with 7, > 0, any G(E*, N*, M*) will always 
diverge for a sufficiently large value of 2, (ie., in the higher order approximation of the 
perturbation calculation based on the modified functions d%/’s). Hence, we have the 


following necessary condition for obtaining the non-singular theory ; 


Ti = 0, (2 y 10) 
that is, gee . SmaI, (2-10’) 
e4 


Introducing the characteristic constants e* and /” for the a-field defined by 


ead‘ +— +1, (2-11) 


ie =F me qy — ea (2-12) 


we then rewrite (2-7) in the form 


— 3) ht (E*—>3 4m) <4—Det+>; m (qi— >) Are") - (2:7') 
a l Z a 
Now, we shall prove in the following a sufficient condition for the closure of the 
theory is 
h=Min(A*) > = tHE ieee (1 
where Min (*) means the minimum value among the numbers: 2%, 2,0. For, ae general, 
there is the relation 
pies nat —E*) = 2D Mis (2: 13) 
a Z L 
and so 
—>) We (B*—d my) = 2h >) M- (2-14) 
a Z Z 


From (2-14) and [I'] we see that the relation 
—>} ht (B*--> Ai) > 4430 mim— Be} — Pa (2-15) 
a Z o 


holds, if 
ES, > 2. | (2-16) 
H 
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In view of the condition (2-7) we can thus conclude that the higher order graphs 
such as at least satisfy the above inequality (ie., graphs of higher order than 2/¢) do 
not give rise to divergences. In particular, if ¢=2, that is, if the condition 


1 


h> S ea ee aS 3 [1] 


is satisfied, all graphs converge as far as they are calculated in terms of -42)’s. 

Since (2-10) is the necessary condition, it must be satisfied when {I] or [I'] holds. 
In fact, this is seen in the following way: If, for instance, the condition [I] holds, we 
have, for all 7’s and w’s, 


il jal ne 
fn ne >) ty Ditel 2. a 


a 


Multiplying both sides by /7 and summing over v4, we get the relation 


it STM A XP O15 (2-17) 
Dare 
where 
waae(S-a)ii, aw 
D. 
A, = {4,—S) 2 a}. (2-17") 


Since A, => 0 from the definition of A, (1, 2-10) and C, = 2, we find that Y > 0. 
Thus, we see that (2-10) can be derived from the condition [I]. 

In this respect, it should be. noticed that contrary to the result in the paper (I) 
(2-10) is not necessary but sufficient condition for the closure of the theory, because 6%’ 
may sometimes be negative as seen from (2-6). Since [I] or {I ‘| is a sufficient condi- 
tion, being rather too stringent ones for our present purpose, we can frequently find some 
example of non-singular theories, for which this condition is not satisfied. 

iv.) Now, we shall show that it is always possible to assume the suitable auxiliary inter- 
actions Th, in such a way as to satisfy [I] or [I*]. 
[I’] is further rewritten in the form. with the use of (2nd Gre 

ere a aie } 

— im", —e* > —A, 1s 

‘nt a> 0" 
When 72% > 2, considering that the left hand side > j= 

a 


S) 4% e%, the above condition 
. . . . a be 
is satisfied if the relation 


A, ~ +4, >4 (for m* = 2) . (2-18) 


a 


holds. 
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If A, belongs to /7, *= Ee TT yo 5++-5 (2-18) can be satisfied by taking iT, having 
an appropriately large value of A, . When 4 is coincident with A, belonging to 
Hy Eth; ) it is easily seen that we can always take a set of values ry Views so as 

7 f 
to satisfy (2-18) (for example, we can take the values such that A, =Aj =---.). 
Z 
Therefore, when 2* > 2, we can always construct the interactions IT, » fT,,,... to obtain 
the theory with the finite number of primitive divergences. In this case the contributions 


of all graphs do not diverge as far as they are calculated in terms of d%’s. 
When m*=1 (method £,) [{I’] becomes 


A, 44307 —2)e > Ar, 
for which, corresponding to (2-12) we have 
A, — A >4 (in =1). (lene 


It should be noted that the interaction 7, need not be considered in the course of 
calculation if use is made of 4%’s, for in othe» case je 21,5. ,.,, being .of. ‘the form 
fF (a) U"°U%, only plays the role of modifying 4%, into va es Theretore, A, in (1"") does 
not take the suffix /, (or /,) and so we can always construct the interaction Lh, such as 
satisfies [1]. However, when the field uw is the charged one we must take into account 
the interactions H,"s to be introduced because of the requirement of the gauge-invariance. 
From (2-1) and the definition of A, Al, is at most (A,,—1) * Therefore, the condi- 
tion [I] does not always hold for /=/,. Even in this case we can construct the inter- 
actions /7, , H,,;--. so that [I*] with «<4 is satisfied. This is in fact achieved if 


Pts i eae fs (e <4). (r'’] 
The last condition is seen to be possible for / =/! if one remembers the relation 
A, > A; = (22) > A,’ +2. DEED ALO) 


Similarly, we see that [1*’] holds for / =/} (1,°</4) provided that we take, for example, 


A, =A,,=""- In this case, therefore, we can again find the possibilities of the non- 
a \ 


singular theory. In more general cases, where we adopt the both cases (7"=1, nt = 2) 
at the same time, it is sufficient for our present purpose if we use 1, fd) ita which 
satisfy {I*’| or (2-18) respectively (for instance, if we assume A, =A, ="). 

The success of the method (A) is easily understood for the neutral v-field. For 
example, we can see from (2-5) that a non-singular theory is obtained by means of 
H, =fl (a) U°V, where V’ is another neutral field and /(0) some derivation operator. 
When V does not appear in all the other interactions than Th, » each matrix element, 
when calculated by means of d*!, does not contain any internal line of [-field. Moreover, 


if |/-field has a very large mass as compared to the energy in the usual region, there is 


* Jt is easily seen from (2-17") that Ay, is smaller than Ai, because the degree of derivation operators 


decreases for the replacement Ou = ieAy, 
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no external line of V-field, either. Thus, we find that the |-field only plays the role of 
thaking the theory non- singular. If U" is a charged field, Ldge requires the introduc- 
tion of #7,’ as seen above. Thus, this consideration does no longer apply and the above, 
rather ieaicas discussion becomes necessary. 
v) -Hitherto, we have assumed that divergent terms in >/*(4) can be removed by the 
subtraction method as familiar in the renormalization theory. In this respect we shall note, 
in the following, the characteristics of the respective method (A), (2,) and (4,). 

In the case of the method (A), where we adopt, as the auxiliary interactions, the 
familiar ones having field quantities more than two. First, we shall suppose Lh to be 
a three-vertex interaction. As Le 0 we see that the larger 7* becomes, the more 


divergent terms appear in the self- energy part >7°. 


These divergent terms can be removed 
by the analogous method as the usual renormalization based on the usage of counter terms 
beforehand introduced in the Lagrangian. In the case 7*=2, these counter terms are of 
the form of the local mass terms /°(0)/*U/%, which have not any other effects than the 
cancellation of divergent terms to transform >)* into >) and which, therefore, can be 
left out of consideration in the succeeding calculation based on the use of 47. 

On the other hand, in the case 7% > 2 the cancellation of divergent terms in > ‘* 
requires interactions containing field quantities more than two*’ and these interactions 
have not only the role of making >/* finite, but also have other effects on“ the further 
calculation based on 4%. But, instead of successively removing those divergent terms, 
which correspond to respective sub-integrations, we can also bring all divergent terms in 
S3* to the form of a non-local mass term such as /(0)U%U* and then remove it by 
using the non-local counter interaction —/(0)U*U%. Similar circumstances arise in the 
case in which 77*=2 but fh, contains the field quantities more than three. 

Hence, the most simple prescription of the method (A) is to adopt thé three-vertex 
interaction i, but with many derivation operators and take 7*=2. The success of this 
method can be seen from (2-18), because A, ly becomes larger according as the degree of 
derivation operators in Lh, increases. It is easily shown that the counter terms cancelling 
the divergent terms in Se have the forms 0% **U*U*(0 < + <4—2¢%). The appear- 
ance of diverging terms in the Lagrangian is an essential difference between (A) and 
(By) or (Br). 

One needs no divergent counter terms in the Lagrangian in the case of the method 
(B,) or (B22). As was proved in (iv), we can obtain, in these cases, the non-singular 
théory by use of the suitable interaction Lh, and moreover, in the case of (B2,) we can 
obtain the completely covergent theory provided that the condition [I] is satisfied. 

Throughout all. cases those divergences, which appear in the second stage of the 
calculation, that - in Sietau oe matrix elements by use of the modified fiunctions J%’s, 


are regarded as ‘primitive’ and can be removed in just the same- way as the as, 
renormalization theory. 


* For example, we need the counter terms such as cancel the divergent terms of the vertex type when 
we are concerned with the self-energy of the higher order than two, 
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vi) Lastly, we shall discuss an important problem, that is, whether the S-matrix can be 
exclusively described in terms of 4%’. (i.e., without using 4%, anywhere). Suppose the 
case in which we take H=H, =/F(0)U*U°U® and //,,=0, or in other words we 
calculate the matrix elements by ee oti A%’, modified by /7, ‘and 43. Under the use of 
the method (4) with 7*=2, the contributions from the second order self-energy of the 
u-field due to Hf ate all involved in the function 45° 
Then, it is easily seen from the equation (1-1), which is graphically represented in 
Fig. 1, that as far as 4%’ is used, not all the 


= pee graphs such as shown in Fig. 2 are to be taken 

j into account, because there is more in Fig. 2 

The lines _, ==, and ------- correspond to . h : f 
drt, Ap®! and Ap®, respectively. than the graphs we require, namely, those o 
Fig? Fig. 3, which are graphs just given by the 


usual perturbation calculation by use of 4%. 
Therefore, a part of the graphs in Fig. 2 should be excluded. For example, as a part of 
contributions from Fig. 2b is already involved in Fig. 2a, Fig. 2b, as a whole, must be 
omitted. Then, we must take into account Fig. 2c, for it contains the contributions from 


Fig. 3. 


Fig. 3b. The first and second terms on the right hand side of Fig. 2c are equivalent to 
Fig. 3c and Fig. 3d, respectively. But, the third term thereof is superfluous, which must, 
therefore, be rejected. Thus, we can not take all the terms in Fig. 2c. The third 

term in’ Fig. 2c can not be described with- 


Fite OS ey out using 4%, that is, the S-matrix can not 
Sp a ee eet ee SS ee J 5 : 
be described in terms of 4x, only, In 
a b : : 
: this case, however, we can show in the 
Fig. 4. ( ; 
following that even if we use both func- 
ge ae aoe tions 4% and J% at the same time there 
tk | . . “ge 
b ‘ still remains a possibility to construct the 
a 


Fig. 5. é non-singular theory. 
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The above circumstance is due to the fact that the Figs. 4a and 4b correspond to 
an identical Feynman graph. More complicated cases, which appear in general in the 
higher order self-energy graphs, can also be reduced to the above case. When remembering 
however that the asymptotic forms for large % of Figs. 5a, 5b and 5c are, as seen from 
(2-4) and (2-5), of the forms equivalent to 1/>¢(4), > (4) and >}%(/), respectively, 
we can find that the contributions from Fig. 4a and Fig. 4b are of the same power of 
kas 1/ '*(z) and so they lead to the same order of damping factor as dj. OF course, 
in the calculation of Fig. 5a, say, there appear the divergent terms of the two-vertex form, 
but they are all cancelled by the ‘counter terms introduced so as to make 5%” finite in 
the calculation of 4%’ and so they do not require the further introduction of the new 
kind of counter terms. Thus, we can see that although 4%, is partially necessary in the 
calculation of S-matrix, the analysis given in the preceding sections is still valid. 

On the contrary, if we adopt 4% and 4} in the above example, such a tremendous 
circumstance does not occur. This is also the case when the auxiliary interaction is of 
the form //(0) U°U°U* (uPBysa). This circumstance is also considered as one of 
the essential differences between (A) and (/,) or (B,). 

In the case of the methods (2,) or (/,) we must take account of all graphs except 
those corresponding to the iteration of Fig. 6a for (/},) or Fig. 6b for (B,). Moreover, 

re es : in the case of (4,;) we can 
take away //, from_ the 
further calculation under the 


a use of d%', for the effects of 


b 
The lines ——- and ....... represent 4p% and 4;°, respectively 


FT, are all contained in the 
Fig. 6. 


graph of Fig. 6a, that is, 4%’. 


Through both cases the S-matrix can be written in terms of J% only. 


§3. Some examples of non-singular theories 


In this section the method developed in the previous section will be applied to some 
practical cases. 


i) Convergent quantum electrodynamics 

Our method is also applied to the theory of interactions of the first kind. Of 
course, by use of the usual renormalization procedure we can obtain the closed non-singular 
theory. But, when our method is applied, there exist the possibilities that the theory 


becomes less singular or further completely convergent. _ Here, we shall be concerned with 
the quantum electrodynamics. 


First, we shall apply the method (A). As the interaction Hamiltonian we take 
HET (3-1) 
h=—tepr Ay, H= if $7.9 ub, 


where 4 is an auxiliary field (C-meson field) introduced to modify the propagation 
function S,» of the electron field i. When. we modify Sy by use of the finite part of 
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the second order self-energy part S\(/) due to the interaction //,, we have from (2-4) 
SpA) ~ ek, (3-2) 
for f is of the dimension of a length. Or directly from (2-5) we get 


SO 4 (352°) 


In order to extract the finite part S1;(/) from $}°(/) we have beforehand to introduce 
into the original Lagrangian the counter terms 1,6 (vO +x) *f, AP (7A +2) 75° 2 igh, since 
S\(#) is quadratically divergent. Thus, when we calculate the S-matrix exclusively- in 


terms of .S’, the diverging graphs are restricted to those satisfying the condition 
eee > = 
eee ee (3-3) 


where EZ’, EL?" and LZ” are numbers of external lines of electron, photon and meson, 
respectively and 7, and 7”, numbers of vertices corresponding to //, and /7,. As easily 
seen, the only possible diverging graph is the one with E°=2, it,=2, which is however 
the one to be excluded in the further calculation. Therefore, apart from the exceptional 
cases stated in § 2, vi) divergences do not appear in the further calculation. But, it is 
evident that this model destroys the gauge-invariance of the theory. This is partly due 
to the fact that the counter terms used are not gauge invariant. 

Next, we shall apply the method (4,) by assuming the following interaction 


Hamiltonian 


H=>\H, 
i=0 % a f 
Ay=1 (8G yh + PY) us iy Of avr’ ws ? 


H,=—iedr PA,, Hy=ihe (YO. Ouh 9), (34) 
H,=le PfA,A, » 
which are gauge invariant as a whole when combined with the free Lagrangian. Two 
vertex interactions in //, are used here for the modification of propagation functions of 


electron and photon, respectively. First, we shall consider the propagation function of 


electron. As is easily seen, we have 
So (6) =20id(E+®), (3-5)" 
and so from (1-2) we get 


: sil 1 4) 
SCE = = eae ee (3-6) 
r(@) Qni iky +e+A(h +H) 


* We have put S7(4) = following the usual definition. The factor (27) disappears if we 


Qni thy +x 
Sil 
5B) 2 
take S77(“) ies 
** See the footnote on the next page. 
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For the propagation function of photon, we get similarly 

Si(é) = — 200 (&)*, (3-7) 
from which we find 

1 1 **) 
D,(k) =— =: (3-8) 
EAC Sse R(1+H 2) 

We find, therefore, 

oO’ =0, Bev = casi) GB -9) 
Contrary to the previous model (4), the gauge invariance is preserved in the similar way 
as in the usual theory, ie., in each stage of perturbation calculation with respect to ¢. 


The proof is easily carried through in the same way as in the ordinary quantum electro- 


dynamics” by noticing the relation 


SHBAD (— 20k — ily) SHB) = a (Se 


ae 


(k) —Sp(F+2)}. (3-10) 


Now, since 7/=—2, 73=—1, 7;=—2, the condition for the divergent graph (2-7) 
becomes in this case 


Ee +20, + y+ 20,5 4—Deg. (3-11) 


When remembering the gauge invariance of the theory, the graphs satisfying this condition 
ate those corresponding to (A”=2, H°=0, ,=1.=0, ty==1)3. (ES 2 ea 
=H, =0, 7.=2) and Ge =2,:A"=0, 1,=1,=0, 4=1), (2° =2, 2. =0, 96 
=0, /,=2). These graphs are photon’s and electron’s self-energy parts of the order ~é’, 
which give the logarithmically diverging charge and mass renormalization terms. The 
other graphs are all convergent. 


In order to pak ithe second order self energy of the electron convergent it is sufficient 


to use, for instance, “OF uvLt/,y instead of the last. term in A, of (3-4). -Onethe 


other hand, to ae the photon’s self-energy part convergent it becomes necessary that 
Sp(%) is more strongly damped than the one given by (3-6). If, for this purpose, we 
introduce the term Ady), say, into /7,, then S;(£) becomes ~ 1/2", while accompanying 
the introduction of this term the gauge invariance of the theory requires the further terms 
such as —icdd, 0", 12°A, AO" “bd, »-, among which the second order effect of the 
first term and the second term give the quadratically diverging photon self-energy, and so 
lead to the logarithmically diverging charge renormalization term. Such a circumstance 
seems to be common to the charged field in general that the method (8,) cannot remove 
some types of divetgences, while for the neutral field it does not occur. 


Now, we shall apply the method (B,). As the interaction Hamiltonian we assume 
the following form 


4k 
These functions are just equivalent to ones obtained when HY is considered as a part of the free 
Lagrangian. 
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H,=4(0,90,9 + 2p +e.) + "anP wOak 


Tite (rap ae Orn) Aus 
Hy=ihe ($d ,9— 9, P¢) Ay +c. 
i hpgA,Ay =r CeGes 


where ¢ is an auxiliary charged spinor field (with mass x’ 
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(3-12) 


and spin 1/2) introduced. for id, 


and /,) the antisymmetric tensor composed of an auxiliary neutral vector field (with 


mass M) is introduced for A,. 
The self-energy part of the electron becomes 


othy — x 


Pe Or a 


Se (4) =271 (A(# +) 


? 


which gives the modified propagation function 


—1 1 
= 


2m ip 4 x) + (AR +2)} 


Similarly, the self-energy part of the pheton 


: 412 (fe) 4 
ph (Bb) — (271) —— 
YI?" (4) = ( ) IP 
leads to the result 
1 i 
D,,(é)=— - sao 
ah ) ti pW (fw) 
ee ba 


Hence, we find 
o’=—1, [Pp = —4, . etc., 


and 


ni =—1, W=—'4> qs = —3, 3 


from which the condition (2-7) turns out to be 


Sor Bey Ny + 414 + 3g + 51, = 4—De, 


2 


GB: 


(3- 


(3 


G: 


G: 


(3° 


13) 


14) 


-15) 


16) 


17) 


18) 


(3-19)” 


where Z°? means the numbers of external lines of spinor fields. In this case this inequality 


* 7 is the number of vertices corresponding to the first term of A in (3:12). 
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== Ne= 0). and, (B= 2, 


ymh sp 
is satished for the set of values (H”=2, E?=0, 7,=1, My 
LE =0, mo=2, My= y= 1,=0). But, when remembering rhe gauge-invariancy of the 
theory, which is proved in the same way as in (2,), the corresponding graphs are seen 


; : 
Therefore, the present model do not involve any divergence. When 


to be convergent. 
; ; 
constructing ; and Dj; there appear no divergences and so the method (/,) gives the 


completely convergent theory*?. 
ii) Jleson theory 

As an example of the unrenormalizable meson theory we shall consider the neutral 
pseudo-scalar meson field in interaction with the nucleon field via the derivative coupling, 


which is described by the Hamiltonian 
H= ify 7900. (3-20) 


When we make the correction to the ¢-field we are led to the same circumstances as in 


i) (the method A). That is, since 7’/==—1, and 6’=—1, the condition (2-7) reads 


pol 4 2B" < 4. G20 
2 
Thus, by use of the counter terms introduced to make S}"""" convergent we can also 
remove further divergences. 
Next, we shall consider the case in which the meson propagation function is modified**). 
As 6"=0, it follows from (2-6) : 


6” = — 2, (3-22) 
and from (2:8) 
7 =O) (3-23) 


Thus, (2-7) gives the condition for divergent graphs 


3 ucl. Ay 7 Ue el , 
Boe ot De’ (3-24) 


This case was previously suggested by Hu”. (3-24) is identical with the condition for 
the case of pseudo-scalar coupling. Here, we shall give some remarks on the meson self- 
energy graphs. At first sight it appears that in order to cancel the diverging parts thereof 
is necessary the counter term such as the one involving four derivation operators 0,9,69,,0.9, 
since outside the self-energy integral there exist two derivation operators 0,9, from the 


outset and the graphs are quadratically divergent. The above counter terms can be constructed 


* In view of the fact that the non-singular quantum electrodynamics can be obtained by our method 
as well as by the usual procedure of the renormalizction and that if we take the constants 4 and j/ to be 
sufficiently small the former leads to almost identical results as the latter, it seems for us that the ordinary 
renormalization theory is not necessarily the unique solution of the problem, but merely the one among several 
possibiiities. 


Ae When both propagation functions Sj and Dp’ are modified, the calculation rule becomes very com- 
plicated. 
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& neither the mass nor the charge renormalization. But, in general, two adjacent j’,-factors 
in the closed loop of the meson self-energy graph can we combine by making pass through 


the intervening factor S;, the result being then written in the form 


ky —*, wky—x 2x = 2x 
: 5 9 a oO 5 ce yt ° 9 °o o a \- bd 
fee Ree EO +e 


After eliminating all the j7,’s in this way the most highly diverging terms (quadratic 
divergence) are given by the cross term composed only of the factors S, (i.e. not 
containing the factors 2x%/(4°+)). This term being of the same form as that of the 
photon self-energy graph in quantum electrodynamics, is thus taken to be vanishing. After 
all the meson self-energy becomes logarithmically divergent. Therefore, taking into account 


the two derivation operators stated above the required counter terms turn out to be 
x / o 
Ohh By(A,89uh +248). 


Therefore, the required counter terms are all of the same form as those of pseudo-scalar 
coupling case. That the above counter terms can be interpreted as the mass and the 
charge renormalization may be evident from the consideration as suggested by Takeda”. 

iii) Theory of B-decay 


Among the well-known interaction most troublesome are the direct interactions between 


four spinor fields such as those describing (-decay, decay and absorption of /-meson and 
their coupling constants are of the dimension of the square of a length, ie., 7=2. And 
so, why the /?-decay phenomenon, say, can well be interpreted by the usual Fermi theory, 
it seems one of the most incomprehensible problems in the presnt status of the renormaliza- 
tion theory”*.. From our view-point however this problem is understood in the following 
way: Remembering the fact that there exists the strong interaction between nucleon and 
meson fields we can take 4°""’=—1 (for example, by means of ii)) and then it follows 


Nadecay = 0- 3 a 25) 


This condition indicates that the /-interaction in this case can be treated as if it were 
the first kind and so the divergences appearing therein shall altogether be removed by a 
finite number of counter terms. 

We can also apply the method (/,) to this case. It is convenient to modify the 
neutron and the neutrino fields, respectively, since they have nothing to do with the 
requirement of gauge-invariance. For the closure of the theory it is sufficient if we assume 
the auxiliary interactions with 7y=7,=2, for example /y=/0,.4y Ful IP Fi =10\ Kleen 


since the condition (2-7) becomes then 


3E,+3E,+ Ext E, S 8. (3-26) 


Of course, if we are content with the lowest order approximation for the /-decay matrix 
elements because of the smallness of the coupling, we shall obtain the same results as the 
usual ones, for the external lines suffer no essential modification under the use of our method. 
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§ 4. Some remarks 


In this section we shall give some remarks on the formulation and its physical 
meaning of the method developed in the preceding ‘sections. 
i) The constants 7, of auxiliary interactions Hs should be large enough to be possible 
of obtain the non-singular theory. Such interactions with large 7’s can be constructed 
either by using the derivation operators or by introducing the auxiliary fields with large 
spins (cf. II). . 
ii) In the previous and the present papers (1, II, IIL) we have adopted the S-matrix 
of the form 

S= S Oates [ deaP* Pile Whee Seer (4-1) 
n=0 n! J—@ —o 

where Z’(1) is the interaction Lagrangian and P* means the operation, which behaves 
as the Dyson’s P-operator except that the derivation operators involved in /’’s act after 
the chronological ordering and so which effects, for the vacuum value, the following re- 


placement : 
CPE END) Gea), EO) FF (")) \ > F (0)F'(0') 13 (O)4d,(a—2x'). (4: 2) 


Therefore, it should be noted that Z’(7) must not be rewritten by use of the field 
equations of free fields. Let us consider, for example, the case in which Z’() contains 
the term ((_]— (x*)?)U*%(x). This factor is zero in the interaction representation, but 
not in the Heisenberg representation. In the former representation, the interaction 
Hamiltonian /7(x) is non-vanishing contrary to Z/(x) and {//(x) —(—L’(%))} contains 
the normal independent terms”, which give in this representation the effects, equivalent 
to those of the interaction Lagrangian in the Heisenberg representation. What we can 
obtain by use of (4-1) is just these non-vanishing effects. Thus, in (4-1) L’(1) 
must not be put equal to zero, since the /*-operator is acting*’. 

The fact that (4-1) gives the correct S-matrix even for the interactions of quite 
general types was discussed in detail in the separate paper”. As shown there, we can 
intreduce independent canonical variables, based on which the quantization can be accomp- 
lished by means of the canonical formalism. The field quantities then obeys the field 
equations and commutation relations for free fields with the definite mass x in a suitable 
representation. (i.e. interaction representation). Moreover, it can be shown that this 
quantization method is equivalent to that of the Heisenberg-Pauli theory even in the case 
of interactions having higher derivatives. The field operator U*(x) in the Heisenberg 
representation is obviously a certain functional of the independent canonical variables at 
the same point in this representation. In the case of the general interactions the inter- 


action Hamiltonian and the functionals are the power series in the coupling constants and 


Thus, the interactions which we have termed so far the “‘ Hamiltonian ” are not the true Hamiltonians, 


but the negative of the interaction Lagrangians. Bearing in mind the above notice, however, we can still use 
this name for the latter. 
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so in the present status of the theoty we can not but assume their convergence*’. With 
this understanding, (4-1) is regarded as the S-matrix which connects the incoming and 
the outgoing waves of the independent canonical variables in the Heisenberg representation. 
We shall give further remarks concerning the method (B,) the auxiliary interaction 
of which is A, =f (9) U*F'(9!)U*. In this case we have from (1-2) 
Ay (2) = oN Bee aaa (4-3) 
1—fd% (£) F(—ik) F' (@k) 


On the other hand, if we consider //; not as an interaction term but as a term in the 


free Lagrangian, the field equation of the free u-field becomes 
(A* (8) —/F(—8)} U*'=0 (4-4) 


instead of (2:2'). Then, it can easily be seen from (2-2) that (4-3) is the Green 
function of the equation (4-4).**) 

As is well-known, in the theory of non-local action quantized in the familiar way” 
there appear several fields with respective masses, some of which are of negative values. 
These fields correspond to respective independent components introduced through the high 
derivatives. But, as mentioned above, by use of the other canonical variables, in which 
the high derivatives can be absorbed, we can obtain the quantum theory of the field with 
a single definite mass <*. From the view-point of the theory of non-local action our 
theory is considered as based on this quantization method. 

In the case of (B,) our method may be regarded as the quantum theory for field 
quantities U' which, for instance, satisfy a relation such as 


(P(U* (x), U" (#')) = 4" (4— 4’) s 


In the case of (B,) and some cases of (A) we can not interpret the method in this 
way for the reason mentioned in § 2, vi). 

iii) When we derive the function (1-2) from (1-1), we can not determine the property 
of d%/(#) at its poles especially those on the real axis of the #,-plane, for the series ex: 
pansion thereat does not converge. However, we .can find this behavior by means of the 
well-known property of the S-matrix. When the instantaneous variation of the state is 
described by an unitary transformation S(o), the propagation of the signal between two 
points + and x! occurs according to the requirement of the causality, that is, the influences 
from the past and to the future are described by the converging and diverging waves, 
respectively, which, speaking in the language of momentum space, correspond to the 
negative frequency parts of the propagation function. This fact gives the property of 
4%! (x—-x') so that the path of the integration of 4%/(%) in the %,-plane must make 


* We can, in fact, find some examples of interactions with higher derivatives, for which these series 


converge and canbe written in the closed form. . . 
** There appear similar circumstances in the case of the methed (4:) if we regard the interaction 
SEO) U*F7(O) U® (a4) as a part of the free Lagrangian and rewrite it into the diagonal form with respect 


to suffices a, 8 by a suitable transformation to the principal axis. 
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ee : PLEO NG 3) 
detours passing above or below the poles on the positive or negative real ae : 

Corresponding to the alterations of internal lines, external lines are modified by the 
relation (1-3). As well known, the right hand side of (1-3), which eventually reduces 
to a numerical factor, involves some ambiguities, because Us satisfy the equations of 
motion for free fields. This factor, however, is to be determined in connection with the 
unitarity of the .S-matrix as was done in the determination of the charge renormalization 
constants in quantum electrodynamics. Since the determination in this case is consistently 
carried through under the assumption of adiabatic switching in and off of the interaction 
constant”, it is supposed that in our case this procedure may give right answers in 
agreement with the unitarity. 

When poles are defined as above, the discussions regarding the coincidence of some 
poles (or displaced poles) are performed along a similar line as the usual theory, which, 
therefore, do not lead to any difficulty relating to the ultra-violet divergences. 

The poles of 4% appear in quite a different manner from the usual ones and so 
there frequently arises the similar effect as the resonance in the final expression of the 
cross sections. For example, when the meson theory presented in § 3, ii) is applied to 
the treatment of the nucleon scattering’, the resonance effects appear and they strongly 
effect the steep form of the excitation function. 

In this particular example, the connection of the present method with the usual 
damping theory can more clearly be understood. That is, if one neglects, in the denomi- 
nator of S;, the inductive (real) part and keeps only the resistive (imaginary) part of 
the field reaction, the results of the former becomes identical with the latter. Such a 
correspondence may perhaps be present in more general cases, too. 

The new kind of poles also gives rise to the effects like the infra-red catastrophe of the 
usual perturbation theory, which seems, however, not to be essential difficulties of the method. 
iv) In this paragraph we shall consider the gauge invariance of the theory. As already 
mentioned in connection with some examples of § 3, the method (4), when applied to 
the charged field, cannot lead to the gauge invariant results. This defect is due to the 
following two points; (1) that when constructing 4%’s of charged fields one has used 
the gauge-dependent counter terms and (2) that the radiative corrections has been con- 
sidered only for lines and not for the corresponding electromagnetic vertices. On the 
other hand the method (4,) and (4,), when starting with the gauge invariant Lagrangian, 
do not destroy the gauge invariancy. In the method (4,), however, it becomes impossible 
from this requirement to construct interactions such as satisfy the condition [1] and so 


it seems very difficult to obtain the completely convergent theory, although in this case 
we can of course obtain the non-singular theory. 


* In fact, in the usual perturbation theory the path of the integration at the poles of dj satisfies the 
requirement of the causality, for 
dete ee 2id* (ax), a(x) Sale); 
S—21d- (w= 41), a (4) Ca(a), 


where g(4) indicates the space-like surface through the point « and g(x) >o(.x’) means that o(.x) is later 
than 6(2’), i 
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Frohlich’s field theory of superconductivity is rewritten in a form in which the recent (perturbation) 
methods of writing down matrix elements can be readily applied. 


Frohlich (1950, 1952) has recently developed a theory of superconductivity in which 
the super-conducting behaviour of metals arises from an interaction of two fields, the field 
of “free” electrons in the metal and the field of the lattice vibrations. The general study 
of-interacting fields has made great progress recently and it seems worth while to write 
Fréhlich’s theory in a form in which the newer powerful methods can be applied to it. 
This. seems desirable, particularly, since doubts have been raised as to the validity of the 
perturbation approach used by Frohlich (Wentzel, 1951) and since a renormalization of 
the velocity of sound has proved necessary (Frohlich 1952). These, precisely, are the 
problems which other field theories have to face. In this note we rewrite the Frohlich 
theory without making any calculations. To these a subsequent paper will be devoted. 

The electron field is characterised by the field functions ¢/,(1) and ¢,*(x), (4=2, 


¢ and 7=1, 2 for the two spin states), which, provided no interaction is present, satisfy 
the equations 


-z OY, REG 
eet SON Rey 51) Be 8 1 
or 2m a @) 
Bato a eae 
th Sg ae Per ai). 
or 2m : (2) 


The Lagrangian density can be written as 


2 


L,=1th* Sos grad $*-orad ¢), (3) 
Writ ene yd 
rite P(4 Seek é 2 dk (4) 
where BEE he feces Fer a Bids © 
h 2m 


To satisfy Fermi statistics we postulate the anticommutation relationship 
(dhe(ar 2), ds*(a', t)} =0 @e— m1") bu, (5) 


all ather anticommutators vanishing. 
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To characterise the vibrational field we use a field function $(7),* defined as 


o(2)= as | 5a ZA ci (ta wot) * p,—t(uc= wo ) 
O( ) (ny? T2)0| os etait dw (6) 


o<\w\ <I 
«w,==5\@| and s is the observed velocity of sound. JJ” is the maximum value of |(o| which 
in Debye approximation satisfies the relation 
n(the number of atoms/unit volume) = 217*/3 (27)°. (7) 
This definition ensures that 4(17) satisfies the equation 


SN es 
vd fee see 3 
(4-4 © so =0 (s) 
derivable from the Lagrangian density 


gE ae aes : 
I=) §—* (grad 9) (9) 


The commutation relationship is postulated as 
(3, Ce =0(w—w’). 3 (10) 
So far we were dealing with free fields. The interaction Lagrangian density, as given 
by Bethe and others, can be introduced in the form 


Lin =& b* (4) i); (x) el 1) 
or 


The total Lagrangian density is therefore Ly + Lot Lee: 

An interaction representation can now te set up with the usual unitary transforma- 
tion, such that the fields ¢/ and ¢ continue to satisfy the equations (1), (2) and (8), 
while the commutation relationships are given by (5) and -(10). We shall later find 
that if in (9), s is to be interpreted as the observed sound velocity, the interaction 
Lagrangian (11) is incomplete and has to be supplemented by renormalization terms. In 
the subsequent discussion we shall always assume that the operators ob, o*, @ are interac: 
tion representation operators. 

Let us denote by |/’)the state in which electrons (of either spin) fill all energy levels 
upto the Fermi maximum iw K°/2m. We are interested in calculating the self energy of 
this state |). In the time dependent formulation of perturbation theory, this quantity 
is obtained by writing down the S.matrix and evaluating (F|S|/). The S-matrix, in a 


perturbation expansion, is given as 
sa syh (Hifi [ety att T Lane 62) Lom C09) Ln Cay eet) 
ni 


T is Wick’s ordering operator (Wick, 1950). The S-matrix has been written in 
terms of the interaction Lagrangian, rather than the interaction Hamiltonian. The reason 
for this will be discussed later. 


The problem, therefore, is one of the evaluation of the matrix element 


(F\T (Line (44) Lene (42) -* Line 0) PD: (13) 


*) The definition of $(x) actually depends on the detailed description of the lattice and its vibrations 
and the above definition is one of the simplest one could adopt. 
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For this we use Wick’s theorem on the decomposition of a 7 product into a sum of 
normal products. For boson. operators we retain Wick’s definition of normal product, but 
for fermion operators a change in the definition will facilitate the evaluation of (13). 
Consider boson operators first. If MV is the symbol for normal product (such that 
creation operators stand to the left of annihilation operators), it is easy to verify, using 


(6) and (10), that 


TO (x,)8 (42) = NO(4,)9 (4) +d(4,—F5)5 (14) 
where 
a(4,—%5) = @ + ee | dea| dey ples ~. (15) 
£ 2 (27)? =0 (0j— OS 
C< |2o! =< 


The use of Zi, (#) in the S-matrix ensures (Koba, 1950) that 


( 79041) 39(+») \ 0 42. d(4,—40), (16) 
ad, Bip e Bee on 


where (  ), stands for vacuum expectation value. 


For the fermion operator, ¢/(x) is written as 


fb (x) =, (4) +7* (4), (17) 
where 
a 1 tex 
OEE Es Wes Gaye |“ Gers (18) 
cSk|<k 
w#.*(xv) annihilates the electrons in the state |/°) and 7,(4) creates these electrons. Thus 
uo(x)|F)=0, Cf la (ayn, (19) 
and {77,(44), Mo(4)} =0. 


This decomposition of (x) allows us to consider the Fermi state* |F) as the re- 
ference state, having in fact, the same role as the “vacuum state”? in the relativistic 
theory of electrons and positrons. Thus 7,*(7) can be interpreted as creating a hole in 
the Fermi State, and U(X) as annihilating a hole. If, now, we define normal product 
NV(f7) corresponding to a product U of ¢, o* Operators, as a re-arrangement of U, 
after it has been expanded out in terms of ~ and x* operators, such that all starred 


Operators 7* stand to the left of un-starred operators 7”, with their proper signature, then 
NED (x) p* (7) =—,* (ye, (4) +1, (4) v,( 7) 


and + tg" (a2) 14,* (7) + 2t9* (4) to( 7”) (20) 


TY (a) o* (y= Pla) o*(y), teoly (21) 
=NEP(L)P* (9) + {ey* (yy (2)} 
SNAPP CI) + AGED)» (2)} — frt0y) t*(2)} (22) 
JA GE Pye Ce), ys tes 


*) The idea of this type of modification is al 


ready in H. Miyazawa’s k, H. Mi 
Theor, Phys. 6(1951), 788, : a, pees 
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= N* ph (£YP* (7) — {to y), te*(4)}. (23) 
Writing 1o*(y), $(#)} =s (4-7) 
and fr (V), ust (#)} =4s(4—y); 
we have 
TYs(ae) $y) HN *Pce) * (1) 

+0,[0(a—y) s(a—9) — 4s(x—7) ]. (24) 

Here O(a—y) =1 it; 
=0 Let 


and from the expansion (4) and relation (5), we have 


As(x—y) = 


eee [ux 3 (Ey — explo) (25) 


(Sik |< 


while one representation for 4(7—y) s(%~—y) is 


1 1 ak dk, 
; 5 =(8 [done k(a—y)],. (26 
277 (27)° la (4/2) ke Bae E a II, ( ) 


O(2—7) say) =— 


the / integrations being from — °° to + while for %, integration, C, is a path above 
the real /%, axis. 


Equation (24) is written equivalently as 


(Livy b*(g)) r= Oi (4-9) 5 (4-9) — 452-9) ] (27) 
With the propagation functions d and @s—As, and with state |/’) acting as the 
reference (vacuum) state, it is quite easy to state rules for writing down the S-matrix 
elements. 
Thus to write down the matrix element for some given type of process, with specified 
number of particles emitted and absorbed (with reference to |/’)) draw all graphs which 
have the right set of. external lines corresponding to the particles absorbed and emitted. 
Each vertex in each graph has three lines ending at it, one incoming electron line, one 
outgoing electron line and one phonon line. To each graph with 7 vertices corresponds 


one normal constituent S,, of S. Choosing a particular graph a, we write down the ex- 


pression 

Si, Line (41) °* Lene An) (28) 
and pair off the factors of S, as indicated by the graph G. Replace each’ factor pait 
36(4,) /Bt, 86(4») [Ble by a = Uay—#s), cach factor paic x(n)" (72) by 


6 {0 (4,—%9) 8 (41 %2) — As (41-42) J, and write the remaining unpaired factors OF. toes 
U(x.) $a) as an N* product V*(fp( xa) $a" (4): 
The whole expression is multiplied by +1 according as the signature of the factors 


pepcsine in the rearrangement 
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(Di(2) b*(2)C J CY) N*85 Ga) Fa (%)) (29) 


is even or odd. 3 _ 
A substitution of the wave functions of the absorbed and emitted particles (with 


reference to |/)) and an integration over 1,%9,°°"4 finally gives the required contribution 
to the matrix element. 

In actual evaluation each graph with 7 internal electron lines (and associated pro- 
pagation function Gs—ds) can be replaced by 27 graphs containing ete lines with 
either of the two propagation functions 4s or (—4s). It may be pointed out that a 
closed loop’ containing electron lines with associated propagation functions #s only, must 


vanish identically on account of the vanishing cyclic factor 


A (4,— 4) 0 (a,— 4s) ---O (4, = 44): 


The self energy of the state |/”) is calculated by drawing all “‘vacuum”’ to “ vacuum ” 


33 
gtaphs and evaluating them. Quite generally “ vacuum” to ‘“ vacuum” expectation value 


of the S-matrix, 


(F'|S(é 4) |) =exp!—2/4-4E (%—2,)). (30) 
Actual calculation (Feynman, 1949) shows that 
ES 
mae ;— |F\= os aM BE ZS 31 
(F|S(+ 00,20) UP) exp] <a, — 22 — | G31) 


where o, is the sum of the contributions from proper, connected 7-th order graphs, and 
each a, has 0'(0) as a common factor. From (30) and (31), JZ is obtained directly. 
The “self” energy in state |/°) of a real phonon is easily seen to be of the form 


d(w)7(w)d(w)z(w) in all orders, where 
: Z(w) =a,f(W, w, K). 
A part (not dependent on w) of this expression may be cancelled by an additional term 


00 \*. : ; : as § ners 
at 9 in the interaction Lagrangian. This is equivalent to a renormalization of the 
/ 


0 


velocity of sound, or alternatively a renormalization of the coupling constant. These points 
will not be discussed in detail here. 


This work was started in collaboration with DrsakoaS* Singwi, at the Tata Institute 


for Fundamental Research, Bombay. To him and to Dr. H. J. Bhabha, the author is deeply 
indebted, for discussions and hospitality. 
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Remarks on Lévy’s Fourth 
Order Poteatial 


Tetsuo Hamada and Masao Sugawara 
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Using the extended form of Tamm-Dancoff 
method!) of the nonadiabatic treatment of two-body 
problems, Lévy has recently calculated the fourth 
order nucleon-nucleon interaction via the symmetrical 
ps2udoscalar meson field.) In the nonrelativistic 
region this interaction is expressed in the usual form 
of potentials and the main part of this was found 


to be 


run =—3() ( SAY re {2 meu) 


Le Kony}. 


This comes from the processes which involve the 


creation of two virtual nucleon pairs in the intermediate 
states. The first term is the contribution from the 
processes involving only one pair at a given time (but 
successively two) while the second is given rise by 
the processes which involve two pairs at the same 
time.) The first term is in agreement with what 


results from a scalar pair coupling of pseudoscalar 


mesons!) and also with Nakabayast and Sato’s result”) 
in the adiabatic limit. Lévy says that the contributions 
from the processes which involve just one virtual pair, 
which are also of the order (G2/4n)2(n/2/)%, cancel 


Fig. 1. Processes which must be added to those 
shown in Fig. 1 of Z in order to obtain the second 


term of (1). See reference 3. 


each other. We found, however, that this statement 
is not correct and to clarify this point is the aim of 
the present note. 

The essential of Lévy’s method of calculations 
will be first briefly illustrated, the notations being 
the same as those used in Z. The twobody wave 
function $(2") obeys the equation of the form 


4 
(+e) ¢(1) = \ dn" U(r, 17; Wyo’) 
(2) 


in the center of mass system. In the analysis of low 


energy properties //’ is replaced by 2/7 and 
Cnr, 17) = (22) ~8 \ dp dp! Aen (p, p/) ev? PI", 


where 4.n(p, p’) is the interaction term extensively 
For the fourth order 


processes (7 =2) A;(p, p’) involves an integration 


discussed by Lévy previously.” 


over one arbitrary intermediate momentum. Thus, 


writing 44(p, p7) = \ dk; A(p, p’, ky), we have , 


U(r, 9) = \ dk, dke Ay(k, ky) ee" 8-1”), 

é (Ge) 
if 4(p, p, hi) =4s(p—P’, ky) and p—p!=K. 
From (2) and (3) one can define the fourth order 
petential by 


V4+(7) = \ dk, dk 4,(k; key) gikr , ¢ 4 ») 


Then /() can readily be calculated by writing down 
A,, which thing is easily done by means of diagram 
representations of various processes. One-pair processes 
which give contributions of the order (G2/42)? (2/242)? | 
are shown in Fig. 2 of Z. 
In writing down 4’s we note the following rela- 
tions : 
(P\AN| PM) (PY | HN PY 
= nty* (pp) po.241 (pp) * (P) Pa © Ee) 
=1),(p, PT. (0% Pp), (5) 
(P\|A|P, PY", P!>¢P, P", P!\H"| PY 
+ =T(p, —P")Ta(—P% PY, 
except the meson part of the matrix elements (Qn) -"'? 
(2w)~1/2 and the appropriate isotopic spin factors. 
| Py P", P’, 8. corresponds to the states in which 
two nucleons with their respective momenta 9), yp’ 


and one antinucleon with p” exist. 4 and w%» are 
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the positive and negative enetgy eigenfunctions, 


respectively. We further note 
Bi De) Fg OED oad) 


and In (9, —P”) Py (— 1s PO). =1 (6) 


in the nonrelativistic region. With (5) and (6) 
A’s are readily written down. Once 4’s have been 
written down the potential can be easily calculated 
referring eq. (4) above. Thus, diagrams a, :, and 
c in Fig. 2 of Z lead to the exptessions (17), (18), 
and (19) of Z, respectively.) Hence the conttibu- 
tions from the processes illustrated in Fig. 2 of Z 
do not cancel each other but are given by 

G4 xi( 

Conse (2M/)-3 \ dk dy 
x Ger) -e—t(kit+ha)r . C7) 
Ow" 
Integrations in (7) can be performed using a 

convention 


—i hkitke)r 


(hey - Feo) | 
oO oO e 


WM)" Wo” 


\ dk, dh 


ent(hint lear!) | 


1 
—>—lim(7-77) { ake, ahs 9, = 


ror Oo 


The potential is repulsive and is given by 


ENN Blt yond 
4r 2M “er wr 

(8) 
This almost cancels out the attraction of the same 
order given by the second term of eq. (1). One 
may expect, therefore, that Lévy’s numerical values 
for G?/4z and 7, should be considerably modified in 
order to fit the low energy data. It is also interest- 
ing to note that the potential (8) is obtained if one 
calculates the contribution of the processes of the type 


to] 


Pig. 2. A typical process which give 
the potential (8) if the interaction 
Hamiltonian is given by (9). 


shown in Fig. 2, the interaction Hamiltonian being 
of the form _ 
Oe 


eal quae _ 00% ey AG S 
2 PIs e TY Per ae 5 (7) eevee 


which is the well-known consequence of Dyson 
transformation’) on the pseudo-scalar interaction. 
Finally it must be remarked that there are six 
other possible diagrams than those shown in Fig. 2 
of Z, which give rise to the one-pair terms. These 
are processes which involve one or two mesons emis- 
sion (or absorption) by one nucleon while the other 
nucleon experiences negative energy states. © Typical 
two diagrams are given in Fig. 3. Four diagrams 
of the type 44, give contributions of the order 
(G?/47)*(p/247)4 and two of the type J/, do of 
the order (G?/47)?(y4/247)*. These do not affect the 
potential to the order considered and can be ignored. 


Fig. 3. Two typical processes other than those 
given in Fig. 2 of Z and which give rise to one- 
pair terms of higher orders. 


We are very much indebted to Mr. T. Matsumoto 
for his earnest discussions in the course of the present 
analysis One of the writers (T. H.) wishes to ex- 
press his gratitude to Yomiuri Yukawa Fellowship 
for financial support. 


1) I. Tamm, J. Phys. (USSR) 9 (1945), 449. 
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M. M. Lévy, Phys. Rev. 88 (1952), 72. 

2) M. M. Lévy, Phys. Rev. 88 (1952), 725. This 
is referred to as Z. : 

3) Diagrams 4, and 4, of Fig. 1 of Z give only 
half of the second term of (1). One should 
take into account two other diagrams in Fig. 1 
of the present note. 

4) G, Wentzel, Phys. Rev. 86 (1952), 802; inves 
Lepore, Phys. Rev. 88 (1952), 750. 
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5) K. Nakabayasi and I. Sato, Phys. Rev. 88 
(1952), 144. 

6) Our results of calculations coincide formally with 
expressions (17), (18), and (19) in Z. We 
consider, however, that there must be some mis- 
prints in these equations since the conclusion that 
UTI VO +16 =0 can never be reached 
from these expressions. 

7) . J. Dyson, Phys. Rev. 76 (1948), 929. See 
also reference 4. 


A Non-local Wave Equation and 
its Connection with the 
Dirac Particle 


Takehiko Takabayasi 
Physical [nstitute, Nagoya University 


April 14, 1953 


Since the Schrédinger equation for state vector 
originally works in the Hilbert space, it must in the 
ordinary space representation take a form of generally 
a ‘non-local’ wave equation, even in the case for a 
single particle. Really in this case, however, we have 
the well-known localized wave equations in virtue of 
the specific simplicity of the Hamiltonian, which is 
a second or first order /olynomial in the momentum 
p» Yet even in such a case (e.g. with Hamiltonian 
H=p"|2m-+V (ac), if we pass over to the interaction 
representation through the canonical transformation 
with the (momentum-dependent) unitary operator, 


Depa es : 
U=exp( — ——p*)}, we obtain in the ordinar 

fee DI y 
space representation a ‘ non-local’ wave equation in 


In this 


note we shall exhibit and examine a case where the 


case of general external potential /(a). 


wave equation fot a particle is essentially © non local ’. 

As is well known, the classical relativistic motion 
of a free particle (of mass 7) is derivable from the 
Hamiltonian ; 


Rew 3 


and so we can consider the corresponding quantum- 


eet (p2+m)'!?, 


* We use the units such that c=1. In this and 
the following equations the double sign =: means 
that either of + is to be taken in the same order, 


unless otherwise stated. 
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mechanical system.!) The Schridinger equation for 
such system is 


0 
ee iy, se (pene) it} oO (p; 7) =07, = @2) 


where v+(p, @) is the wave function in the mementum 
representation. From (2) the wave equation in the 


coordinate representation is obtained as 


1 dO¢+ 
“3 Cire \ (ae — 90") a (20/, ¢) dae’ =0 5 
Rte) 
where ‘4 (a@—2X’) =(a|H+| a7), ie, 
1 : 
(ae  eiae ie: \ (Ket x2) 1/2 thar dhe . (x= ]4) 
) 
Its explicit form is 
Ky (xr) 
(oe es A207) = (acl) 
21 7 
1 a x \ Ta Z1 
— - = —— Wie 
a 74 167" ee Bd pa 
i‘ x4 e7 UT 


i meme eG eat 
decreasing exponentially for large ~ but having ap- 
preciable values for r<A, (the Compton wave length). 
Thus the wave equation (3) is. surely of non-local 
type, though 7(a) diverges as r-4 for +0, with 
its space ‘integral also diverging. 

To see the ‘non relativistic’ limit, we expand (4) 


in the descending power of x, and get 
= (: MILES ha Sante =) 3) 
9 (a) =% SRS. Bid var, x). 


Here 7(a) is expressed as an infinite series in the 
§function and its derivatives, so that it is essentially 
an integral operator as seen above. Eq. (3) then 
takes the form 
A Ot alae 
Saas eae? + { v1p4—- V-vs 
Pare Aye eg eriae 


z 
> mai ae )=0 , 


indicating that the usual non-relativistic Schrodinger 
equation corresponds to the j,2-approximation for our 
wave equation with positive sign for (1). 

The content of our wave equation will more 
properly be expressed in the form of an initial value 
problem ; that is obtained as 


a 
b+ (0H, 2) = \ arr A* (ac —a0/, t—0/) 


xp (a0’, 1) da’, (5) 
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where the functions 42: are the positive and negative 
frequency parts of the invariant 4-function respectively, 


and are themselves relativistic invariants : 


z 5 9 9 7k Vu 4h 
ASE j O(Ryu2+ x7) hi ath 
2n)3 
oe ko>9 
- or ko <0 


1 
=— (A741), 
oe 7A‘) 


The explicit form is 
2 FOC) 


8x Alz ij 
LO 
—% AONE) 
io ee eye am WP 
— tc-r <0 
Bee 4S Gl=Aws) 
4n° (—A)V2 .? 


l“l<r 


with 4-=4'*, where A=é?—7*. They have ap- 
preciable (imaginary) values also outside the light- 
cone over the region of the order of 4,, and more- 
over diverge in the neighbourhood of the light-cone 
in both sides as, e.g., 


aL 
a no 
ArSpt es 7: 


z2<0. 


1 
aa (ies ; 
4x Se 


Our wave equation selects such solutions of the 
Klein Gordon equation as to propagate solely with 
positive (or negative) frequencies, and corresponds to 
an alternative linearization (in respect to time) of 
the latter equation other than the Dirac’s one. Ac- 
cordingly, these solutions must of course satisfy the 
Klein-Gordon equation, as is clear from the expression 
(5) and the property of 4£: ({ |—x2)4t=0. The 
reason why our #4 that propagates extending beyond 
the light-cone could nevertheless satisfy the propaga- 
tion equation for Klein-Gordon wave: 


0 
We, =) {awa 0 2 pater) 
0 
tay Ae #07) (ee!) | det, 
can be explained by use of (3) and of the relation, 


\ A(a—a/, t—2/) 9 (al —a0!) da’ 


0 
=—— _4(1) —=napl/ — 
ry A") (ae—a0", t=). 


We started from the ‘ relativistic’ Hamiltonian 
(1), but this is not sufficient to warrant the relativistic 
covariance of our wave equation. In fact the non. 
parametric form of the Hamiltonian formalism we 
used led to the wave equation (2) or (3), which is 
clearly not manifestly covariant. It is also to be noted 
that the right-hand expression of (5) cannot be 
generalized to an integral over arbitrary space-like 
surface ¢: 

es \ 7 fe (x—x7) «pa Ca’) day’, 
Oxy" 


o 


and that the action function 7= \ Ldé with 


ee j Sh oa* be TIC 
2 ae 


= \\ Pa* (a0 4) y (a —20’) bs (00/4) dae dx’, 


which gives (3) via the variational principle, is not 
Lorentz invariant, at least as far as we assume ¢+ to 
be an invariant. Moreover the circumstance that our 
wave function propagates extending beyond the light- 
cone is at variance with e.g. the Dirac wave function, 
and seems to contradict with relativistic requirements. 

Since, however, our wave equation is the Sc/;<- 
dinger equation that implies in the proper correspon- 
dence-theoretic meaning the relativistic relationship 
between momentum and energy in the classical theory, 
wave equations for any free relativistic wave fields 
must have certain connection with this wave equ:ticn, 
insofar as they should involve the particle picture. 
Thus, for instance, our wave equation can be regarded 
as the transformed wave equation for a free Dirac 
particle by suitably arranging ¢+4 into a spinor. More 
explicitly, we transform the Dirac equation by the 
canonical transformation due to Foldy and others”) 
with the non-covariant unitary operator : 


1 m \3/2 1 pap 
U Daze (1 ) +o : 
3 vg fo V2 {/o(fo+m)}"!: 
with fo= (S44 m) 12, 


Here, taking the usual representation that makes 9 
diagonal, the transformed Dirac equation is perfectly 
separated into four independent equations for each 
spinor component, the upper and lower components 
just satisfying our previous wave equations (2) and 
so (3), with positive or negative sign respectively. 
Thus if we regard our g4 not as a scalar but as 
upper or lower components of a spinor, our wave 
equation gains the relativistic meaning, though their 
transformation property for Lorentz group is rather 
complicated. 
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The explicit form of the Foldy transformation in 


its x-representation 1s 


f(a) > 9’ (2) = | U(x —x’) b (ac) dx’, 


0(7) 
aC) = P= 
( ) 2V2a re 
vi Le peraue ss 
+ 3V2 we (46 +2B apo b (x) > 
with 
cose ele = 
[A@) => —— bn Kea-3r@), 
n=1 2h 


BG) = 25 bn Ka—3))2(@) 5 


n=1 


Puja Aa ae Nat a0) 
: eae 2(n—1)/2 '(]2) I'(2) 


The transformation is such as to make the (Dirac) 
Hamiltonian diagonal in respect to spinor indices 
and also make at the same time ‘mean position’ 
operator”) of particle diagonal, which is the combina- 
tion of the ‘true’ position operator and the ovr. ntiwn- 
dependent Zitterbewegung subtracted therefrom; so 
that in the state where true position of particle is 
localized at a, the mean position is indefinite over 
the region of the order of A, about «1%, as is exhibited 
in the above equations. From this reason / must 
propagate somewhat extending beyond the light-cone, 
implying the effect of Zitterbewegung. 

Finally we briefly remark that the formulation of 
quantum mechanics in terms of the picture of 
trajectory ensemble developed in a previous article”) 
is inapplicable to the case where the wave equation 
involves integral operator* as in the present problem. 

Fuller account of this and related work will soon 


be published. 


1) P. A. M. Dirac, The Principles of Quantum 
Mechanics, 2nd ed. (1936), § 35. 

2) L, Foldy and S. A. Wouthuysen, Phys. Rev. 
78 (1950), 29; S. Tani, Prog. Theor. Phys. 6 
(1951), 267. 

3) T. Takabayasi, Prog. Theor. Phys. 8 (1952), 
143, Also s2e D. Bohm, Phys. Rev. 84 (1952), 
166, 180. 


* See Reference 3), §11 (a). 


The Theory of the Structure of 
Elementary Particles* 


Osamu Hara and Toshio Marumori 
Institute of Theoretical Physics, Nagaya University 


April 26, 1953 


Although recent progress in the theory of ele- 
mentary particles has gained brilliant success on ‘one 
hand, the essential limitation of the theory itself seems 
to have become clear especially in these two or three 
years. It is im connection, for example, with a 
remarkable regularity between the rest mass of ele- 
mentary particles as first pointed out by Nambu," 
with cutious nature of /” particles which seems hard 
to be understood within the framework of the current 
theory, or with divergence difficulties inherent in the 
quantum field theory from the day of its birth. The 
most serious weak point of the current theory is that 
the assignment of spin or rest mass values to ele- 
mentary particles or the introduction of the mutual 
interaction between them must be done entirely ad 
hoc. : 

Urder this circumstance, it would be of great 
interest to investigate the structure of elementary 
particles, and thus try to elucidate the intrinsic corre- 
lation that may lie behind them. In previous papers )»*) 
on Yukawa’s: theory of non-local field one of the 
authors suggested to regard the elementary particles 
as corresponding to various states of the internal 
motion of a kind of “ Urmaterie”, and pointed out 
that the non-local field would be nothing but the 
one that would describe the Urmaterie.** Some 
development of this idea will be discussed in this 
note. 

Taking the simplest case of scalar, we assume 
that the Urmaterie is described by a scalar non-local 
field U( Xp, 74). To find constants of internal motion 
which are responsible to the structure of elementary 


particles, it is instructive to recall of Fierz’s remark 


* The content of this note ‘was read at the 
symposium on the theory of elementary particles held 
at Yukawa Hall on April 1, 1953. The authors 
would like to express their thanks to Profs. K. 
Husimi, T. Inoue, S. Sakata and R. Utiyama for 
valuable discussions and criticism. 

** Recently Prof. H. Yukawa published a similar 


attempt.” 
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that angular momentum of the internal motion just 
cotresponds to spin. Angular momentum being a 
vety inadequate concept from the relativistic view 
point, however, it is necessary to generalize it so as 
to fit better the requirement of relativity. For this 
purpose we introduce an infinitesimal rotational operator 


of the internal coordinate in four dimensional space ; 


il 0 0 
Buy= 7 ( On, 74) nah @) 


Of course the square of Ry, contains spin part, since 
(1) includes infinitesimal rotation in three dimensional 
space as its special case. In general the square of 
Buy can be separated into spin part S? and its 
counter part JM 


Ry, Rey =S2+ M2, (2) 


the separation being done in a Lorentz invariant way 
if some technique is used. 

It would be reasonable to expect that MM is also 
responsible to the structure of elementary particles 
just as S? was. The physical meaning of M? 


becomes clear on assuming 
° 


un, 7 — 2) U(X, Ole 32) 
Under this condition it can be shown that the eigen- 
value of MM, m is equal to (A/%c) times an expecta- 
tion value of the energy of the internal motion in the 
rest system of the center of m2ss. This fact, together 
with its invariant character under Lorentz-transforma- 
tions, enables us to interpret 7z as the rest mass of 
elementary particles measured in unit (4/cd).* 
Thus, eigenvalue equations for $2 and M2 
determine the spin and mass spectrum of elementary 
particles. Of course the former gives an usual result 


s(s+1) (s=0, ER) 5 (4) 
while the latter leads to a hypergeometric equation 
( as 3x. od S(s-++1) x? 
dae. Va? ae (Ge pee) 
iad me i 

pe )e@)=0, () 


. where « is a quantity related in some way to internal 
coordinates. By solving equation (5) under the 
boundary condition that y(.r) should vanish as +—>0c, 


eiganvalues of 7 is given in a relation with 5; 


* This means, in other word, to interpret J and 


J’ of the indices of the irreducible Lorentz group 
‘0331 as spin and rest mass in some rearranged combi- 
nation, 


m= (s+1)+4n(s—n), 
1 
=O SLs 2, Pe Ne = 2 (s=-1)55 (6) 


The non-local field provides us, therefore, with 
an unified description of elementary particles and 
when decomposed into simultaneous eigenfunctions 
of S2 and M2, each component describes elementary 
particles with definite spin and rest mass according 


to* 


(S2—s(s+1))U(Xp, rn; 5, m2) =0, 
(J—(m/[)2) OC Xp, Foe iy =O (7a) 


Although scalar Urmaterie discussed here gives 
elementary particles of integer spin only, those with 
half-integer can easily be obtained if U(Xy7,) is 
taken to be spinor. Thus, our picture stands a 
possibility of regarding all elementary particles as 
corresponding to various states of the internal motion 
of only two kinds of Urmaterie, that is Bose and 
Fermi. 

It would be worthwhile to point out in this 
connection that new quantum number of our theory 
is responsible to new selection rules for the transfor- 
mation of elementary particles. We hope that they 
play some role in dissolving difficulties on /” particles. 

The deduction of the spin and mass spectrum in 
the case of spinor Urmaterie is, together with the 
investigation of new selection rules suggested above, 
now in progress, and the result will be reported soon. 


1) YY. Nambu, Prog. Theor. Phys. 7 (1952), 595. 

2) O. Hara and H. Shimazu, Prog. Theor. Phys. 
8 (1952), 385. 

3) O. Hara and H. Shimazu, Prog. Theor. Phys. 
in press. 

4) M. Fierz, Phys. Rev. 78 (1950), 184. 

5) H. Yukawa, Soryushiron Kenkyu (Mimeo- 
graphed circular in Japanese) 5 (1953), 282. 

6) M. Fierz, Helv. Phys. Acta 12 (1939), 3. 

7) ©. Hara and H. Shimazu, Prog. Theor. Phys. 
7 (1952), 255. 


* Strictly speaking, non-local fields described by - 


equations (7) and (3) are not completely equivalent 
to corresponding wave functions in local field theory) 
owing to the lack of Yukawa’s third equation; 
ru(OO (Xu 7%) /9Xn)=0:7) This point ‘will be 
discussed in later investigations, 
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The Theory of the Interactions 
with Higher Derivatives 


Yasuhisa Katayama 
Department of Physics, Kyoto University 


April 30, 1953 


When we want to develop the theory of the 
non-local interaction, it is usual to take the method 
of Yang and Feldman” and then construct the S- 
matrix by connecting the incoming wave with the 
outgoing wave, because there does not exist the so- 
called Hamilton formalism. However, it is the 
essential point of Yang-Feldman’s theory that one can 
define the Hamiltonian in the interaction representa- 
tion.) Even in the case of the non-local interaction, 
it is shown possible to construct the Hamilton 
formalism, so long as one does not confuse the 
canonical variables describing the dynamical system 
with the independent yariables of the variation, and 
keep in mind the’ essential differences between the 
interaction repr2s2ntation and Heisenberg’s one. 

To clarify these circumstances, we assume that 
the non-local interactions are the (infinite) sums of 
the interactions with higher derivatives, and then 
develop the theory in this case. 

We start with the interaction Lagrangian involving 
with the certain differential operators, O(a), Of) 
and P(@), such as 


L=2 00) O (x) 0A) HO) PO)EH)- (1) 


If we take the wave which satisfies the equation 
(70 +x) P@ 9) —0 as the initial condition, we can 
connect the Heisenberg op2rators with the interaction 


operators by a set of equations 
¢ ( x) = (x, 0) 
= Fal dx! (—0) S? (x— x) O/H) PODS 


+ \ dt x/), etc. C25) 


and assuming the existence of the unitary transforma- 
tion of the op2rators in the interaction representation 
between themselves 
ory a) =U-\(4, 0’) ee a’)U(4, a’) 
=U-\(6, — >») pin(*) U(s, —o), (3 ) 
we can define the Hamiltonian by a set of the follow- 


ing equations ; 


—i[g(x, 0), 26 1(27/9)) 
= 0(—0) S(x—4/) 08’) (x) PONEOY 
Se T Cc Bai etc (4) 


The additional terms in the equations (3) and (4) 
are the four-dimensional divergence quantities which 
satisfy the free equations of motion and are determined 
so as to exist the interaction Hamiltonian. We can 


also rewrite the equations (2), such as 


goo — 2 f ax/[0(-8) G9—#), eC 91 


x Aral) 00) (a) PINOY) 


be \ dit H, (a, a’) 


ee 
eG; x) Ig 6), 6 1(x//0)] (5) 


by virtue of the definitions of Hamiltonian (4). 

In the cases of the interactions with higher 
derivatives, the interaction Hamiltonian thus obtained 
are: generally expressed by the infinite series of the 
coupling constant. But we can confirm that they 
become to be the time-displacement operators and 
satisfy the integrability conditions. 

While the orthodox method of the Hamilton 
formalism was developed early by Heisenberg-Pauli.”) 
According to their procedures, firstly we define the 
canonical conjugates (Qo Po) in the free field, and 
then in the interacting system we also define them 
(Q, P) analogously, and the quantization is treated. 
by either of the following equations + 

[Qo(*), P(x!) la =O" 1), (6) 

[Q@), PO) ear H=8-1)- (CH) 
If there would exist the unitary transformation between 
these two sets, the procedures should be consistent 
with each other and in fact this consistency holds so 
far. In the cases of the interactions with higher 
derivatives, however, there does not exist generally 
such unitary transformation and the above consistency 
breaks down. 

In order to overcome this difficulty, we can define 
many sets of the canonical conjugates (Qo, Po) by 
modifiing the free field at the outset, so as to connect 
them oC OTe )* of the interacting system by the 
unitary transformation. This procedure becomes to 
be equivalent with the theory of the non-localized 
action. 

There is another way to overcome this difficulty. 
We can define the canonical conjugates which are 
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connected with the free ones (Qo, 79) by the unitary 
transformation 
Q(a/a) =O-1(a, —00) Qo(x)U (a, —&) x/o, 
P(x/a) =U-"(a, —00) Po(x)U (a, —)z/o (8 ) 
and can take them as the canonical variables in the 
interacting ‘system instead of the Heisenberg operators. 
Then we find from (5) 


or 
a 


C=$(x) ai | 4x/[0(—a) (yO—x), e(x—x’) ] 


x A(x—x’) O(0/) h(x’) P(0’) h(x’) 
a (2) 
— | ds! 1h (2, += 4 (e/a) § (9) 
Q=Q (numerically equal), (10) 
P=i (a/o) v¥43 P=Po (numerically equal) 
and 


O=O(2]0) —i[9(4/0), | dr’ Ma! Jo) ener (11) 


by differentiating (5) with time. And we also con- 
firm that 
OL tot 


OL tot 
Sd == a 
30 and 300) OWE (72 Sel) eae C1} 


hold. The Hamiltonian in’ the interaction represen- 


tation is given by the usual method 


Ib 1= PO Po Op—(Lige(O, ©) —Lo(On, Or)) 
(13) 
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and this becomes to be nothing else the Hamiltonian 
obtained directly from (4). 

In this theory, if one takes (9) and (10) as the 
canonical variables of the system, there does not still 
remain any higher time derivative and the system is 
reduced to the ordinary system. Also in the case of 
the non-local interaction, this procedure still holds. 
The essential non-locality is cancelled out there and 
the Hamilton formalism does exist in the interaction 
representation. But the non-locality which comes 
from the spatial differentials remains and plays the 
role to remove the so-called divergences. 

The difficulty of the negative energy does not 
appeared in this theory contrary to Pais-Uhlenbeck’s 
theory, but the converging technique becomes slightly 
complicated and if there does not appear the negative 
energy, both theory give the same results. Full ac- 
count will be appeared soon later in this journal. 


1) C. N. Yang and D. Feldman, Phys. Rev. 79 
(1950), 972. 

2) Y. Takahashi and H. Umezawa, Prog. Theor. 
Phys. 9 (1953), 14. 

3) W. Heisenberg and W. Pauli, ZS. f. Physik 
56 (1927), 1. 

4) A. Pais and G. E. Uhlenbeck, Phys. Rev. 79 
(1950), 145. 
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Qn the Interaction of Additive Electrons 


with Polarization in Ionic Crystals, I 


Yutaka TOYOZAWA, Teturo INUI and Yasutada UEMURA* 


Department of Applicd Physics, Tokyo Oniversity 
* Vatsuda Research Laboratory, Tokyo Shibaura Electric Co. 


(Received October 10, 1952) 


Asa preliminary, w2 express the energy increase of an ionic crystal due to arbitrary polarization in 
quadratic forms of two parts of polarization from the stand-point of dielectric continuum. Using this 
formulation we investigate how to solve the motion of an additive electron in an ionic crystal under the 
interaction with the polarization which the electron produces around itself, especially in the case when 
there is a trapping-potential. We show that one is led to the usual method of treating such problems 
suggested by Mott and Gurney, when one uses the adiabatic approximation (in the sense of Born and 
Oppenheimer) for the system of an additive and the crystal electrons. On the other hand, if we proceed 

_on the Hartre2’s approximation for the system, another method of treating these problems is obtained. 
The latter method is applied to the calculation of various thermal and optical energies of the /- and 
F/-centers, conduction electrons and polarons, with a simplified model. The essential aspects of this 
method are stressed in the last section. 


1. Introduction 


In dielectric substance, an additive electron moves under interaction with polarization 
which it produces around itself, In case of ionic crystals, this polarization consists of two 
parts, that is, “ electronic polarization” due to the electron redistribution inside each ion, 
and “‘ displacement polarization >? which is nothing but the relative displacement of positive’ 
and negative ions. Usually the motion of crystal electrons which is connected with the 
former polarization is more rapid than that of the additive electron (which may be a con- 
duction electron, or a loosely bound electron at some imperfection) ; on the other hand, 
displacement of each ion corresponding to the latter polarization takes place much more 
slowly than that of the clectron. Under these circumstances, if is the msual” 29 method 
of treating motion of the clectron to consider the electronic polarization as merely giving 
an electrostatic shielding effect, and the displacement polarization as being determined 
by the average distribution of the electron. 

This rather intuitive method based upon classical electrostatics, however, must be criticized 
from quantum-mechanical standpoint ; that 1s, after formulating the motion of the whole 


system (crystal + additive electron) quantum-mechanically, one must investigate to what sort | 


of approximation the usual method corresponds. 


We shall show, in $$ 4 and 5 of the present paper, that the adiabatic separation 
of the motions of crystal electrons and the additive electron leads to the usual method, 
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and then point out the question of applicability of the approximation and some difficulties 
associated with this treatment. In § 6 we take the self-consistent method in Hartree's 
sense and develop a new method of treating the motion of the additive electron in ionic 
ctystals, In § 7, then, we apply this method to /~ and /’’-centers, a conduction electron 
and a polaron with a simplified model, and calculate various optical and thermal energies, 
the results being compared with observations. We suggest, in § 8, that this new method 
gives a possibility of explaining finiteness of the numbers of excited states in various color- 
centers despite of their Coulomb-like trapping potentials. 

§§ 2 and 3 are devoted to devise a method of describing the polarization energy with 
a quadratic form in two sorts of polarizations, which will prove to be very convenient in 


the later sections. 


§2. Energy due to polarization 


As regards the dielectric properties, an ionic crystal is characterized by three quantities : 
static dielectric constant x, dielectric constant at high frequencies %,, and effective charge ¢*. 
We attempt here to devise appropriate expressions for the energy due to arbitrary polari- 
zation (an arbitrary function of position, and not necessarily in electrostatic equilibrium). 

As stated in the preceding section, the total polarization P? consists of two parts, 


namely electronic polarization q, and displacement polarization q,: 

ne) Pe (2-1) 
When the ions of the crystal is of valence 7, q, is expressed as 

G.=NZu, 


where @¢ is the local mean value of the relative displacements of positive and negative ion 
pairs, and V is the number of pairs of ions in a unit volume, Moreover we use atomic 
units. 

; Now we suppose external field HW, to be applied. (i, is purely due to external 
sources and does not contain the shielding effect of the dielectric substance now considered, 
in contrast to electric field intensity I). So long as the linearity of dielectric properties 
holds, and the retardation of potentials can be neglected, the energy (/ of the dielectric 


substance due to arbitrary polarization, under the applied field H,, is expressed in the 
following quadratic form : 


O(n G By) =| (— By, By) de 
1 9 a 2 
+|\(2aae+ -04s + Cc”; -d,\dv 
2 2 : 
; : Sat 
+I PP onde. (7 2y 


The 


first integral expresses the interaction of the polarization with the external field, and 


the third integral corresponds to the long range dipole-dipole interaction, where Yp, the 
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electrostatic potential due to the polarization, can be expressed with P as follows : 


en=\£2 av, pp=—4-P. . (2-3) 
i 

The second integral in (2-2) expresses the internal energy of the dielectric substance due 
to the polarization, consisting of the short-range part and that part due to Lorentz field ; 


the latter being expressed for cubic crystals as follows : 


el: 42 Pido= = : “Na +s) av. 


a, 6, c in (2-2) are constants characteristic of the dielectric substance and can be expressed 
with three dielectric quantities %, %), e*, as we shall see in the next section. The term 
containing c is the interaction between two kinds of _ polarizations. 


Since (2-3) leads to the equation 


V.(4r P—S op) =0, 
we can express P as 
4n P= o,+0xA (2-4) 
with an appropriate vector field A. In the same way q, and q, can be written as 
ieee Ati (2.4) 
4 Qo=V O40 x Ap, 


where 


Fie? +5, 
e (2-5) 


A=A,+A4, 


are decompositions of Y, and A corresponding to that of P. 
Now for an arbitrary scalar field /” and a vector field V which vanish at infinity, 


there is the following relation : 
[we yx V)dv=0. (2-6) 


Consequently the third integral of (2-2) can be written 


- 
“a 


LI PP gpdo= = fe Yp) dv= 2 | Pedo— PY <'Ady (aris 
2 87 2 2 


Defining new constants a’, b' and ¢’ by 
a=at4z, B'=64+47, c=c+4r, (2-8) 


(2-2) can also be written in the following form : 
| SOL ok 
Ja\(— Eo h- B,-q.)de+\(s alae + 1 plas +e! aye) 


—* (ara) Px Ade. (2-2) 
2 
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We now proceed to calculate the variation of (7 as a functional of the vector fields 


Y, and qo. By (2:7), (2:4), and (2-6) we have 
af |p: Pend =. (rept BP prdv=|Per- OP dv, 
so that for the energy U/ due to the polarization 
IU =\(—B,+an+ea,4F 7) Oq,dv 


+ [(—Byted, t6a4 0 ep) Oqude (2-9) 
or by (2-4) and (2-8), 


aU =| (—Bytd q+ eo q.-P x A) -Oqyde 


+((— B+ a,40'q.—F x A) Oqude. (2-9’) 


§ 3. Relations between a, 6, © and ~%,, x, e* 


We can now derive the relations between the three coefficients a, 4, c and the three 
dielectric quantities z,, x, e* with use of (2-9) as follows. 

(i) Dielectric constant at high frequencies: xz,=1 +477, 

In an electric field oscillating. with high frequencies, the motion of ¢, is not induced, 
so we must take 

q.=0, 0Yo=0 

in (2-9). The value of y, at any moment of the vibration should be determined by 
the condition 


0U=0. 
Thus we have (neglecting the retardation effect as assumed above) 
aqg,=H,—l¢,=E, (3-1) 
from which the total polarization P becomes 
1, H=P=¢,= rie 
a 
This gives the first relation — 


ip 
LI Tes %=1+4ry,. (3-2) 
a 


(ii) Static dielectric constant: *=1+477 
When the dielectric substance is in an electrostatic equlibrium under the external field 


K,, U takes the minimum value with respect to @, and De Thus we have, by (2-9) 
and the relation 
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E,-Ve,=k, 


the following values for 4, and q,: 


b—c \ 
0 
sf ab—c * | 
; (3-3) 
(ee a x, 
ab—c 


The total polarization becomes 


PhP py eR, 


ab =F 
from which the second relation is obtained : 
r+6—2c 
Pip deca PT ae Ee be aa 2 (3-4) 
WG 


(iii) Lffective charge: &* 

We now consider a polarization wave due to relative displacements of opposite signs 
of ions taking place in a homogeneous dielectric sphere whose dimension is much smaller 
than the wave length now considered, no external field being applied. Then gq, and Ys 
can be taken as spatially constant throughout the sphere, and the depolarizing field is given 


by 
Sige Sanne (3-5) 


The variation of q, is accompanied by that of g, just in phase, as the characteristic 
frequencies of the latter are much higher than that of the polarization wave now considered. 
Therefore, at any moment of the vibration, the energy (/ must be minimized with regard 
to g,; this minimum value, as a functional of q. only, plays in turn a role of potential 
energy in determining the motion of J, the kinetic energy teing expressed in terms of qy. 

Substituting (3-5) and H,=0 into (2-9), and equating the coefficient of 0q, to 


zero, we have 


(a+ * )a,+ (e+ Ze )a.=0, (3:6) 
2 3 


at any moment of the vibration. 
Following Frohlich’s” definition, the effective charge ¢* is the ratio of the total polari- 
zation J? to the displacement polarization (Z being assumed equal to unity) in such a 


vibration ; thus we have the third relation 


47 
a ane a 

oe os 1) + Dl ie ca (3-7) 
Pol at = 


Ar 


a ) is the coefficient of the short range interaction between 
3 - 


As stated in § 2, (¢ +- 
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YQ, and q. Consequently, when there is no interaction of short range between the 
electronic and displacement polarizations, v* becomes equal to unity. This is the very maaee 
why Frdhlich adopted this definition of ¢* as the third quantity characterizing dielectric 
properties of an ionic crystal. 

The three relations (3-2), (3-4), (3-7) give %, x, c* as functions of a, J, ¢; or 
by (2-8) as functions of a’, J’, 2’. Here we write down the relations which are derived 


from them and which we shall make use of in later sections : 


/ le Ae ‘ 
hark ores Naga 1), \ 


Py ere 


Let Gear 
a: Ax x 


Gh 0" ity wel (.- 0), 2 = 
adop—c 4r zie bay | 
Lite ie ! | 


5 eee ae eee 
a £45 3 


(3-8) 


Ub 


$4. The first method for treating the motioa of an additive electron 


Consider an ionic crystal, with fixed charge distribution Q if any, and an additive 
electron ¢ which is moving through the crystal or trapped somewhere, say, in the neighbour- 
hood of Q. We shall denote the position of the additive electron by 9°, those of the 
crystal electrons and nuclei representatively by 2; and X.,, respectively. The total energy 
fi. of this system consists of various parts as shown in Fig. 1; firstly the energy of the 
crystal as a whole, of which 


the kinetic energy of the K 
nuclei is denoted by X,,, the ¢ a 5 hey 
remainder being written //. ; Sale SMA NS gr oe we 
secondly the Coulomb inter- us “a vf 
actions of ¢ and QO with the pe Sines, ete Seley. H, lek 
crystal electrons and nuclei by | ae i oa, | H, 
Vie Vi ag We respective- | i | | 
ly thie “tied “part (Avis “hie beats eee a = oe ee ee |---- 
kinetic energy of ¢; finally | Ke 
V is the interaction energy LL  pesfece crys — = 
between ¢ and Q. Thus we Fig. 1 
can write as follows : 
flog! KAVA VA Ve LT Nt 


Gp 5 X,,) (7°) (7°) (7, 1,) (1°, X,,,) (”*;) (X,,) (5 x CXS) 
=K+V+H,+K, 
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vhere in the first equation the letters in the brackets under each energy operator are the 


ordinates entailed in the operator. The meanings of 7 and //,, are clear from (4-1) 
oy themselves. 


Now if we take, as usual, the adiabatic separation of the motions of the nuclei and 
he electrons (both the additive electron and the crystal electrons), the wave function PF 
+f the total system can be written as 

vr eo: 55 X a) =z P(r, Y; > . aie. Car (4 : 2) 


where @, as a function of 9 and 1, satisfies the wave equation 


Pigs Xn) OW, 155 Xone SEL SoX) Or, 1 3X iu) (4-3) 


m 


‘In these and the following equations, ; is always used to show that the letters which stand 


on the right side of it ate to be regarded merely as parameters. The eigenvalue EC 3 Xm) 
=FE(X,,) in (4-3), asa function of X,,, is nothing but the adiabatic potential in de- 


termining the motion of the nuclei, the wave equation for the nuclei being written 
{K+ E(X,, iO: CO re Ae Cae (4-4) 


Now the solutions of (4-4) should represent the vibrations of the nuclei near the 
minimum point of E(X,,). If we neglect the vibrations and consider the nuclei as being 
fixed in the equilibrium positions (this corresponds to the infinite masses of the nuclei) , 
we have only to solve the equations 

aE( Xn) =0 (4 ‘ 5) 
OX ns 
instead of solving the equation (4-4). Thus our problems reduces to solving (4-3) and 
(4:5). The difference between the method of this section and that of § 6 originates in 
the approximational forms of @ on solving (4-3). 

When we deal with the system consisting of light and heavy particles, the ratio of 
the masses being far smaller than unity, we can safely use adiabatic approximation (we 
have already used it in the above), as Born and Oppenheimer have shown,” and in such 
cases the ratio of the velocities is generally much larger than unity. Now coming back to 
our case, let us call our attention to the fact that in ordinary cases the motion of the 
additive electron is much slower than those of the crystal electrons. Then one is inclined 
to use here again the adiabatic approximation in analogy to the case of light and heavey 
particles, namely the large ratio of their velocities. This procedure is logically not justified 
because the condition of applicability of adiabatic approximation (mass ratio <1) does not 
hold in our system of the crystal and the additive electrons. In spite of this circumstance, 
we shall, in this section, assume this method of approximation to be applicable to the 


system. Then the wave function in (4-3) can be written in the form 
Pp (7 Yr; > Exe) =¢ (9°; 5 NY, X.,,) yp (” 5 X Oe (4 y 6) 
where the wave function é of the crystal electrons satisfies the equation 


HC 5 0, Xm) PO 5" X,,) = E,( 5 1, Xm) O05 7 Xa) (4-7) 
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in which 9°, as well as X,,, is merely a patameter. The eigenvalue /,,(; 7, X,,)= 
L(y ; X,,,) in the equation (4-7), together with I’(7), plays a role of adiabatic potential 
in determining the motion of the additive electron, that is, the wave function ¢/ of the 


additive electron satisfies the following equation : 
{A+ V (0) aur VEN 3 X.,)} br 5 Xx mB) Te BK > X,,)o(r 3 5. Ges) x (4 . 8) 


The eigen-equation (4-7) can be replaced by the variational equation 
<-\bH,ddrj=0 (4-9) 
Ob 


with a trial function ¢. Now we recall that (4-7) is the equation which describes the 
states of the crystal electrons when the additive electron and nuclei are fixed at 7° and X,,, 
respectively. If the essential aspect of the circumstances now considered is to be described 
by the two kinds of polarization, we can restrict our trial function @ to those class which 
corresponds to the states (not necessarily stationary) representing some field qy, of the 
electronic polarization, and in parallel to this, we can, on solving (4-5), also confine the 
domain of the values of Y,,’s to that part which corresponds to some field y, of the dis- 
_ placement polarization. 

Then by considering the physical meanings of the operators given in (4-1) and of 
the energy (/ defined in § 2, the integral in the equation (4-9) can be written as 


[s4,ar=U (a, Ys, IZ,) + const. , (4-10) 


where H, is the electric field due to fixed charge distribution Q and the electron ¢ located 
at #*, and is determined by the following formulae : 


Ko=fo+ E., (4-11) 
V.Ko=42 00, E,="V, (4-12) 
PBL", 9%) = —400("'—1), (4-13) 


in which 6(9) is a three-dimensional 0-function. In other words, c and QO are regarded 
as the sources of the external field 4, appearing in (2-2) or (2-2'). ‘Thus if we write 
the integral on the left hand side of (4-10) in the form 


{8 Mybdr,= (6 Vl eee We gak + |b7.dar, 


with the use of (4-1), we see, at once, that the first term on the right hand side cor- 
responds to the first integral of (2-2), and that the’second term corresponds to the second 
and the third integrals of (2-2) except for a constant term which appears in (4-10). 
The constant can be taken as zero if we choose the zero point of //, adequately. Con- 
sidering the correspondence of @ to y,, (4-9) is equivaleat to 


OU (Y, Yo, Ii) 
—— eee 0. 
dy, (4-14) 
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The minimum value of U determined by this condition is nothing but 4, (3.7, X,,)° 00 
the right hand side of (4-7). By (2-9’), (4-14) leads to 
ag,=E,—c q+! xA, (4-15) 
which, combined with (2-4) and (2-1), results in the relation 
Hy Flys or 7 
VxV xA=4n7 x ee CLLES Slee +). 
a’ z 
As Ei, is the electrostatic field due to ¢ and Q, its curl vanishes identically, and thus we 
have 
Bae 
VxV x oa Boe, X Yo. 


Q Ai 


By (2-4’) the above equation can also be written as 


Gen’ s 
px {px a—(—4—*_)p x A} =0, 
aH Ary 
and considering that divergence of the expression in the bracket vanishes identically, we 
g 8 P y 
finally get to a simple relation 
[eceel 

px A= eV x As. (4-16) 


a—47 


Now that this telation is obtained, g, can be expressed by the quantities with sufhx 
2; by substituting (4-16) into (4-15) we have 


/ Ul 

ata.= By d+ (Si x As. (4-15) 
al’—4n 

Inserting (4-16) and (4+15’) into (2-2’), and applying the theorem (2-6), then de- 

composing FH, into EE, and Ep, thus rearranging the terms as an integral quadratic form 

in E,, Eo, Q and V x A,, the minimum value (as to Y,) of U can be written as 


U (Ya 1) 


\ Ky dv 


cr y itd 
Aaa 2 | Be Bode — ien8 )| 
a“ 


PY, 
a 


; rol ie Te eat hese A 1 (a@’—c')° : 
_(4~5_)\ B-g.dv+— ——laedo— = See) (ost 6a Ds 
( Dh liege ee 2a’ 2 a’ (a’—A4z) . 


1 
/ 


Pon wee | me fei 
2a’ 2a 


(4:17) 


The first integral of (4-17 ) can be transformed, by (4-12), (4-13) and Green’s 


theorem, as follows : 
ju. _B,dv= 4z\ (nor —n) de! 40 (0). (4-18) 


Similarly the second integral can also be written, by (2:4'), (2-6), (4-13) and Green’s 


theorem, as 
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{z. : q.do=— [BoP edv=\e.e)0Cl—r) dr =9(1). (4-19) 
T 


The third integral of (4-17) proves to be infinite, as the source of the field H, is a 
point charge. This infinity results from the circumstance that we regard here the ctystal 
as a dielectric continuum. On the other hand, its value, though infinite, does not depend 
on the position # of the electron. Therefore only the first and second integrals in (4-17) 
depend on #, the remaining part we shall denote by S(g.). Then (4-17) can be 
written, by (4-18), (4-19) and (3-18), as follows : 

O(a B=— (11) V0) — ED or) + Sas) (420) 


‘0 “0 
The value of U7 given by (4-20) is nothing but the eigenvalue /%,,(; 2°, Y,,,) in 
(4-7), and together with /’(2") forms the adiabatic potential in solving (4-8). As S(@z) 
is merely and additive constant in the latter procedure, we have only to solve, instead of 


(4-8), the following eigenvalue problem : 


| A+ Lv) te is ?) | ear) |¥@) =e (1). (4-21) 
% he 3 
Of course, solutions ¢(7) of (4-21) contains y, (or X,,) as a parameter, as ¢,(?’) 
is a functional of Y,. (4-21) is the wave equation for the electron with the trapping 
potential |’(), when the displacement polarization is frozen to q, (an arbitrary function 
of position); we see, from this equation, that the potential /”(2*) due to the fixed charge 


is shielded by a factor 1/x,, whereas the potential y,(#) due to the polarization is 
shielded by a ratio 


+ e* (4,41) | 
Pa ener mapas 
The latter statement is worthy of attention, as a simple consideration might lead to the 
erroneous result that the shielding factor is 1/z, in this case, too. 

Although the above stated procedure, that is, to solve (4-8) with ENP Xen 
given by (4-20), then to solve (4-4) or (4-5) with thus obtained A(; N,,), is the 


ordinary one, we may reverse these two steps as follows. Writing q, instead of the 
equivalent X,,, and defining 4 new integral 


[UKAV EE bar=BY, a) (4-22) 


with a trial function ¢ (the condition of normalization being fulfilled), (4-8) is equivalent 
to the variational problem : 


OE (p, Jo) 
and the minimum value & (Ye) determined by this equation corresponds to A(; X,,) in 


(4-8); further the condition (4:5) on this A(; X,,) is equivalent to 
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=0. (4-24) 


(4-23) and (4-24) is a variation problem of E(; qs) as to both of gb and q,; con- 
sequently these two steps may be reversed. 
Let us first solve the equation 
GE A) 


< 0. (4-25) 
oD» 


As stated above, the third integral in (4-17) is, though infinite, merely an additive con- 
stant in the sense that it depends neither on # nor on YY; thus we shall henceforce 


drop this term, confining the additive electron always inside the crystal. We can, then, 
calculate the integral ( 4-22), with the use of (4-17) and (4-20), as follows : 


E(¢, @) =|pcr [K+ VP) 40 Ge Eo Oar 


sf [yo {K+ : Vr) (1 = <) o,(") | b(r)ar 


: t Ti 2. 
a A | HG do— ( —£)\E, “Qodv+ | tn 
2a’ a’ 2a’ 
fide fe 
melee (are) \aeP x Aado. (4.26) 
Pieaalen 46 } 


Now we define the electric field , due to the probability distribution of the electronic 


charge : 
p(r) =— hr)’, 
49,= —47p. ) (4-27) 
E,=-V%,. 


With this notation, the term containing % in (4-26) can be transformed as follows : 


es iad \ ; 1 is a oF es 
(1- “(ee (i gl(n)ar=—— (a li, WP patti 


a 
ie! 7: : 
Bahee | Vere )) B-aedo ; (4-28) 
a! 


The variation of the last integral can be calculated, by using (2-4') and (2-6) repeatedly 


as follows : 


| lage F Seta d “do| = |p x Ay OP x Aad 
{2 (ar x Aade| = 0} aux 9) av re 7) oav 


=P x Ad a.de. (4-29) 


| By (4:26), (4-28) and (4-29), the condition (4-25) leads to 
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we \ Pee Uhl a 72 (a’—c’)? yu 4 30 
—(1— =) (B,4+By) 4g x 40. (4-30) 
(1 a! ee a’ a’ (a'—4z) 
Taking curl of this equation we obtain 
fe 
(a’ U' —c"")V x ast <7 xV x A,=0. (4-31) 
a 47 


On the other hand, operation of curl on the second equation of (2-6’) leads to 
4xV x q.—V x V x A,=0. (4-32) 
Unless a—c* is equal to zero (which means z= co), we obtain, by (4-31) and (4-32), 
Px qo=9, VX Vox Ap=0. (4-33) 
The latter equation, together with the identity 
Bi Me Ooe Ven, 
leads to more stringent condition 
Px A 0, (4-34) 


Inserting this in (4-30) and with use of (3-8) we obtain 


/ t ey 
1,.=—_—, (Bi, + Ey) (4-35) 
abo —" : 
us EFT nekane [1 G-% E+ E,). 4.357 
eicaos 4a “)( xs @) ( ) 


Comparing (4-35) with (4-15/), we see that the electronic polarization y, is controlled 
by the instantaneous field W, due to the additive electron at 7, while the displacement 
polarization q, is determined by the average field EB, of the electron. This is nothing 
but the stand-point from which the usual method started, as has been stated in §1. We 


1 ( 1 a) 
: 47 \ x 
but of the more complicated form as is seen, 
Inserting (4-34), (4-35) and (4-28) in (4-26), we obtain, by (3-8), the follow- 
ing expression for the energy : 


E(Y, d:($)) =E() 


; =| $0) (K+ : Vin) )¢ (dr 


must notice, in (4-35’), that the factor which relates YJ, with W,+ Hy is not 


il 1 Dog ey eS 9 

a ~~ +) s+ 282), ya {r= d )j ly Av . 
STN. Xe fee 8 x 

The last term of this expression is the energy due to the polarization when there is only 

Q with no additive electron in the system. ‘Taking this state as zero point of the energy, 

we have, instead of the above, the following expression : 
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> 2 tla ay Es = 
E (¢) = | (1°) (x + 5 I (r)) h(n) ar— a ( ; Rash | (Ee Bie 2H, . Eo) du . 
0 7S 0 
(4-36) 


Further we can apply Green’s theorem to the integral containing H,- Ka by (4-21) and 
(4:27) as follows : 


as 


a2 | B,- Boe = = |p. Vdv=|s(r) Vinyo@)ar. 


Inserting this in (4-36), we obtain an alternative form : 


Bg) =(Yo)(K+— | (r) oar LLY i2dv. (4.36’) 
‘ : X x 


If we solve the variational equation 


OLY _ 
(8) 9 (\yar=1) (4.37) 


‘ ff 
) 
OF 


with E(#) given by (4-36) or (4-36’), the problem we are considering 1s completely 
solved. By (4-27) and Green’s theorem, (4-37) leads to the eigen-value problem 


{K+ V(r) + (2-2 )2.O} HOMO (4-38) 


where @,(1") is to be determined by 
Agel) =45 PO} (4-39) 


(4-38) is not a usual one-body eigen-value problem in quantum mechanics; it is, above 
all, not a linear equation. To solve (4-37) directly by Ritz’s procedure, that is, to solve 
(4:37) with appropriate trial functions inserted in (4:36) of (4-36'), is the method. 
which Kubo” has obtained on a rather intuitive consideration based on classical electrostatics ; 
while solving (4-38) and (4:39) <jmultaneously — self-consistently —is that which was 
suggested by Mott and Gurney’) and has recently been applied to certain simple trapping 
centers by Simpson”. Both methods are equivalent. 
All that has been stated is as regards the states in which the positions of the nuclei 
X,,, (consequently the displacement polarization Qo) are in equilibrium. If the additive 
electron makes an optical transition by excitation, X im will stay, immediately after the 
transition, in their former values by Franck and Condon’s principle (this approximational 
pe ses consideration is quite in parallel oh using (4:5) in place 
Py aienh of (4-4)). We shall now consider such a state B', and 
ip op distinguish the quantities corresponding to this state from 
those of the state A before transition by attaching primes as 
j shown in Fig. 2. 
We De. rie As @'5>=> by Franck-Condon’s ptinciple, we see, from 
Fig. 2 (4-34) and (4°35), that | 


~ o ikaw 
Ke Ye TK, Ve 
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Vx AJ=V. x As=0, 


1S CSS te ; 
0d. =9,= mca a 58 + E,) F; 
me ee Pe ake 
Po =r - 

Inserting these values in the formula which is obtained from (4-26) by attaching 
primes to ¥, Y,, Y, A,, then transforming certain integrals by Green’s theorem, and anal 
taking the same zero-point of energy as before, we obtain the following expression for / 
of the state 4” corresponding to (4-36) and (4-36’) of the state 4: 


EMP, Ao()) 


=| (K+ 7 Vey) oar 


Pees (== )Jon Hi, ~E24+2K!. Ey) dv (4-40) 
STGNE Aan & 


= ih! (1°) (K+ =. | (r)) (nar 


Seals (Ue —2 \\ak! B- Ha. (4-40’) 
0 x 


87 \ x 


Another form 


pas i ene . 
EP", PP) ) =e r(4 te L (0) )s! (r)ar 


Boe eruabean G plese ey pee =) Hi’ —B)2dv (4-40! 
is (eee )| paca 8 ( iar )\ Hh — B)*< ( ) 
will also be useful in the following discussion. 


To obtain the wave function i’ and the energy £’ of the state B’, we have only 
to solve the variational equation 


OEP, I) _ 


og! 


0 (jf ar=1) (4:41) 


with 4’ ()", ¢(4)) given by (4-40), in which we already know the wave function i) of 
the state A. Comparing (4-40/) with (4-36), we see that, besides the primes to ¢/ and 
E. there is added the third term in the formet which was not in the latter. When the 
system has relaxed from non-equilibrium state B’ to equilibrium state B (belonging to the 
same electronic state as 4’), we have only to minimize the sum of the first and the second 
terms in (4-407) to know the energy and wave function for the latter state (while we 
must also include the third term in order to treat the non-equilibrium state A’ ). As the 
third term is of a positive definite form, the minimum value of the sum of the first two 
terms is smaller than that of the total sum. Thus we see that the state B has smaller 
energy than the state B’, which is a natural result. 
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From (4-41) with ’ given by (4-40'), we obtain the equation 


ae ee ~ 
{e+ ery +(e <2) 5.0) YW M="@), (4-42) 
x ST re 
where /’ is a parameter. Comparing this with the corresponding equation of state A, we 
find that here we have only to solve a usual Schrédinger equation, in contrast fo (4-38) 
which must be solved simultaneously with (4-39)7. 


Thus, defining an operator 


Ye co +r) t : )5.0") (4-43) 
ae %o x 
with @,(”) determined in the state A, we can write (4-38) and (4:42) as follows : 
Apr) APO), | (4-38) 
Ag =i). (4-42" 
Further, (4-36!) and (4-40’) can be written. as 
Ba(pApdr+ GQ) =A+ GH), (4.44) 
RES {yrag" Peco): (4-45) 
hee 
tuk caddis Veen 
GW = ee tae (4-46) 


Thus we may regard / as a hamiltonian in all optical processes starting from the state 
A, and the total energies i, E', +++ as sums of the eigenvalues qf ees and, the lattice 


energy G (¢h), the latter being determined by the initial state A. 
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The same methed of approximation as in the previous paper has been used to calculate the 
probabilities of rotational transitions of para-hydrogen at the room temperature. Three types of the 
process are considered in which the rotational quantum numbers change as 
{ 2-0 (the first molecule) 

i AX (the second molecule) 
Ee 
| xox 


4-2 
and 
OR 


Relative probabilities of these three Processes at 7'=298.4°K explain the shape of the experimental 
curve obtained by Rhodes fairly well. The absolute values of these probabilities, however, are a few times 


larger than the required values, The discrepancy of this order is inevitable to our extremely simplified 
method of calculation. 


The eifect of the statistics for the identical molecules is discussed in the Appendix. 


S 1. [atroduction 


In the inelastic collisions between molecules, the transition probabilities are small for 
the processes in which the large energy exchanges between the internal and the translational 
degrees of freedom are involved. It is true at least in the coupling of the translation with the 
vibration, as investigated previously.” It may be considered, therefore, that the rotational 
transition 2 —> 0 of the para-hydrogen molecule has a much larger probability than the 
transition 4-» 2 for the same initial kinetic energy, since the ratio of the changes of 
translational energy for these two Processes is 6:14. If it could be true, the dispersion 
of the sound velocity should occur in two separated st 


eps at the room temperatures. But 
the recent measurement by Rhodes” 


showed that the dispersion occurred apparently in one 
step. Besides, he said that the transition 4 —> 2 caused the dispersion at higher frequencies 


| 
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than the transition 20 did. This means that the transition probability of the process 
4 —> 2 is larger than that of 2 —> 0, in contradiction to the above anticipation. 

In the present paper, the direct calculations of the transition probabilities are catried 
out which are compared with the experimental values. 


In the above anticipation, we have tacitly compared the process 


| 2'0 (the first’ molecule) (a) 
£2e: oe 1 


X ‘XN (the second molecule ) 


4—>2 
2 
GES IES (2) 


But, we must consider, in addition, the third process 


ae G) 


Oo—2, 


with the process 


for the ratio of the changes of the translational energy for (1) and (3) is 6:8, 
being close to unity. In the case of the vibration-translation coupling, the processes of type 
(3) have larger probabilities than the processes of type ( 2).0 Of course, the state of affairs 
is altered by passing from the vibration-translation coupling to the rotation-translation 
coupling because of the small level spacing in the latter case, and yet the probability of 
(3) may be comparable with that of (2). In the next section, we shall calculate the 
transition probabilities for these three processes. 


§ 2, Calculation of the transition probabilities 


In the distorted wave approximation, the cross section for the transition L,7L is 
given by” 


if 
Olio, (4) 
(27, A Dy 1) Pee SO 


Of 2. 
a 


1: &y-< ; 
Ne = —— —— Se 44-2) 
4m Ro gym 


Xx 


(oe) IA 1/2 9 
20\ Giy(R) (77+ ) (LMjm\ VL Mij0)Ge™(R)dR| + (4a) 
0 ij 4, Bia 


ete L, La, JG 1, stand for the set of values (/,,/2); CALE (ity, M2) Mao M99) 
respectively and /;, mm; are the rotational quantum nuimbets for. the, ¢-th molecule, 
Sufices “0” and “f” are employed for the initial and the final states, respectively. As 


for the other notations, see paper U.2* Atomic units are used throughout this papet 


*) The matrix elements (L:-- | V'| Lo--+) ate different from those used in the paper II by a factor 
(277 +12; +1)? 


580 K. Takayanagi and IT. Kishimoto 


unless otherwise are specified. ; 

In o¢dér to calculate the crogs Section Q”°?7, we shall adopt the following approximate 
procedure. Firstly, the spheres with suitable diameters are imagined in place of the 
molecules. For simplicity equal diameter is taken for all rotational states a hydrogen 
molecule. In the collisions of these representative spheres with each other, it is assumed 
that the transition probability is a function of the component 7) of relative velocity atsnig 
the line joining the centers at the instant of contact. Now, if the temperature of gas is 
T° K, the average value of ¢€ =z ,"/2 is, as is well known, €é=xT, x being the Boltzmann 


constant. Thus, by putting the initial wave number as 


ima i) Vy, = — V 2uxT , (5) 


ball) ee 


we may carry out the integration over the Maxwellian distribution and the summation 
S'(27+1) without essential error. (See Appendix I.) Of course the suitable averaging 
ai 


over 7 must be made for the remaining factors. 


In the next place, let us assume the potential of the intermolecular force to be 


7 


l 


v-exp(—2R), - (6) 


where the first factor 7 is independent of the intermolecular distance RK. Then we may 
write 


Oey =C- Ryd w-A, 
m™m 


+ 1/o : \2 
sco) (LiMjm |v | £yM7'0) | 
fy Dita ; | 


GE emONA aR | , (7) 
| J0 | 


C is the common factor to the processes (1), (2) and (3). A, means the suitable 
averaging over 7 and we may roughly replace it by /27z as in the previous paper. w is 
the statistical factor which is 1/2 when the rablecnies are identical in the final state 
(because of the reduction of the number of permissible final states), otherwise it is simply 
unity. G() in the final factor of the above equation is the S-wave radial function 
multiplied by the distance 2 for the wave number /. For this function, we use the 
distorted wave under the potential 


V,=31 exp(—2R), | (8) 


as in the previous paper. Then the integration over A’ is carried out easily employing 
the Jackson-Mott formula.” 

Finally, we must determine the explicit form of the v-factor of (6) and then its 
matrix elements. For this sake, we assume that the potential |” is expressed by the sum 
of the interatomic potentials and write it in the form of Maclaurin series. Then the 


main terms which cause the processes (1) and (2) come from (See Appendix II, and 
Fig. 3) p 
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2 [ (a2! )e"(R) + tty" 282") G(R) 

=2A[E2(1+1/2R) cos? 0, +€. (1+ 1/22) cos’ J,— (€2+-6,) /2R] exp(—24) . 
Here R in the bracket may be replaced by the suitable mean value in the immediate 
neighbourhood of the classical turning point which is the region from which the greatest 
contribution to the cross section comes. In the thermal collisions, this is about 5 A. U. 
Thus we may replace (1+1/2R) by 1.1. Then the effective potential for the process 
(1) and process (2) is 

V =V = 1.47 £7 AP, (cos @,)exp(—2R). (9) 


On the cther hand, the effective potential for the process (3) comes from 


aa te Ae (FR) + (Carer eg? + robs a Pee ee ~, (R) : 
Thus we have 


V7,=0.55€,$ AP, (cos 4,) P,(cos 6,)exp(—2R). (10) 


The matrix elements of P,(cos 9,) and P,(cos 0,) x P,(cos 9) are calculated easily as in the 
Appendix II. 

Using these formulae, we can obtain the ratio of the cross ‘sections for the processes 
(1), (2) and (3), with “ Y”=“0” for (1) and (2). Especially, for [=298.4°K, 


in which Rhodes’ measurement was made, we have 
OF 20 2 QP =1 :.0.46: 0:19. (for “§ X=“ 0 2) (11) 
As an example for the absolute value of the transition probability, we have 
P =1.0x10~° per collision, (12) 


for the process (1). Here we have used the following values: E26, = 1.445 A= 503 
2U= 3675.0. 

It is seen from the values (11) that the processes (1), (2) and (3) have same 
order probabilities, and yet the probability of (1) is the largest of them, in contradiction 
with the interpretation by Rhodes. It seems, however, that he has considered from the 
beginning that the process (2) is more probable than (1). We must, therefore, analyze 
his experimental data in a more general way taking into account of the process (3). 


§ 3. Comparison with the Rhodes’ experimental data 


_ Para-hydrogen at room temperature 1s essentially a three level gas with most of its 
molecules in rotational levels with /= 0,2 and 4, and we may safely neglect the molecules 
in the higher levels. (For example, the number of molecules in rotational level $226 
is of the order of 107° compared to that of 7=0, and small enough to be neglected for 
the present discussions.)' Of the many inelastic collisions between such kinds of molecule, 
we shall consider only the following seven processes which seem to occur more frequently 


compared with the other processes. 
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(0) +(0) 2 (2)+ (0) (13a) 


ts 


(0) +2) 2 (2)+(2) (13b) 


ae 
“S783 


(0) + (4) 


fl: 


(2) + (4) (13¢) 
(2)+ (2) 2 @)+(4) (13d) 


(2)+(0) 2 (4) + (0) (13e) 
Cjemes teen CES) -. (136) 


(2y4 (4) = (4) 43, (13g) 


where (/) stands for //;molecule in the rotational level 7 and /, /’, K, A’, x, x’ are the 
constants of reaction rates. (See the equation (15) which will appear later on.) For 
simplicity, we shall assume the following relations 


2h,=10k,/9=kh, 3 x,=10%./9 = 18%,/17 ; 
2h =102)/9=2,! ; x/ = 102%) 9 1807 Hive (14) 


The fractional coefficients are due to the effect of statistics. To illustrate this effect, we 
shall compare the two processes 


x 


(4)+(0) > (2)4 (0) | (13e’) 


x 
i) 


and (4)4+(2) — (2) +(2). (13f) 


In the final state of the latter process, two hydrogen molecules have the same angular 
momentum, /,=/,=2. But their &-components 72; and 72) are not the same in general. 
They have a same value only once in five times. If 114= My, these two hydrogen molecules 
must be treated as identical and then the transition probability is reduced by half owing 
to the statistical factor w in the equation (7). Therefore, we have 


= (+) 4 ca (a) x (1 ==) n= 
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The same ratio is obtained by considering the inverse processes 


(2)+(0) — (4)+ (0) (13e")) 
(2) + (2) ze (4) + (2). (13f) 


If the two molecules in the initial state are identical, the number of such collisions per 
unit time and unit volume is reduced by half. On the other hand, the cross section is 
not altered. (See Appendix IV.) Thus the reaction rate x,’ is reduced by half, once in 
five, as in the inverse process (13f’). 

Of course, the intermolecular potentials in these processes (13a)—(13g) are different, 
but we shall neglect this effect since, as we suppose, it does not seriously affect our final 
result. 

Suppose that we take some volume of gas which contains molecules distributed in 
three levels, the numbers being 7, 72) and 1, respectively (a ,=n), then we obtain the 


following set of differential equations. 


7 : 9 17 re 
is = — K {nit,— nef, (T)+ —*%; (+ ones te n) {ny— f(T) } 
Gite, 2% dn, any (15) 
at ai at 
an. s 2 9 
ae =— Kin uy—ms fi(T)} + &,( Padre tat 2m) {ito— Mm f2(T)} - 
at 


The principle of detailed balance allows us to assume that 
F(T) = (tepta/ 22) can. = (9/25) exp [— (E22) /2T |} 
Fil T) = (to/ 1) coun = 5-exp(— E/T ) 
f(T) = (4/12) eaun.= (9/5) exp [— (Er 22) /#F I. j (16) 
Suppose 7" varies periodically, so that 
| THT) +AL-e™%, 
y= n+ 4-0". (17) 
These suppositions in (15) lead to”, after dropping second order terms, 


iwdn,= — K {my Ang t+ Ng Sn —2n dn f(T) — AT af,(T) /aT 
—x,(m—No/10—7,/18) { Anty— ity: f(T) —mATaf,(T)/aT} 
An,= — dn — 4g (18) 


*) For simplicity, we shall omit the suffix “0” from 7° and 7°, in the following. 
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twdny= — K 41,4, + 2dny— 2n,dno f(T) —nsd Taf, (7) 1 ads 
+h, (t+ 4no/5+N, {Ano — Any fo(T) —,4 Taf o( T) idl}: 


If K,#, and x, can be determined by any means, we obtain 47,/47, 4n./dT and 
4n,/47, which may generally be complex quantities, for various values of w, 7 and xX. 
These quantities permit exact calculation of effective specific heat of rotational degrees of 


freedom given by 
Cl= {B,dn,+ Edn, /4T. (19) 


(The specific heat per mol is calculated putting 76.03 x 10.) Then the total specific 
heat of hydrogen gas per mol is 


C= shi2G (20) 


where X is the universal gas constant. 
Now the value of C has been determined experimentally by the measurements of 
ultrasonic dispersion and anomalous absorption. As was shown by Rhodes”, the sound 


velocity, omitting second order terms, is given by 


2 


cas Tae ae a + As (1429-28 for 2) Re ), (21) 


where 7,=273°K; f means the pressure; 4 the second virial coefficient; Av (1/C) 
the real part of 1/C and J/ the molecular weight. Thus the experimental values of 
the specific heat 1/(Ae(1/C)) as a function of frequency may be compared with the 
theoretical value given by eq. (20). Now we shall use the data by Rhodes at 298.4°K 
and compare them with the theoretical result which is calculated employing the values in 
the preceding section. The available values (11) of the cross sections in hydrogen allows 
us to determine the exact shape of dispersion curve of 1/(Ae(1/C )) as shown by curve 
B in Fig. 1. The absolute value of 2, is obtained by the following equation, 


ry 2axT jp ie, 
ky =2K, ee = - + —*P, 22 
; : Lt re ie De pe ( ) 


_ R, is the collision diameter (taken as 5 A.U.), # the pressure, #, 1 atm. and I”, volume of | 
gas per mol for 1 atm. and 273°K; P is given by (12). From this formula we obtain 
hk (/P=2.25 X 105" sec + atm: * mole 


The curve 4 in Fig. 1 was calculated using this value of %,/p. If the theoretical value 


&, is multiplied by a factor 0.73, the shape of curve becomes more close to the’ experi- 


mental one. (Curve C’) In order to make the curve C coincide with the experimental 


curve /l, in regard to the absolute scale, all the values of %,,z,, K corresponding to the 


curve © must be further multiplied by a factor 0.4. This difference between the theoretical 


and the experimental values of reaction rates is smaller than expected in view of our 
extremely simplified calculations. 
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Cal. /‘mol. 
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1 2 


—= w [27 


Fig. 1. The dotted curve (A) shows the specific heat 1/(Ae(1/C)) calculated from the experi- 
mental data. (The °’s are experimental points.) The solid curve B is the theoretical curve. The 
curve C is obtained if the theoretical value of #, is multiplied by a factor 0.73.. 


Rhodes concluded that the relaxation frequencies for the rotational transitions (0-2) 
and (2—4) are 7.2 me and 20 mc per atm. respectively from his analysis. Presumably, 
however, the probability of the rotational transition (2—4) is less than that of (0—2), 
therefore the relation frequency is lower for the transition (2—4) than for (O—2), 
in accordance with our theoretical viewpoint. . 

Finally, it must be noted the substitution of other values (a few times larger or 


smaller) for Q°/Q" and Q/Q” than calculated above changes the shape of the 


theoretical curve 2 considerably in direction to fall apart from the experimental curve and 


gives rise to a step curve, so that our theoretical calculation is fairly reasonable and gives 
for the analysis of the phenomena of gas collisions and especially for the 


interpretation of ultrasonic dispersion and absorption in gases. 


romising means 
g 


§ 4. Conclusion 


It has been found that the approximation method, called “ classical approximation ia, 


nable values of the relative cross sections of various processes and 


tentatively, gives reaso 


586 K. Takayanagi and T. Kishimoto 


reasonable order of magnitude of their absolute values, at least for hydrogen. However, 
the hydrogen is a special case. In other substances, the rotational level spacings 
are much smaller than those of hydrogen molecules which result in large transition 
probabilities. Moreover, we must take account of very large number of rotational levels at 


room temperature. Our next plan is to study such complex cases. 


Appendix I. Classical approximation 


If we consider that the molecules are the spheres of radius /,/2, the total cross 
section for the collision between such molecules is 72,7, and the partial cross section is 
given by 

Doe cea oe re 
ay ay (FJ SER); 
ke 
j being the angular momentum of the relative motion. Thus the cross section of an 


inelastic collision has the form 


= Pi jd 


&Ro 2 
a=| 
0 


corresponding to the quantummechanical formula 


a= 2+ Wal C Ayer 
Cd 


Here we shall assume that the transition probability 
Fk, 7) isa function of £°—7°/R, (= cos 6;) 


only, which corresponds to the replacement of Fig. 2. 


k’—j(7+1)/K* in the usual wave equation 
(d2/dR + Bj j+1)/R2—2nV(R)} (R) =0 
by a constant “°—j(7+1)/R,", providing that the potential I” is very steep for ROR, 


and negligibly small for larger R. Then we have the cross section, averaging over the 


Maxwellian distribution K(2) dé, as 
gah sc de\ Ee —/?/R) 2aj/ERS 
=nR? ace K(2) dk, 
where #2= #—P/R? and 
K(k) dk= (1/pxT) exp { —/2pxT h db. 


Of course /(%’) must be calculated wave mechanically. But, only the calculation 
for S-wave is required in our approximation. 


™ 


f: 
z 
: 
2 
A 4 
a 
> 
a 
4 
%, 
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If F has a form of F;( DEAR), we must modify the above formulae as follows : 


a= (2 /R)FG)\ FUE —7/Ry jy, 


$=tReF (7) i FAB) Kb) db 
0 


= 2R2-F,(7)-F,(2pxT ). 


Appeadix Il. The intermolecular force potential 


We shall assume that the intermolecular potential ]” is given by the sum of the 
central force potentials between atoms belonging to the different molecules. If the. inter- 
molecular distance 2 is large enough compared with the internuclear distances ¢,,» of 
these molecules, we may write this potential ]” in the form of Maclaurin series.”  Es- 


pecially, if the both molecules are homonuclear diatomic molecules we have 
V=O(r15) +9 Fa) + 9 2s) + 9 os) 


2 4,mon PG gH Ginfte Vltmtntit+g¢rh aS a 
; Xx a A Zz oO 7 
hes eae ae | Spee Oa lteres 
aVaVaZ"a Xa VQZ"" lxraviaZreo 


temenzeven Lf! yn! it jl Ri} 
i+j+k=even = 


where 7°= (Y’—NV—R)?+ (Y’— V)jP+(Z’-—Z )°. Carrying out the differentiations, we 
get 


Fig. 3. 


Viesg(R) +2 [eee G(R) + PtP +e +2) ?(R)] 
4+ (1/6) (et +24) 9? (RK) + 3( yi +y+si4e') O(R)] 
hi cate (R) EY (eye + y+ xr? 4 xy! 4 ae! aly? + 22") OCR) 

ae ae a ee 4 y'22?) OR) +3 (79 +72") DR) |+4y2y'2' PAK) 


44x20! (py! +227) O(4)+ higher order terms, 
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where 


0,(R) =9!(R)/Ry Px(R) = Oy (R)/R=[ 9" (BR) — 9B) /RY 
0,(R) = 0,1" (R) =[¢'" (R) —29" (R)/R+2¢'(R)/R/R, 
y'(R) =de(R)/aR, ¢! (R) =2°¢(R)/AR’, etc. 


For the hydrogen molecules, it is fairly good approximation to take the function ¥(7) 


as 


go(R)=A. exp(—2k). 


Then A=5.0 is the suitable value of this parameter. 


Of course 
(27)? + (29)? 4+ (22) S& 
(20")? + (2y")2+ (22)? =Ee 


and €,=§,=1.44 in the case of hydrogen. 


Appendix II. Matrix elemeats of the potential 


As stated in § 2, the matrix elements of P,(cos 4,) and P,(cos 6,) x P,(cos 4.) are 
required for our purpose. The former have already been evaluated in the previous paper”, 


ier 
(L,n2,loing jin | P.(cos 0,)| L,!170;'le msl7’m’) 
=C?( ji 3 fli!) CPL! ne! 5 Ly) 8 a, + me, may’ + 12!) 0 (Lo, L5) 0 (ait, 770") « 
On the other hand, noting that 
Pi cos G5) Pa coals) 
= (45/5) 33 Var O11) Vour® (f2) You (8) Vy, (8) 
= (40 /5"S} C8 Ht Hl 5 25 1) Vn ® Ong) Vans ® (282) Yan ys 8) 
(0, @ are the angular components of the vector F%), we obtain 
(Ly770,!ytty Jt | Py (cos 4,) Ps(cos 0) | Ly!170,! Lying’ 7" m2!) 
= 5) (2/4+-1/5)'2CP (0, me! + 1ig! — my — My} 2, 2, —m;) C'( jm 37 1’) 
x CPL ney! 3 bts) CLs mg! 5 Lying) 0 (an, + ms am, nay Mel Em’). 


Since our calculation are made for /,=/,=2,/,/=4, /,,=0, m'=0, the numerical values 
of C'( 7,737’, 0) for large 7 are required. Among them, C°(/,77;/",0) was calculated 
in the previous paper” and 


CCS, ne 377, 0) =6( 7,7’) 0G, 0). 
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The remaining coefficients C'( 7, 737’, 0) have been calculated straight-forwardly employing 
the general formula for C'(/, 17 ; j',m'). The results are 


C1(7, 037, 0) =9(7 +2) (74 1IJG—-VD)/E 

CH 137, 0 =9 G42) G1) V(F41)/L 

OG PP OV ASHT AI) Y¥10(f+2) (74 DIV—-1)/L 

C1(f, 337, 0) = -9-V35( +3) 742) FHI 1) G-2)/F 

Cif, 4 3p, 0) =3 V70(F +4) 743) G$2) G4 VI 1)(7—2) Go3)/2rs 
[=4(27 +5) (2/43) (1) (2-3) : 

C'(j, 0 sf +2, 0) =10( 743) (742) G4 1I// 


Cj, 13742, 0)=— (743) (F42) BHT) YT 1)// 


CC p25 F420 =— 2( 7+7)(7+3) /10( j+2) Gri yj 


CR S57 4250) = | (2749) V35( 743) F42) GE IZI-D 27. 
re era en eae 2) Ci aah 


JHA (47) (2/43) (WHY ¥ (2/45) Z +1) 


C1(7, 05 7+4, 0) =35(j+4) (743) (j+2)(f+1)/K © 


Ci 13744, 0 =—14 (+4) (943) 42) V5(J+1)/K 


lar dea as 0) =7( fe 4) G43) VIO G42) G4 IVG-D/K 


CiGEaas t4, 0) =—2(7+4) V35(7 +3) G42) \tDIG—-1) V-2)/K 
C4 7+ 4; 0) = V70G 44) G43) G42) G4 DIG-Y O— 2) (7-3) /2K 


=8(27+7) (27+5) (27+3) J Br) (27 +1) 


OC 7, 57-2) 0) = 107+ 1)j(j—1) (7-2) /£ 
Cie OH GY) 72?) (27 +9) V5 f41)/L 


Cl(fp23f-2) 1) = 20 2) (j—6) ¥10( (frags Dy Geni /L 


CZ 33f— 2,0) 3 2 7— 1) 357+ 3) (FF2) GE DAI MU 2)/L 
PiU, 43-2, N= VOTE GD) FFI (j—1) (7-2) (9-3)/4 


Fiz 4 ( 27-63) (AT) (27-5) Magri a3) 
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Cy, 0 ; 7—4, 0) =357(f—-1) G2) (j—3)/M 


Cf, 137-4, 0) =14(7—1) (J-2) (J-3) VSS V4 1) /M 


C'( 7, 237-4, 0) =7 F—2) (J-3) VIOG 42) G4 1TY-Y)/M 


C1 j, 357-4, 0) =2(7—3) V35( 743) F+2) GF DIG—-VY G—2)/M 
C17, 4 57-4, 0) = V0 F+4) (J 43) F42) GF DII- YD) G2) G3) /2M 


M=8 (27-1) (2/—3) (27—5) V (2/+1) (2/—7). 


Appendix IV. Effect of the statistics of the identical 


molecules in the inelastic molecular collision* 


Two hydrogen molecules are treated usually as a dissimilar pair of particles when 
these are in the different rotational states. (The rotational state is defined by the two 
quantum numbers corresponding to the absolute value and its ¢-component of the rotational 
angular momentum.) It must be noted, however, that these are not completely dissimilar, 
because the total wave function, including the rotational wave functions, must be symmetric 
with respect to the exchange of two molecules. 


For example, the unsymmetrized wave function** 


ons (9,9) Vim (4,9) gY ( Ee) 


can be rewritten as 


(AZ2) Yom (4,9;) Vim (9502) 9 (BR) ta Vim (8202) Vim (9,9,) 9 (— R) | 
he (1/2) [ Vin (91) Virms (O05) 9 (HR) — Vin (9302) Viren’ (A¢)¢ ( — fi) | ) 


and such wave function is excluded because it contains the antisymmetric part. Thus we 
_must always employ the symmetrized wave function of the form 


(1/2) Vim (4181) Yirms (9922) ¢ ER) + Vin (4:02) Vorms (8,9,) 9 (— RY]. 
This is rewritten as 
(1/¥2 )LVin 121) Virms (O200) + Yin (9:2) Vrms (9,91) (1/2) (PR) + ¢(—R)] 
+ (1/42 )L Vim (81) Virms (9202) — Vim M202) Firour(E,¢,) (2/2) fe R) — 9( — Ry 
== Few A, 2)* 9 CR) 4 Ye,.(1, 2)-@CR)>, | 


*) The authors express their appreciation to Prof. M. Kotani (University of Tokyo) for discussions 
on this problem. 
**) 0%, %4 give the direction of the 7th molecule in the fixed coordinate system in space. RR is the 


vector joining the centers of the two hydrogen molecules. 
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O) a +: . . . Fi . 
where “/”,(1, 2)* is the normalized and symmetrized rotational wave functions. Especially, 


if (/,m)=(l', mm’), it is simply 
Ci v2 )[¢CR) +9(— B)\Vin (Ags) 1a (9.2). 


In this latter case, the relative motion of the two molecules has only the even values of 
quantum number 7. Accordingly, there is the explicit appearance of the effect of indistinguish- 
ability of two hydrogen molecules. Clearly, this effect is remarkable in the low energy 
collisions where the S-wave predominates. 

The total wave function of the two-molecular system is of the form 


w= Sy Y* (1, 2) ghey (BR) t+ Yin As 2) Grnomt FE) 
liimm 


iitmm! ! 
Substituting this in the wave equation //P=E'V, we have 


(2+ Bur) Cen B)*= 24>) (Poni | Vite Fee BR)" 


pgp'q! 


(2+ Bay ghey B= 21S, (Pins | V | Feat) Pett CB) 
pgqp'q! 
since the matrix elements of the type (+| | —)vanish in the present case. In these 


equations 


Buy /2p=E—l(L+1)/2ME—0 (E41) (2M, 


and € is the internuclear distance in a molecule and J7 is half the mass of hydrogen 
atom. 


£5 


g* can be further expanded as usual. 


lt, (BR) * =>) SPH 1) {Ctra (R)/BS Y;,(99), 


g=even v 


oo! (BR) 7 =) S27 +1)" 1G Binems (RY/ BY Viel 00). 


j=odd y 


Using these G-functions the cross sections of the inelastic collision processes are given 


by (4), (4a) in the distorted wave approximation. We shall consider the process of the 
type 
(m+ (hm, nm!) +(L, m). Ga) 


If the two molecules are distinguishable with each other, these can be numbered. Thus 
the excitation of the first molecule is separated from the excitation of the second molecule. 
Since two final state wave functions (Yorn (4:1) Vim (Os%2)¢(R) and Yim (91;) Virmr (Foo) 
y(f)) are orthogonal with each other, the cross section of the process (*) is twice the 


cross section of the process 


Cae, nm’) a ee m)—>(L", nm") ae ‘Us m’) Cae) 


lect the small difference of the intermolecular forces for these two processes 


when we neg iota 1 
(*) and (**)2 Ttcs-not true, however, in the case of the indistinguishable molecules, 


In this case only the final wave functions of the form 


592 K. Takayanagi and T. Kishimot> 


Feri yay OCRY* 
are permissible, because the 4% function in the initial state is of the “ + ”’-character 
(symmetrical) and the matrix elements (— | /”| +) vanish for our present case. There 
fore the cross sections of the process (*) and (**) are the same with each other. For 
hetero-nuclear cases, however, non-vanishing matrix elements of the form (+ | V |\-F) 
may exist. But in this case (+ | /7| +) and (+ | /”| +) come from the different 
terms of the function /” (symmetric and antisymmetric part resp.) so that the cross section 


does not double. 


Additional notes to paper I? and IT” 


(1) ‘In the paper I, the molecular collisions were considered for the mean thermal energy as in the 
present paper. Recently, independent of min2, Schwartz, Slawsky and Herzfeld®) investigated the same 
problem in which they carried out the summation over the Maxwellian distribution. 

(2) In the paper II, we proposed “the method of modified wave number” (§ 4, (iv)), in which the 
wave number / was simply replaced by a constant 

Fey G4 REP 
It will be better, however, to formulate with a little modifications as follows : 
The radial wave equation to be solved is 
{d2/dR24+B—j(F+1) [W2—K(R) ge 5 23 RY =O. 
First, we solve the wave equation 
{2/dk2+P—V(R)}o(2; R)=0. 
regarding & as a constant. Denote the solution of this equation which, satisfies the boundary conditions (e. g., 
ee! i & 
¢g(0)=0 and g~sin(£#+4-6) asymptotically) by 
O(2, R). 
Then the approximate wave function of the original equation will be given by 
? gi (RP, R)=O(2—j(j+1)/K?, R) 
provided that the potential /"(/’) is steep compared with j( /+1)/A?. 


(3) “ Formulae for C?( 7,7; 7,0) with even 7” (paper II, Appendix II) can be applied to the case with 
odd 7 as well. 
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The convergence of the Green-functions of one-nucleon and one-meson problems is investigated. 
In order to get the finite expressions for these Green-functions, we define the vertex function I” by (1-9). 
By virtue of this definition the number of graphs of the proper vertex-type of the x-th order in g 
increases so slowly that the majorant series of the Green-function can be made to converge. 


. 


Introduction 


In the preceding paper’ of the present author and T. Imamura they showed that 
the .S-matrix represented as a power series in the coupling constant diverges in case of a 
scalar field with non-linear self-interaction though the relativistic cut-off (non-local interaction ) 
was catried out. This divergence results from the fact that the number .V,, of graphs 
corresponding to the #-th term in the series stated above increases rapidly with the 
increase in 7. This rapid increase of the number of graphs is due to the structure of 
the functional equation satisfied by I’ (vertex-function ). 

In the present paper we shall investigate how to modify the functional equation of 
[’ in order to get the convergent results in the perturbation method, especially to obtain 


a finite expression of the Green-functions for the one-body problem. 


$1, Fundamental equations 


In what follows we put Z=c=1, and #=1 where / is the rest mass of a meson 
field, thus all the quantities appearing in this paper are dimensionless. Let us consider 
a system of nucleon- and neutral scalar meson-fields with the Lagrangian density 


Le) = — 2) {rp 80) + Mh (2) — 2 088 + 8 


+9 { Cnet 2 TOO, Bet (x! )} dele" 


4 (26 (2) +0) Ye) + Fa) 0)» (1-1) 
n field, and ¢ the neutral scalar meson field. ./(x) 


where (,, #8 tepresent the nucleo | 
number source spinors being anti-com- 


: =? 
is a c-number source function and 7%, YS are < 
mutatiye with each other and with and ¢. 
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. ( - Bi 4 
Following the Schwinger’s method let us define one-nucleon Green-function G,,(1, 4”) 


and one-meson Green-function (2, 1’) which satisfy the following system of equations : 


(19) + M1} op Gos (4% 7) —9 (BCI) )Uen (4x 9) G yp ("a") dx'ay 


a | Sep uy) Gog ( 72") Ly = 0530 (4-2), (1-2) 
Cal 1) 525-2") _| Play) GC, 2/)dy=—0(a—2"'), (12) 


—~ 


(1-1) (6(4)) +ig | Vas (412! +2) Gua"! dv dee’ = Jax). (1-4) 


Here the two kinds of self-energy operator >}* and / corresponding to nucleon and 
meson fields are defined as 


Ie 


Se Cre ears | Op (#2 2) Goo (2, 2) Von (2' 2": 9) GC 99) dydy'ded2’, (1-5) 


Pasa = ~i'| Oya y'9" v2) Ga, (2) D0 ee! 2 2) Gale J dy dy" de de”, 


(1-6) 
The vertex-operator /’ appearing in (1-5) (1-6) is defined by 
Naeeog aie: SEY eo 
oe (a, x! :7) oe Pee PoP, oe) ad aes a! :7) ie, 23 Osa OS ) (. F 7) 
g 9 O(y)) g %X9(¥)) 
By substituting with (1-5) into (1-7), /” is written down as> 
Risa 3 py HU. as" 34/) 
—ig’U (41: 2)G(13) 134: 7) G(45) '(52' : 6) G(62) 
ate (lie 2) C13) eh a. ara (1-8) 
O9(7)) | 


The second and third terms in the right-hand side of (1-8) are graphically represented 
by Fig. 1 and Fig. 2a, b, c, respectively. 
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Now let us propose that I” is defined by 
Pus (x, 2! 1) =U ag (4 #29) 
=e is*| On, (x2, J) Ge ! (44%) Pyr01 (45%5 :J) Goro (34) oat er) G(joI1) 


AX AX AX AX Ay) A) (1-9) 


in place of (1-8). That is to say, we propose to omit the third term in the right-hand 
side of (1-8), whereas we retain the definition of S1* and P. From this new definition 
of I’, it is easily seen that I’ consists of the sum of contributions arising from all the 
graphs which are obtained by inserting the graph itself shown in Fig. 1 into the two 
vertices appearing in Fig: 1; These graphs will be 
called J-graphs, the examples of which being shown in 
Fig. 3. The important feature of the [graph is that it 
has only one open-polygon of G-lines and never has 
closed-loops of G-lines, and this open-polygon necessarily 
passes over all the U-vertices of the [-graph. 

In case of /=0, 7=7=9, all the quantities 


considered above are represented in the energy-momentum 


space in the following way , 
Gal) = (28) | Can (Bal 
GG)= (az) G(L) edb, 


iSE(x) = (27) \ Ga.(h) eM dk = (20)-* j rte keh, 


(eo) ike 
id? (x)= (2a) G (2c dk= (an) | foes he 
pres 
(d(4)) = (27) —°o, = constant, . (1-10) 
3h @) = 22) 71] Ub Oe*ae, 
P(x) = (27) At Phe dh, 
Ug (xy 2) = (27) | Ug (be Dette 9-H dh al, 


D4,( 2712) = (22) zi V(b: Dette ter dk al. 


By taking account of (1-10), (1-2) can be written in the momentum representation 


as 
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Gus (2) = or (Z) a 90,Gaa (Z) Oe (k ; kh) Gos (2) —Gy,(%) Pie (4) Goa (4) ee Gr 1) 
Similarly (1-4) turns out into 
= ig &(0) | Usy(1-1) Gra (Dal, (1-12) 


and (1-3) is transformed into 


6 (4) =6(2) —B(2) PAGE): (1-13) 
§2. Proof for existence of solution 


As in case of the preceding paper,” let us suppose that PEI >0 +7 Soi 
order to avoid the difficulties concerning the so-called displaced poles arising when energy 
variables are transformed into pure imaginary ones. Then in course of obtaining the 
solution of (1-11)~(1-13) the integrations with regard to virtual energy-momentum 
variables are allowed to be carried out over the four dimensional Euclidian space. 

By using the iteration-method the solution of (1-9) can be formally obtained with 
regard to [’ as follows ; 


basin teed) = aoe oS 


2n+1 


2n+1 : on. = n 2n+t 2n.4-1 
{7 Oa 45, (45°452I5) IT Gyo, (65 —§;) TG (—a) MT da, Hl dxj IT dy;, (2-1) 
FE tet ere 2 hal jet G2 pe 


where 
ER ( ie % 7) n = 
SPT 2 as 
and 4,4, ay a a, Vee 


In (2-1), the sets of variables (€,:--¢,), (€/-+-€,') and (91°°:%n 2 M1'**:Mn!) should be 
chosen out of the sets (%5:+-¥n 41), (44/%4 ‘-tomnery “and (94.H7> Pa" Vanaa) respectively in 
such a way as to get those integrands in (2-1) which correspond to all the possible /* 
graphs with 27+1° (/-vertices. DUr-grapn In (2-1) means to sum up integrals over all 
these /-graphs. (2-1) can be written in the momentum representation as 


Pag (BeL) =U BD) 4S) og oS 
n=! 


I’-graph 
2n+1 2n n n 
| HO in A) MT Gso, 23) HOC pi) Hl ly (2-2) 


with 4,=4, /,=/.. Here ky lj, and h;=(J;—;) are the energy-momentum variables 
carried by two G-lines and one G-line being incident on the 7th U-vertex, and (91°"*Gn) 
are the 7 linearly independent variables chosen out of 37 variables (Pye, ¢ Pi Pr'). 
| From the very character of I-graphs we can put 


Qr= Px (£=1---2), 


qa 


Ee 


oe 
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Suppose now that the form factor U,,(k, 2) is bounded in the four dimensional 
Euclidian space £, and further both integrals 


[ 17G+a, 9) Gaal0) ldo 
and : 
[ {7G &+9) 8) |do 


are convergent and bounded functions of / in E. That is to say, we assume that there 
is a finite constant |” defined by 
« ° a .e) ie) 
W=Max {| (4,7); 1G, Sal \Ue+9, 9) G (9) |, JUG, b+ 9) (9) lag 
(2-3) 


Furthermore let it be assumed that there exists a finite constant J7 defined as 


,| |OUR a, 9) Gala) lee J 17, bg) 80) |e). 
3 (2-4) 


Then the following inequality holds for any one of integrals with fixed 7 in (2-2) ; 


M=Max {|8(2)|, |G) 


| Qn+1 Qn n n 
\ I] Ua y (ef) H Gyo, (Ps) IES (ge) HT da 
o9 j=l a J k=1 k=1 


inks 


<(Max|G])°"(Max|U[)"*"-4"-1 « (Maxi |, £-+ 9) 8() |a0}" 


LOM. (2-5) 
Here the trivial inequality 

{4G (A) G (2) (72) } ap] < 4°" (Max G])" 
has been taken into account. Thus we get 


Wgea Ww +1 yen , (2 : 6) 


Wrssh¥eO {W+Di¢n 
where .V, is the number of /* ‘graphs with fixed 7 and is given by 


(2n)! (ou7) 


Veal Nee 
ni(n+1)! 


The calculation of /V,, will be given in the appendix. 


Now the infinite series in the right-hand side of (2-6) is absolutely convergent if 


aig? WM < = 


is satisfied. For the sake of simplicity, putting 


f(4) te Ss] \Cnl »NVn gate: re, 
n=1 
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we get 


[Pan] < Wf). (2-6)" 


Since (1-5) can be written down in the momentum representation as 


Si (4) =ig'| Uh, RL) Ga h—-L) Vig 2-1, EOC) a, (1-5)! 


2 308 
the inequality 


[S35 (2) | < 49° Max|G| -Max|/"| -Max{ |\U(k, R-L)@(D lal < 4PM? (W +f) ) 


(2-9) 
holds. Similarly the representative of (1-6) in the momentum space is 
Pk) = igh] UU 4, Gag 02) Fp Lhe 2) Cpa) db (1-6)! 
and the upper bound of |P(/)| is given by 
|P(2) | < 48¢°’Max|G(Z—2) | «Max| 7 -Max| |UL—-, 1) GQ) |dl 
< 49M (W+f()). (2-10) 


We are at the state of solving the equations (1-11)~(1-13) by using the method 
of successive approximation. By substituting with (1-12) into (1-11), the latter equa- 
tion turns out into 


Gan) = Cas) +19? (0) | UE I) Guy (0)al- UA 8) Coo b) Gos 2) 


= Gy (B) So) Gon), (2-11) 
where we put 
Ou, (hy. 1) =0 0 (BC): 
In the first place we put the solution in the y-th approximation to be 
(m) (mn) 
Gas(%), G2), 


and suppose that there is a finite constant //,, given by 


: (m) 
Mi, =Max {| Gas(2) 
- kek 


(m) (m) (m) 
IB) |, (| C+ 9.) Galaldgs [\UG +4 g)BCo)|aa)- 
(2-12) 


(m) (m) 5 ? 

G and @ are defined in the following way : 
(0) ©) 
Gy;(%) = G5 (2) 


(m) fe) (m1) ° m— 
Cash) = Cas (B) +i8°B(0) | UC DG pu (0) adl-U (b, 8) Gao b)Gog (®) 


fe) (m—1) (m—1) 
—G,,(4) Ddipo (2) Gog (Z), m= 1, (23423 


: 
d 
’ 
. 
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and 
0) ° 
G(*) =G(%) 
BM= 8@- S (4) P(A) GLE), m —1, (2-14) 


(m) 
where P and Su are the expressions eien by replacing G and (® in the right-hand 


sides of (1-6)! and (1-5)’ with a and rc respectively. 


From (2-13) we have the relation 


(m) fe) (eo) Qa) 
|Gas(2) | < W+9Max| {G(0)U &: k)G(R)}|-4Max| G | 
TC 1) 


x Max | |UC 1)°G., (2) |dl-+ #1V-Max| 3*|-Max| G ' 


< Weg W M2 + ¥P Maa (W+f May} W 


= W+F(M,-1), (2-15) 
where we have put 

F(a =fW[4 Wx? + 48x */W+f(«)} IJ. 
Similarly from (2.14) we get 

1S(4)| <W+F(M,,-1)- (2-16) 
Further the following inequalities can be easily derived by taking into consideration (2-9), 


(2-10), (2:12) 5 


[ire +a, Nom de SfIU +0, Neal 


1 44p Max| (GOOG, DD) -IUE +9. 9 Olea Malel- flO NEO al 


(m1) (e) 
44° Max| SI" G)|-| ITE +9 NEO) Id < WHF Mans) (2-17) 
and 
(m 
\ IU, h+q) 8(q)|dq < WHF Mn): (2-18) 
Thus we arrive at the result 
M,, < W+F(M,-1): (2:19) 


Now the infinite series. 


F(x) =We|rw 224 433 {W+f(x)} | 


is absolutely convergent if 


ja| <4 ep Wwe < (2-20) 
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is satisfied. In other words, /(4) is a regular function of x for |x| <2. 


of the mean value theorem, we can put /(2) into the form 


aa in FE) | 


o< O<-4, *{2| 5% 
as 


VAC? veo 


5=04r 


By meanis 


since the series /” begins at the term with 2°. By virtue of the character of regular func- 


tions, there exists such a finite constant 4 as 


ee WAG 


Thus it holds 


pane [| Sead. 


IF(#)| < 


Let it be assumed that 
Mn Se A, 


then (2-19) can be rewritten as 
UW [2+ Aa a 


In the second place let us consider the equation 
ya 1A E 4. S “A zip 


Suppose now that y satisfies the condition 
D=1—27 AW" >0, 


then (2-23) has two positive real roots 


2 iy Nao and A,= 1S vee =T 
gAWw ‘ a “AW 
Putting 
ayes TaN Soe W, 


we have the relation 


ay 


=f AW - 
spe eee 1<0 


== 7 AWe = i 
Further we propose that by choosing gy to be sufficiently small the inequality 


ve Wr < + 


(2-21) 


(2-20)’ 


(2-22) 


(2-23) 


(2-24) 


(2-25) 
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can be satisfied. Under these assumptions, we can prove the existence of a solution of 
(1-11) ~(1-13) in the following way. 
From (2-23) it is easily seen that 


M=We<e, 


Mack 6),| \UG do, | \U@lag} <c. 


Assume now that 


Mini mae 


is satisfied. Then by virtue of (2-22), it holds that 
M< wir vA *|=e. 
2 


Thus we get 
M,,<t for every m(=0, 1, PaO Ve (2-26) 
From this result it is seen that all the assumptions so far used are justified except the 
assumption of the existence of tr and (2-25). 
Next let us put 


4M=Max\4C,, 48, 4 (| |G |dq) ms 4(| \7|dq) mn} (2-27) 


where the following abbreviations have been used ; 


(m) (m+1) (m) 


AG =Max|G—G| 


(m +1) (m) 


46= Max|G— G| 


m+) (m) 


oe = Max ||0(G— G)\d9 


(m +1) (m) 
a({ (Ue 


=Max| \O(G—8) |de. 
Remembering the trivial relation 


m 


(m) (m) (m= ts 1) (m) (mV) (m—1) 
> go ene <P B\+|4—Al |Bl> 


we can estimate the upper bound of 
(m-1) (m) (m=—1) 


A[=Max| fT}. 


The result is given as follows ; 


Ar <>} > Nea g" 


T- Pa 
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n (m) 


x| 1 IT |Oz,s,\-1 I Cp) Bq) — fi IL “C(p) 8 (ge) [Il das 


j=1 k= 


<5 lel gt Nar Ean acal "IG 
4-2 (Max|G|)2"- (Max| \VS|aqy"*4 (| |7@|29) m1]: 
Using (2:26), (2-21), we can further transform this result into 
Meas 2 SG GV 8 ran ees 
Tet, 
TW pee ROM ace (2-28) 


at 


(m) — (m=1) 
Hence the upper bound of |>)*—>}*| can be estimated in the following way ; 


(m—1) 


IS = Max| S15 (2) — 3% (4) | 


ca 49’Max (| |U@|dg) -Max|I1-4G,,_, 

+ 49°Max|G| -Max|J’| a( |UG| dq) n—1 
(m1) 

+4g/Max|G|-Max({ |UBap) 47" 


a ag {Wey fey} 4M, (2-29) 


In quite the similar way we get 


(m—1) 


AP=Max|P(z) P(A) | < 4g? os [We +ef(c)} 4,4. (2-30) 
Accordingly from (2-13) we have 


(m+) (m) 
|Gon (4) — Gag (4) | S wie W*- 27+ 4° W Max|>}*| 


+4 We ne it (Wf (t))} 14M, 1 
@ 5 4M,,- 
Ve (c x 1 1 
Since it holds that 
Oe a°F (x A) a5 Res 
eae ed yas <Ty AW =z, xo T<-t); 


e=OT 


we attive at the result 


Ft 
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(m+1) (mm) 


|G —G| Sa4dM,,-, . (2-31) 
Similarly we can obtain the following relations : 
(m) 
46 <a-dM,,_15 


A (| [UG ld) <0 AM 


4( \UG@|dq);, <0: 4M 


Therefore the relation 


4M, a ae AM (Gu= bs 2---) (2-32) 
has been verified. From (2-32), and (2-24) 


lim 4/17,,=0. 


mo 
Thus we get the solutions 


(m) 

lim Gy=Gas 

sat tg (absolutely convergent). 

lim sy 

m>o 
OF course these solutions satisfy (1-11)~(1-13) and are regular functions of g if g 
satisfies the condition (2-25). Therefore we can expand these functions into power 
series in g which are just the expressions usually obtained by the perturbation method. 

Now our last task is to prove the uniqueness of the solution. Let (G,, G,) and 

(G5, Gy) be two sets of solutions of (1-11)~(1-13). And further we assume that 


Mar iG dl, Gil { |7Gelda, | WU Nee a2) (2-33) 


is satished. Putting 
AEMax Gy Cil, G4, | \U(Gy—G,) do, | \U(@,—@) |a9} , 
we can prove the relation 
A ss Gh (2-34) 


in a way quite similar to that used in deriving (2-32). From (2-34), it is easily seen 
that 
A=0 


by virtue of (2-24). That is to say, we obtain the conclusion that there is only one 
solution of (1-11)~(1-13) which satishes the condition (2-33). 
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§ 3. Discussion 


Our arguments so far developed are essentially based on the following four assumptions ; 

i) that the vertex function /" is defined by (1-9) instead of (1-8), 

ii) the proposal concerning the form factor U, i.e., the existence of a finite constant 

W defined by (2-3), 

iii) that the equation (2-23) is supposed to have two positive real roots 4, > A.(=7) 
and 

iv) that 2,(=7) satisfies the condition (2225) 

On account of the assumption (i), we have omitted the contributions to /’ arising 


from 
fed ig) eye SOG) 


LE (etapa a(b(y))? 


which are graphically represented in Fig. 4 and 5. 


. Be Fig. 4 represents Compton-scattering 
s He of a meson by a nucleon, whereas Fig. 
5 the meson-meson scattering. From 


the physical point of view it seems at a 


Bed! aN glance a fatal defect to neglect these 
; J types of graphs. However we do not 
Bens Eee take a pessimistic view of this problem. 
: From our standpoint we can give the 
Green-function for the process of Compton-scattering in the following way. Let us intro- 


duce a quantity 


Red ty) = — t 0Ga («:4') P : 
Bee re Pieir: aay 


This can be expressed in the following way by using the symbolic notations. 


I" (ax! sy) =U(ae':y) = ig} gU (ar :2)G(1, 3)I" (34: y)G(45) 1(52' : 6) (6-2) 
owes OG r ee) 2 - 0 (42) 
+U( ae a(6(9)) “G(42)+0(41:2)6(13) Gx’: SU6O)) 
(3:2) 
where (1-2) and (1-5) have been used. Since it is easily seen from (1-9), (1-3) 
and (1-6) that the third and fourth terms in the right-hand side of (3-2) are power 
series in ¢ beginning at the terms with g®, /’’ can be approximately expressed by 


1" (aa's 9) =U (ax! sy) —igU (41: 2)G(13)U (34: vy) G (45) (52! : 6)@(6-2), (3-3) 


the second term of which corresponds to the graph shown in Fig. 6. Now in order to 
derive the Green-function for the Compton-scattering defined by 
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cf er OBS Oia, (ue) 
Cohee 27) = ; 
Coaae Maar ETE ST ICTO DD 


it is further necessary to introduce a new quantity 


1 OL'ss (Cee 


g 9(9")) 


Bee Substituting with (3-2) or (3-3) into (3-4), we can obtain 


an approximate expression of //,, given by 


Mag (42! 299!) = (3-4) 


Iq3(xx! yy’)  —t{U (41: 2)G(13)U (34 -y!)G (45) U0 (56: v) G(67) [(72" : 8) G(82) 
4U (#1: 2) G(13)U(34 3 9) (45) U (56: 9) (67) I'(7x' + 8)\G(82)}. 

This is graphically shown in Fig. 7. 

Thus our omission of contributions 

to [' from the graphs Fig. 4 and 5 

does not mean that the effects arising 

from those types of graphs have 


been completely excluded from the 
present theory. In fact we have seen 


from Fig. 7 that these effects are — 
correctly included in the Green- 


Fig. 7a Fig. 7b 


function Cys. 

The remaining task on which we should investigate is that A) in what a way the 
definition (1-9) modifies the S-matrix, B) whether (1-9) is sufficient or not to ensure 
the convergence of all the elements of S-matrix, and finally C) whether the experimental 
data agree or not with the results obtained by using the present formalism. 

The assumption ii) is satisfied if we choose U/(#,/) in the following way ; 

Ub D=[Atree) dni) 40 EDIT" (<1). 


In fact in this case both integrals 
0 ° 
[io@ e+ Q8@lty and JIVE ta DGal lt 
7) 


are convergent and bounded for any # in E. 
Next let us investigate the assumptions iii) and iv). ( 2-25) is approximately te- 


written as 


epW(e—W*) + FW! ~ age W'{i + SoA w| Zl, 


if g is assumed to be sufficiently small. Therefore g is restricted by 


ye 1 
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At the same time g should satisfy 


ee 
AW 


in otder to realize the assumption iii). Hence we must choose ¥ as follows ; 


ae 1 il 
o<ge Min {1}. (3-1) 
ew? 2AWwl” 


Thus we arrive at the conclusion that if we choose g in such a way as to satisfy 
the condition (3-1), then the perturbation method is permissible for obtaining the 
solution of (1-11)~(1-13). 


Appendix 


Calculation of N,, 


Following the line of reasoning used in the preceding paper,” we can easily calculate 


NV, by regarding I’, U, G and G as c-numbers. By putting 
r=Uy(x), £=—1F UC, 


(1-9) is written down as 


yH1+47". 
The solution of this equation is 
y= 1 Vy a 
2% 

or 

2 2x)! 

i Sia oe for |427| <1, 

n=0 2! (+1)! 

Tes 


: (pes es (2n) ! Get TG A Bec ok 


n=0 wl(z+1)! 


Therefore we get 


(n+1)1" 


len| 5 Ni = 
n\ 
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The intermediate coupling theory is generalized so as to include dynamical problems such as meson- 
nucleon collisions. The underlying physical picture, as well as the results obtained, resembles in many 
respects the dispersion theoretical treatment of nuclear processes. Relations of the method with other 


approximation methods are investigated. 


§ 1. Introduction 


; The intermediate coupling theory has been hitherto applied only to static problems 
such as a calculation of the self-energies of a nucleon and its isobars.” The recent develop- 
ment of the experiments using attificial mesons? makes it desirable to develop a method 
applicable to the intermediate coupling region including also dynamical problems such as 
scattering of a meson by a nucleon. The experiments seem to indicate a broad resonance 
of the colliding meson with an isobar state which is the characteristic of the intermediate 
coupling. The extending field of application of the intermediate-coupling theory, e.g-, an 
application to the theory of solid state,” may also welcome a generalization in a similar 
direction. 

The purpose of the present paper is to suggest how a method suitable for the treat- 
ment of such. problems can be developed. The contents of the present paper is only of 
methodological interest, because the model taken up in this paper is too much simplified 
to allow any comparison of derived results with actual experimental data. There are different 
methods of approach, e.g., the Tamm-Dancoff approximation” which was successfully applied 
by Cornell group to the meson-nucleon collison problem.” The method developed in the 
present paper, however, may be of some interest because it provides us with a very clear 
physical picture of the process which resembles in many respects the familiar dispersion- 
theoretical treatment of nuclear collision processes, and the formula obtained by out method 
may be used. as a basis of a phenomenological description of more complicated collision 


processes. The usefulness of such phenomenological description has been in fact shown by 


several authors.” 

The essential point of our method consists i 
between bound and unbound ones. They may be also called inner and outer configurations. 
The bound, inner configuration is the configuration which belongs to the self-field of the 
o the nucleon and make, so to speak, 


n the distinction of meson configurations 


nucleon ; mesons in this configuration are bound t 
the “ clothes > of the nucleon. The outer, unbound configurations on the other hand, are 
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configurations in which mesons are unbound and move in the other space without belonging 
to the “clothes”, thus the incident meson is to be considered to belong to one of these 
configurations. In the static problems hitherto treated the application of the intermediate- 
coupling theory concerns only with the inner configuration, where various states of the 
nucleon clothes correspond to various isobar states of the nucleon. In the dynamical pro- 
blems, however, the unbound configurations and their coupling with the bound configuration 
play a role ; the meson-nucleon scattering process, for instance, is pictured as an absorption 
and re-emission of the incident meson into and out of the bound configuration from and 
to an unbound configuration. 

The approximation in our theory first consists in a limitation of the number of 
mesons in the outer configurations. We neglect, namely, the possibility of the presence of 
more than one meson in the outer, unbound configurations. In the inner configuration, 
however, we take into account the possibility of any number of mesons. Thus the feature 
of our approximation may be illustrated most clearly by comparing it with the Tamm- 
Dancoff approximation. Also in the latter, one limits the highest number of mesons, but 
here the highest number is two,* where one does not distinguish between inner and outer 
configurations. Soawe may say that in the Tamm-Dancoff approximation all meson con- 
figurations are treated on an equal footing while in ours one lays more weight on the 
inner than the outer configurations ; the inner configuration is treated more accurately, and 
the outer configurations are treated less accurately than the Tamm-Dancoff approximation. 

One defect of our method is that it is not possible to include the effect of the re- 
coil of the nucleon, much less relativistic effects. However we may hope that it will not 
be impossible to improve the method so as to include, at least partly, these effects, after 
the suggestions by Matthews and Salam”. The method using a canonical transformation 
first introduced by Jost® and then applied to the intermediate coupling theory by Lee et 
al.” will be also useful. 

Another defect of our theory is that one must inttoduce the cut-off procedure in order 
to avoid the divergence characteristic to the quantized field theory; it is impossible to 
develop the theory on the basis of the more satisfactory renormalization technics. 

The simplified model taken up in this paper is the same one as was discussed in the 
eatlier papers, I and I’. It consists of an infinitely heavy nucleon interacting with the 
charged longitudinal meson field. This model is taken up for the sake of simplicity. We 
are quite aware of the necessity of developing the theory on more realistic models ; but in 
doing it a considerable complication will appear. We believe, however, that most parts of 
the general features of the results will remain valid in such more general considerations. 


§2. Derivation of an approximate equation 


As was given in I or I’ the Hamiltonian of our system is 


ie * ee ote ‘ 
Thus the word “ Tamm-Dancoff approximation ” is used throughout this paper in the sense somewhat 
different from its original one. ee 


wa eee! 
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H=\K [a* (f)a(f) +8*(£)4(£)] at 


melee: {La(t) +4*(f)] O+[e*(f) +4(f)] O*} at, (2-1) 


where the meaning of notations is given in the cited papers. In these papers we then 
introduced the Fock representation to solve the eigenvalue problem 
(H—E) 9=0, (2-2) 


but it is more simple to use an alternative method given in II. In this method, which 
was discussed also by Watson and Hart," we first expand the meson field by a properly 
chosen complete orthonormal set of functions ¢,(f) and ¢,(f): 


a(t) =Ae(t) +|a¢5(ds 


(223) 
A) =Be(t) + | b¢,(t)4s, 
where the first member of the orthogonal set is 
pee | kh 
s(t) =— = 2-4 
#060) K,KVK ay 
with 
K;=| ee (2-4) 
se 


Then in terms of A; B&, a., &, and their Hermitic conjugates the Hamiltonian (2-1) is 
S &S 
expressed as 


H= Ky{A*A+ B*B—V[(A+8*)O+ (A* +B) O"1} 


+|Ke [(A*— VO)a,+ (Bt—VO")6,] ds ee 


+ | Keo [a,*(A— VQ) +2,*(B—-VO) 4s 
a \\« gq/(@q*@q/t+ 5,*b,,)23a8' 
with - 


Ku=|90" (f) KQ, (f)dt, 


Ke3= Jeo" (A) Kz (f) df, 
(2:3") 
Ky=\95" (Ke (fat, 


K, = |es"(OKG (fat 
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and 


v=LK,. (2-5) 
x 
The intermediate coupling approximation consists in the neglect of the second and the third 
terms of (2-5), where we already make the error as small as possible by our choice ( 2-4) 
of the first member of the orthogonal set. , 

As was discussed by Watson and Hart, the error is not very large so far as one deals 
with the states without unbound mesons; one can thus successfully determine energies of 
the nucleon and its isobars. However, as will be shown later these terms play an essential 
role when the unbound mesons are to be included in the problem. For instance, in the 
case of scattering of an unbound meson colliding with a nucleon, these terms cause an 
absorption and re-emission of the incident meson giving rise to a scattering, so it is these 
terms that are essential in such processes. 

The choice of the functions y.(f)’s is quite arbitrary ; the final results ought to be 
independent of this choice, and, if one will, one could proceed without using such functions 
at all. But it will be found in § 4 that a particular choice of ¢.(f)’s has a direct physi- 
cal meaning, so that it is convenient to use these ¢,(f) ’s from the beginning. It will be 
shown in Appendix I that in this choice g,(f)’s make a continuous set, the Machtigkeit 
of which is equal to that of the values of f. Thus the suffix § is to be considered as a 
vector whose domain coincides with the domain of f. In this choice, moreover, x vs 


make a diagonal matrix of the form 
Ky, = S0(8—-38'). (2-6) 
We shall now introduce the following abbreviations : | 
A*A+B*B—V[(A+8*) 04+ (A*4+B) O*]=2, 
A—VQ*=A, A*— VO=A*, (2-7) 
B-VQ=B, L*— VQ*= B*. 
Then (2-5) becomes 


H= Kp +|K,y(A*a,+ BY) d3+ |Kei(a* 4 +4,°B) ds 


+|S(a,*a,+0,*,)d8.. (2-8) 


Our problem is now to solve the equation (2-2) with this ia 


athe variables A, B, a,, 6, and their Hermitic conjugates satisfy the commutation 
relations 


[4, A*]=[B, B¥]=1, 
[a., a,*|=[6,, b,* \=0 (Gee (2-9) 


the remainin i © ie 
g commutators being zero, If we define w*, m7, 2*3 and 73 by means of 


© 


ka ee ee ee eee 


scattering problem, however, 
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AA=n*,; EB H We 

a," a. == 47%, 2 ihe 30) 
it follows from (2-9) that 7*, x7, 2** a8 and n-*a@ are integers. Their physical mean- 
ing is obvious: #* and 77 are respectively the numbers of positive and negative mesons 
in the configuration ¢,(f); 7** and w~* are the corresponding numbers of mesons in the 
configuration ¢.(f). 

The function ¢,(f), when we go back to the r-representation from the f-representa- 
tion, has its value only in the neighbourhood of the origin, so that mesons in this con- 
figuration are bound to the nucleon. The mesons in this configuration form the “ clothes ” 
of the nucleon. As we shall see in § 4, the functions y.(f), on the other hand, are not 
bourid to the nucleon and have non-vanishing values in the external space: each of them 
consists of a plane wave and a scattered wave. Thus the mesons in this configuration do 
not belong to the “clothes” but move in the external space. In this way we make a 
distinction between bound and unbound mesons as was mentioned in the introduction. 

So far we have made no approximations. An essential simplification is now obtained 
by introducing the following approximation : 

Approximation [. We neglect the posstbility of the presence of more than one 
meson in the unbound configurations. (Number of mesons in the bound configuration 
may be arbitrary). 

Then the Schrédinger functional consists of only three parts (nin), O' (n'n7) 
and P-*(n*n~): 

P(nitn-) ; 
D=)P** (n*n7) (2-11) 
D-* (n*n-) 


where @°(n*'n~) is the probability amplitude for that there are 7* positive and wv” negative 
mesons in the bound configuration and no mesons at all in the unbound configurations, 
@*?(n*n-) is the corresponding probability amplitude when there is one positive meson 
in the configuration ¢,(f), and @-*(n*n~) the probability amplitude when there is one 
negative meson in 9, Coy. 
By requirement that @ bea Solution of (2-1) / with, of (2:8),.it follows that 

PD, P*® and (-* -satisfy 

(Ky 2—L) P+ A*|\ KP + B* | Ki? * d8=0, 

(Ky 2+ S—E) 0? + AK, P'=0, (2-12) 

(Ky 2+ S—E£) 0? + BK P=. 
ve is essential in the intermediate coupling approximation. 
lected the second and the third term of (2-5) in the 
n easily infer that this is the same approximation as 


mesons in the unbound configurations. In the 


Our neglect introduced abo 
As we mentioned above we have neg 
problem hitherto treated. But we ca 


the neglect of the possible presence of 
such a total neglect of outer mesons is not allowed because 
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of the presence of the colliding (and scattered) meson, but the result will be salon 
good if we take one step forward and introduce our approximation I. This point will be 


discussed quantitatively in § 7. 


§3. Case of 2*+P—> 7'4P reaction 


For the sake of definitness we take up a scattering of a positive meson by a proton. 
This problem is of particular interest because in this case a resonance of the isobar state 
comes into question. ; 

In this problem it is consistent to neglect the possible presence of negative mesons in 
the unbound configurations (so long as the coupling is not too strong), because, as we 
shall see in § 7, the error caused by this neglect is of the same order of magnitude as 
the error possessed primarily by the intermediate coupling approximation arising from the 
above mentioned neglect. We thus introduce the following approximation : 

Approximation [T. We neglect the possibility of the presence of negative mesons 
wn the unbound configurations. 

This means that we put Y-°=0 in (2-11). Then we obtain 

® 


(Ky 2—E) 0 +:A*\ Ki, 0?d3=0, 


(3-1) 
(Ky 2+ S—E) 0? + AK, 0" =0. 


In order to solve (3-1), we first solve the eigenvalue problem 
(2—2,)7,=0 (3-2) 


where 2, is the »-th eigenvalue and y, the corresponding eigenfunction. This is the pro- 
blem treated in earlier papers of the intermediate couping theory ; their objective was to 
find various states of the nucleon and its ‘‘ clothes”. The lowest state Yo corresponds to 
the ordinary proton (or neutron) surrounded by bound mesons, and the next higher state 
% corresponds to the proton isobar with charge 2 (or neutfon isobar with charge —1). 
Discussions about various nucleon states will be given in § 7. 
Having found the eigenvalues 2, and eigenfunctions y,, we can write down the 
equation (3-1) in the representation in which 2 is diagonal. Writing namely 
Os} OY 4, ‘ r= Dy, F ; (3-3) 
v v 
the equation (3-1) becomes 
{Kw#,—F) P+ S)(|4* |’) (Ki.0, 78 =0, (3-4) 
v 3-4 
( (Kin 2, + SE) VEL SOA) Ky =0. 


?,° and @? occurring in (3-4) have the following physical meaning: ," is the pro- 
bability amplitude for that the nucleon is in the state 7, while there are no mesons in the 
outer space; 2 is, on the other. hand, the probability amplitude for that the nucleon is 
in the »-th state and there is one outer meson in the configuration y.(f). The equation 
(3-4) shows how these amplitudes couple with each other, and how the state of nucleon 


_ In our problem Tie 


x y bie ated - ip y 7 } i 7 ’ 
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ae when an outer meson is absorbed into or emitted out of the inner configuration : 
it is apparent in the equation that such emission and absorption are described by the 
matrix elements A,; and Az, and the accompanying changes of the nucleon states are 
described by the matrix elements (»|A|v’) and (»|.A*|v’). 

We now proceed on solving (3-4). The first equation of (3-4) gives 


0~=—-S) At YY) (x 2 d8 
aK, 0, Beta 


and the substitution of this into the second gives 


(KyO,+ 5-2) 08->i| > CAPO CAN) 


K, |x, 3 73=0. Bs 
vir Ky, 2 -F£ | ie sinh von ee ( 


yi 


Now it is convenient to go back to the f-representation from our §$-representation. 


Putting namely 
V(f)=|\%, g.(f)ds (3-6) 
we defind that “,(f) satisfies 


(Ky 2,4 K-E) 0) gle OK*. Oat 


=Sy[ 5p AACA |x Ko) oD [PDK Po (Ddt=9. 7) 


yi 


One can easily see that our result ( 3-7) is independent of the choice of ¢.(f), and, 
accordingly the final result does depend only on g,(f). The solution of (4-7), when 
solved under the boundary condition that at infinity there is only an outgoing spherical 
wave beside an incident plane wave, gives all what we want to know about the scattering. 

The equation (3-7) shows how ?,(£)’s with different » couple with each other. It 
can be shown, however, that, when the coupling constant f (or I”) is not too large, 
such ‘a ‘coupling of different » can be neglected. In an extreme case, for instance, of 
vanishing V. ‘this is exactly the case, because in this case non-vanishing matrix elements 


of A and A* are only (vy—1|A|v) and (v+1|A*|v), so that [>] terms of (3:47 ests 


of the form 


bs we | 2 - is ; sa | ee oe: & tt : be : 4) Ovyr : iG) 4 8) 
sey en Qi eee Kw IN ihe E, 


The appearance of 0,,, means that different @, do not couple with each other. In the 
case of small, but non-vanishing I’, (3-8) is yalid only approximately, but we shall find 
in § 7 that this approximation is rather good also in the intermediate coupling region. 
‘The use of the approximate expression (3-8) in (3-7) corresponds to the neglect of 
other excitation of nucleon’ levels. except ¥—> ¥+1 in the course of the collision process. 
z*++/P, this means that other nucleon levels except the first 


isobar state are neglected, Thus we introduce here the following approximation ; 
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701 
Approximation TIT. Only one nucleon level ts excited in the course of the collision 
9 
process. This approximation may be called a “ one-level approximation 
As the result of this approximation, it suffices to solve the simpler equation 


(Ky 2,+K—-E) ®,(£) — 9) (£) SG (f) AP (f) aE 


—IAID CLAN) (ie Ke) p(t) [9D KO(Dat=0. (3-9) 
Ky 2,.—- —k 


Introducing the abbreviations 
(0|.A|1)=4, (1|A*|0) =a* (3-10) 
and 
i= 182 es 
2, —2,=2,, Sc 
(3-9) becomes 
(KB) 0,(4) 


— Kool 2),— |@|") + +n Ky) ¢,(f) (gy (f) KO, (#) dF ; (3-11) 
Ko 2, 0 


It is quite easy to solve cu, The solution satisfying the required boundary 


condition is 


LCE, 0) Go(Po) Ay hea 7 g 
PD — ( Suk — fi) Y, f 
(f) =2(f—p,) — 14 F(E) (2, (ke E)odbydt 0 ( i (f) 
Lo (Po) Go lt) (3-12) 
~ 1+ FE) §d:(K— 2) ¢ (Bat ” 
with 
F(E) =p wl Pn leh as eee Ie (3-12) 
0(K—-L,) = oe 4 titO(K- EB) | (3-12) 


and },, a vector satisfying 
v pp aitiz= ZB, . | (3-a2""5 


As is well ee? the first term of the right-hand side of (3-12) represents the 
incident plane wave, }, being its propagating vector, while the second term represents the 
scattered spherical wave; the third term vanishes asymptotically so that it has reales to 
do with the scattering. 

It is instructive to study the solution when the coupling constant |” vanishes. In 
this case no scattering should take place. In our theory, however, this fact does not follow 
in direct manner, because, also for /’=0, neither the matrix elements Kya, Key nor (| Aly’), 


(x|A* |v") vanish, This fact means that an absorption and re-emission of the incident 
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meson is still taking place which might give rise to a scattering. We can check, however 
that actually there is no scattering at all, the argument being as follows : 
When /’=0, we have 
2= A*A+ B*B, 
A=A, B=B, A*=A*, BY=B*. Cae 
Accordingly, the eigenvalues of 2 are 0,1, 2, --- and the matrix elements of A and A* 
do not vanish only when v and v’ differ by one. In particular, for », »’=0 or 1 we have 


ie 

ao*=(1|A*|0) =1, (3-14) 
(2 ,= 2; — 25=1, 

which, substituted in (3-12'), give rise to 


F(&,) =0 (3-15) 
and then we get from (3-12) 


P,(£) =9(£— yo) — Po( Po) Go (E)- (3-16) 


The result (3-16) shows that there is no scattered wave in this case; the non-plane wave 
part of (3-16) vanishes asymptotically so that it has nothing to do with the scattering. 
By the way, (3-11) is reduced into 


(K-=E,) %(£) =9)(6) [oo DAMCH at (3-17) 


in the case of the vanishing coupling constant. 
Before entering into a quantitative discussion about our result (3-12), we now pro- 


ceed to some discussions which will illustrate a physical aspect of our method. 


§ 4. “ Potential” scattering 


In the preceding paragraph we have*seen that, when /” vanishes, no scattering takes 
place in spite of the fact that there is still an absorption and re-emission of the incident 
meson. In this and the next paragraphs we shall investigate how this comes out and what 
physical picture can be given to our scattering process. 

First we notice that the configuration y,(f) itself has a scattered wave as a result of 
the requirement that it should be orthogonal to ¢,(f). Now the total scattered wave 
will be a superposition of the scattered wave which belongs to 9,(f) itself and a scattered 
orption and re-emission of the incident meson. Then the fact that 


wave caused by the abs 
vanishes is to be understood as it is due to an interference 


° a 
no scattering occuts when V 


of these two kinds of scattered waves. 


Thus we are led to consider that the scattered wave is generally composed of two 
’. (f). itself, and the other is due to the absorption and re-emission 
In the case of vanishing /” these two waves completely cancel each 
17 does not vanish they do not cancel each other but 


parts : one belongs to 
of the incident wave. 
other. On the other hand when 
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the remaining scattering results in the non-vanishing total scattering. How this fact 
mathematically follows will be shown in the next paragraph. 

This interpretation of the meson-nucleon scattering resembles in many respects the dis- 
persion-theoretical interpretation of nuclear collision processes. Also in the case of nuclear 
collision the total scattering was considered to be composed of two parts: the potential 
and the resonance scatterings. The former is the scattering due to a repulsive potential 
at the surface of the nucleus, which is to be assumed in order that the incident particle 
may be in a state not belonging to the compound nucleus. The latter scattering, on the 
other hand, is due to an absorption and re-emission of the incident particle into and out 
of the compound nucleus. In our theory, the scattering possessed by y.(f) itself is not 
a result of a repulsive potential but a result of the orthogonality requirement of ¥.(f) to 
y,(f). But this requirement is to be satisfied''in order that the incident meson may be 
in a state not belonging to the “ clothes”’ of the nucleon. The other part of the scattering, 
on the other hand, is caused by the absorption and re-emission of the incident meson into 


=) 


and out of the “clothes”. Thus the analogy between our theory and the dispersion theory 
of nuclear processes is obvious. 

By this analogy we shall call the first part of the meson scattering the “ potential” 
scattering, and in this paragraph we will investigate this part of the scattering. Here the 
quotation marks are necessary in order to emphasize that this is not the result of a repulsive 
potential in its original sence. The second part of the scattering, on the other hand, will 
be called the ‘‘ resonance ”’ scattering. 

If we will give such an interpretation to our process, it becomes now necessary to 
specify our y.(f)’s more precisely than the mere requirement of the orthogonality to ¢,(f). 
This can be done in the following way. 


By the reasoning given above, the ‘ 


‘ potential” scattering would be the total scatter- 
ing itself, if there were no absorption and re-emission of the incident mesons. This means 
that the scattered wave possessed by y.(£) itself must be that scattered wave which is 
possessed by @,(f) of (3-12) when uw and u*, the constants decisive for the absorption 
and re-emission of the incident meson, are put to be zero. Then it follows that ¢.(f) 
is a solution of the equation of the form of (3-11) with vanishing ~ and u*. In this 
way it has become clear that ¢,(f) satisfies 


(K-S)¢, N= (1) felt) Kg, (fat (4-1) 


S being a constant. The orthogonality of y.(f) to y,(f) and the completeness of the 
set y,(f) and y.(f), are then secured if we add the term ¢,(f) A\¢,(f) g.(f)df to the 
right-hand side of (4:1) and claim that our ¢,(f) and y.(£) be the eigenfunctions of 


the equation 
(K-S)o(H=e(NKJe(Ne(Hat+e(Dla (Agate. (4-2) 


It can be easily seen firstly that g,(f) itself is an eigenfunction of (4-2) (with the eigen- 
value S=—K,,). Then other eigenfunctions are all orthogonal to y,(f) and satisfy (4-1). 
Moreover, from the orthonormal relation 


SS ee ek, ee PN 
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fa 


\e.* Oe, (Oat=I(3—-8/), (4-3) 


it follows that 


e 


\ee* (Ke, (alt= S0(s—s') (4-4) 


because, when multiplied by ¢.,*(f) and integrated over f, the right-hand side of (4-1) 
vanishes. Thus our set of functions ¢,(f) and y.(f) has the required property and mote- 
over Y. (f) satisfy the relation (1-6). 

In (4-3) we have assumed without proof that the eigenfunctions ¢,(f) belong to a 
continuous spectrum. ‘This fact, as well as the fact, that the number of the eigenfunctions 
is of the Machtigkeit which is equal to that of f will be proven in Appendix I. 

The eigenfunctions of (4-1) can be found now quite easily. They are 


vas (f) =0({=3) + (2o(£) Ke, (f) af: 0. CEOF S)o (f) 


(4-5) 
=0(f—8) + Ky, (K—S)¢ (F) 


where K,; can be obtained immediately : 


Kean ee (8) ! Ae 
03 (O, (K—S) 9, (f)°af ( ) 


so that the required solution is 


a 0,(K—S)¢,(t). 4-7 
g,(f) =9(f—-38) (0, (RES) @, (at -( )¢o() (4-7) 


In (4-5), (4-6) and (4+7.) $ is a vector whose length is related to the eigenvalue S by 
nig ae tess (4-8) 


That (4-7) is correctly normalized can be shown easily. 
We see that ¥.(f) consists actually of a plane wave and a scattered spherical wave, 


the “ potential ” scattering in our normenclature, the vector § being the propagation vector 


of the plane wave and S the energy of that wave. 


We can further verify that, the scattered wave in (3-12) is actually reduced to the 
scattered wave in (4-7) when we put u=“*=0, that is, to put /(4,)=0o in (3-12). 


Riders: Resonance” scattering 


Having found the “ potential ” scattering, we now investigate the rest of the scatter- 


ing. First we must prove that the total scattering 1s actually a superposition of the 


h ‘ 29 
‘* potential ”’ scattering and a scattering which may adequately be called the ‘“ resonance 
scattering. That this is the case will be seen in the following manner. 
In the one-level approximation (3-4) is 


(Ky Qy— Fn) 1 + o* | Koz Pd 3 =0, (5:1). > 
((S=£)) D2 +u Keo? =0. 
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Then the second equation gives 
@,2=8(8—p,) —4 0,90, (S—Ey) Kip ; (5-2) 
where }), is a vector satisfying 
V p+ ewes : (5 . 2") 
We now go back to the f-representation by means of (3-6). Substituting (4-5) 
and (5-2) into (3-6) we get 
?,(f) =§[e. (f—38) + Ko3 0. (K— S) g(£) ]-Le(S— po) —¢ 0,90, (S—E,) Keo] 48 
Os a(t ins yy) a Kop, 0, (K— vo) Yo (f) meee ,’ 0. (K— fale Ato 
—u ,' 9, (£)) Kos Kg 9,(K—-S)0,(S—E£,) ds. 
But, as will be shown in the Appendix II, we have 
Go (E) | Kos Ken rl K—S)9 GS—£) as 
IS 
== (4) —0, (kK— Ea) Lo + — af 0 D+. (K — Li) $f ), (5 5 3) 


0 \Do 
so that 


®,(£) =e (f—p,) + Kop .0+ (K—£,) go (f) 
7 
Lo(Po) 


In this result it is quite apparent that. the total scattering actually consists of two parts, 
(74 


Kop, +(K—- Bye, (1) 4 Og, (a (5-4) 


one the “ potential” scattering and the other the “resonance” scattering. Namely, com- 


paring (5-4) with (4-5), we see that the second term of the above expression in that 
very ‘‘ potential” scattering ; that the third term may adequately be regarded as the “ re- 
sonance ” scattering is argued by the fact that this term is proportional to @,", i.e., to the 
amplitude of the resonating level, and also to uv, the constant which specifies the absorption 
and re-emission of the incident meson into and out of the ee ee level. The fourth 
term has nothing to do with the scattering. 

The amplitude of the resonating level can be found immediately. We insert (5:2) 
into the first equation of (5-1). Then we get 


{Ko 2—Ey— ||? [ jo, (S-&) Kos K 3@8)} ?= om Kop, é (5 5) 


Here the integral in the square bracket is evaluated by the method given in the Appendix 
Il: 


V0. (SB) Re Keo SK yy dey ee (5.5’) 
Lo Po) 
with 
AK, ate ee Lo( Po) 
Lop 
(0, (K-24, 9, (fat | 


(3-5"") 
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Thus we have 


~eu(p) 
Oi = (5-6) 
1+F(£,) {eo 0,(K—&, )Q, (E) oat 
It is easily seen that this @,°, substituted in (5-3), yields in fact Cay by the help 
of (5-5"). 
When the coupling constant vanishes, i.e., when we have (3-14) and (3-15), (5:6) 
is reduced into 


a, =, (Py) 


which clearly shows how the “ potential ”’ scattering and the “ resonance’”’ scattering cancel 
each other: in this case the third term of the right-hand side of (5-3) is exactly the 
minus of the second term. 


$6. Effective meson-nucleon interaction 


In §§4 and 5 we have seen that the total scattering can be described as.a super- 


position of the “ 


potential ” and “resonance”’ scatterings. But this distinction is rather of 
mathematical nature introduced for the convenience of an approximate calculation relating 
closely to its zeroth approximation. This means that other possibilities for the description 
of the scattering process are by no means excluded. In this paragraph we shall discuss a 
possibility to describe the scattering as a result of some kind of ‘nuclear force” acting 
between the nucleon and colliding meson. 

Also here we start from the one level equation (5-1). Reminding that, when v= 


u*=1 aud 2,,=1, no scattering takes place, we rewrite (5-1) in the form 

(K—E,) 0 + | Ky3 P2d8= Ky (1 — 2) Oo + 12") f Kg P73 
ee 0 =(1—1) Ky Sai 
We then go back to the f-representation by means of 


P'(£) =P, gf) + [9,29 (f) as. (6-2) 
@'(£) defined by (6-2) differs from P(£) of (3-6) by the term %,"¢,(f). But, since 


this term vanishes asymptotically and has nothing to do with the scattering, we can equally 


deal with the scattering by means of this @’(f). 
From (6-1) we obtain an equation which '(£) must satisfy. It is 


(K—E,) @ (£) = Ky (a+ o*— 2D Gf) [eo O (Dat 
+ (1—u*) @(E) (go (AO (Eat 
4+ (1a) gi ()A Jeo(t) OCD aE. (6-3) 
The equation (6-3) shows that our process can be described by a Hamiltonian whose 


(£f’)-matrix element is given by 
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fT, pH Ko(f— aes Kw (4% 4+u* —2,,— 1) ¢ (f) go (f) 
hs (1 — a) py £) Go (t!) A! — (1 —4) Y,(f) Ke, (f') ? (6 ; 4) 


where the first term AO(f—f') is obviously the kinetic energy of a free meson. The 


effective Hamiltonian which causes the scattering is, accordingly 
U; wi ek Ky (u Ap Une Qi— 1) a f) Yo (f’) 
s e! —u*) 4 ( 6) G(£) AK! — Q —«) P(A, (f") : (6 c 5) 


Our result (6-5) shows that the scattering of the meson can not be ascribed to a force 
- . | 
in the ordinary sense acting between meson and nucleon, because if it were the case, the 


matrix element would be of the form 
U,,,/=function of (f—f’). 


Yet our result shows that there exists an effective interaction Hamiltonian in terms of which 
the meson-nucleon scattering can be described. In (6-5) it is directly clear that for 2,, 
=1 and 4=u*=1 this interaction vanishes so that no scattering occurs when I’ vanishes. 
It can be also proved that for .=u*=0, the scattering is reduced into the “ potential ” 
scattering discussed in § 4. 

/In dealing with nucleon-nucleon scattering the usual procedure is that one first 
calculates an interaction energy between the nucleons in some approximation, e.g., the second 
order nuclear potential. Then one solves the scattering problem considering that it is the 
result of this interaction. For the meson-nucleon scattering a corresponding method was 
proposed by Sawada’, It is mow of interest to compare the result of this section with 
this procedure. We shall, however, leave this problem to § 8 and shall now go over to 


a discussion about the level scheme of the nucleon and a related discussion about matrix 


elements of 4, A* and B, B*. 


§7. Discussions about aucleon levels and matrix elements 


The energy levels (in the unit of K,,) of the nucleon are given by eigenvalues (2, 
of the equation (3-2). This equation can be solved numerically as we have done in I 
or I’. In Fig. 1 the results of this calculation are given, whete the calculation was made 
for three values of 7?: V?=0, 1 and 4. In case of 1720 the levels die obviously at 
0,1,2,---. In Fig. 1 not all levels are given but only those with charge 1 and 2 (or 
their mirror levels with charge 0 and —1). The lowest level is the proton (or neutron ) 
level and the next higher is the proton isobar with charge 2 (or neutron isobar with 
charge —1). One sees that already for |”?=4 the isobar state lies very closely to the proton 
(neutron) level as is the characteristic of the strong coupling case. We assign Y=0, 1, 2, 
--+ for these levels in the order of their energy values (and v=0’, 1’, 2’, --- 
mirror levels), Ze denoting the charge of the level. 

The same numerical calculation gives also eigenfunctions y,. 


the matrix elements of 4, A* and B, B*. 


for their 


Then we can calculate 
These matrix elements calculated for [72=1 
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ate given in Tab. 1. Without carrying through the numerical calculation, some qualitative 
conclusions concerning the matrix elements can be drawn from general considerations. We 
can immediately show that (v’|4|v) and (»/|B*\v) have non-vanishing values only when 
the charge of the state »’ is one unit smaller than the charge of the state », while (»’| A*|v) 
and (»’|J3|¥) have non-vanishing values only in the reverse case. Another conclusion, 


which is also useful, can be drawn in the following manner. 


188° 


Fig. 1. Level scheme. 


By the definition of 2 we have 


AQ —BA=A—VOQ* : 
: (1|.A*|0) =0.724, (2/| B*\0) =—1.02, 
from which we get (3|.A*|0) = —0.293, (2’|.A|0) = —0.10, 
iz (5| A*|0) = —0,298, (1|.23\0) == 0.17 
yy! * foes Se 
ae Be v fe ) Table 1. 


1 + (2,,—2,) 
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and hence 


, FA V(2,,—2,) WNOFly (7-1) 
(YA) = — 2) iar) 
The Hermitic conjugate of (7-1) is 
ACE 


)= =) 7+2 
OA ati gto eile, (| Q|v). ( ) 


In the similar way we get 


il HE Q = 2, ) 


CRD, wees, 


|Q|»), (7-3) 


and 


VQ,-2.) vy 


Aly oS ay ee 
UH) 2 cess 


Q* |v). (7-4) 


The relations (7-1)—-(7-4) show that for transitions between levels of equal energy 
the matrix elements vanish. In particular the transition between proton and neutron states 
is prohibited. The relations (7-1)—(7-4) further imply that (»’|A*|v) and (»’| B*|v) 
have larger values, when (2,,—,) is positive, than when (2,,—2,) is negative, while 
for (»/|A|v) and (| By) the reverse is the case. In other words, the operator A* and 
4B* are more effective for transitions from lower to higher levels, while A and B are 
more effective for reverse transitions. This fact is also apparent in Table 1. 

We see from the table that the matrix elements (1|4*|0) and (0|AJ1) are markedly 
large, comparing them with other matrix elements of A* and A. This fact means that 
our one-level approximation is a quite sensible one. Moreover, the fact that (2’| 4|0) has 
small values, justifies our neglect of the states in which two unbound positive mesons are 
present. Because of the smallness of these matrix elements we can neglect in the Hamil- 
tonian those matrix elements which are responsible for the emission of an unbound positive 
meson without accompanying the absorption of the incident meson. Similarly the smallness 
of the matrix element (2|#3|0) justifies our neglect of unbound negative mesons in 7* + 
(DPS Gye MJD process. 

In the table we see that the matrix elements (2’|.B*\0) and (0|B|2’) are almost 
equal to unity. Moreover, Fig. 1 shows that the level distance between the levels v=0 
and ¥=2’ is almost unity. From these facts we can infer that a negative meson will be 
scattered quite little by the proton, because here we have approximately the same situation 
as the case of ’°=0 discussed in § 4.. The smallness of the scattering ctoss-section for 
i 3p: at, AP process will be actually apparent in Fig. 2. of § 9. 


§ 8. Comparison with other approximations 


In this paragraph we shall investigate the relations between our approximation and 
various approximations currently applied to the scattering problem. 


—— .- x > 
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(i) Comparison with perturbation theory 

When we expand our result in a power series of |” and retain the first term only, 
we obtain the result which coincide with the result of the perturbation theory. At first 
sight this seems strange because in our approximation we neglected the possibility of the 
emission of a meson without accompanying the absorption of the incident meson, whereas 
the similar. process was essential in the perturbation theory. But this paradox is only ap- 
parent as can be clarified in the following manner. 

The meson emitted without the absorption of the incident meson is, according to the 


perturbation theory, in the intermediate state whose configuration is given by 


o(t)= _ matrix ee (8-1) 


lL; — 
fs intermediate fas initial 


But if we notice 


. etek 
matrix element=——, 
VK 
Evnitia= Lo (8-2) 
Ee ntermediate= E, =F K ? 
we find 
eH=—— = wilt), (8-3) 
KV K 


which means that the meson in the intermediate state is just in our inner configuration 
¢,(£). Now, since the inner configuration can contain any number of mesons in our 
intermediate coupling approximation, it does not exclude the above mentioned process in the 
perturbation theory. The reason why our result coincides in the limit of small /” with 
the result of the perturbation theory lies in this fact. 

(ii) Comparison with Sawada’s approximation 

As was mentioned at the end of § 6, Sawada proposed an approximate method of 
treating the meson-nucleon scattering which corresponds to the usual procedure for the 


nucleon-nucleon scattering in which the scattering is ascribed to the second order nuclear 


forces (or more generally, second order effective Hamiltonian) . 


According to Sawada’s method one first eliminates the term linear in the meson field 
by means of a suitable canonical transformation from the Hamiltonian. Then, in the 
transformed Hamiltonian there appears a term which is quadratic in the meson field and 
hence directly causes the meson scattering. Beside this term,. which is second order in the 
coupling constant, the transformed Hamiltonian contains higher terms which could equally 


contribute to the scattering, but Sawada’s approximation consists in the total neglect of 


‘such terms. 


Applied to our simplified model, this method appears as follows: We transform the 


Hamiltonian (1-1) into HI by means of the canonical transformation 


Free tre-” (8-4) 
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with 
k ; PEN | ‘¢ a | yt cea 
=f). {[a() 0") O-[a* ) 4] Oat (8-4") 


Then the transformed Hamiltonian is a power series of the coupling constant /- If we 


neglect terms of higher power than the second, we get 


ia ie tat + 4*(£)(f) | df 


calves Sal get q )lat Oat) Oot) sata! 
AL 
eV re Fie (eaiyonerieu ae nen 
A COSTE “6 
(s a dt. nee 


Sawada then neglects the possibility of the presence of more than one meson so that only 
the second term on the right-hand side of (8-5) is to be retained. In particular, for our 
process 7'4+ P->7z*+P the term containing 4 and 4* plays no role. So the effective 


Hamiltonian for our scattering process is 


ORS -(Nitex 4/ KT Ais -)a*(f)a(f)dtdt’. (8-6) 


Then the matrix element for the f’—> f transition is in our notations (1-4) and (1-5) 
Ory= + Vig Og, (fA — s "20, (f) Ke, (t’). (8-7) 


We now compare this matrix element with ours given by (6-5). Then we see that 
they do not coincide with each other. We must now investigate where this difference 
comes from. . 

Since Sawada’s effective Hamiltonian is correct only up to the second power of 1’, it 
it expected that, if we use the second order approximations for uv, u* and 2,, in (6-5), 
we shall obtain Sawada’s expression (8-7). 

In order to verify this, we solve the eigenvalue problem (3- 2) by the perturbation 
theory considering [7 be a small perturbation. Then we get for the eigenvalues 


2 VA (8-8) 
and 
Piel a2 ae, (8-8°) 


For the eigenfunction y,(z*, 27), on the other hand, we find 


ees 
%(0 0) 2 je: 


HG Os) rb Sel e) Aeees (8-9) 


mea a ee, So, 


Psa ee 


Scattering Problem in the Intermediate-coupling Theory, I 625 


and for 7,(7*, 27) 


#,(1 0) 1—V?+-- 
G20) 1s) Va vy te ee 
From these results we get 
2 ,=1-—V?4+-:: (8-10) 
and 
i Cee § j (8-11) 


We now insert (8-10) and (8-11) into (6-5). Then we find that Sawada’s 
Hamiltonian (8-7) is actually obtained from our (6-5). 

From this result we can conclude that our approximation contains Sawada’s as a limiting 
case, the latter being essentially a weak coupling approximation. In the region //°=1 the 
latter is not a consistent approximation. 

(iii) Comparison with Tamm-Dancoff’s approximation 

In solving the eigenvalue problem (1-2) with the Hamiltonian (1-1), we may use 
the approximation proposed by Tamm and Dancoff. In this approximation we neglect the 
possibility of the existence of more than two mesons. We now investigate the relation of 
this approximation with ours. 


In our problem ni +P—+2z'+P the Tamm-Dancoff approximation means to put 


_{ d(f) : 
o=| tes | (8-12) 


where 6(f) is the probability amplitude for that the nucleon is in the proton state and _— 


there is positive one meson of the momentum f, and #(ff’) the probability amplitude for that 


the mucleon is in the neutron state and there are two positive mesons of momenta f and 


f’. Then according to Fock ¢(f) and ( ff’) satisfy 


x 


(Ge -BO= V2 f | Font t") dt’, 


aes WK kK! 


ay 


(ey KI -Byy(tt) = 3] ; s+ 7, 00 | 


or in our notations (1-4) and (1-5’) 
(K-E\b(D=V¥ 2S g(a PEDAL, 


Vv : Dek (8-13) 
(LKB) PIE) = [yo(t) ABE) + 90(f) A'S) J. 


In order to find the relation of this equation with equations in our theory, we now 


expand é(f) and b(t f) in terms of the orthogorial system gf) and ; Ge 
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| 6(£f) =6,°9,(£) + (a p,(f)d3, 
: 8-14 
b(t f’) = 6°05 (£) g (£) ( ) 
+ fer pole tes (6) + 95(E g0C€)] as+{fo" “o (the, (t)dsds . 
- j 4 


Here é’s and c’s are expansion coefficients, the lower suffixes being introduced to indicate 
explicitly the number of mesons in the ¥,(f) configuration. 
A 5 > > 
We now obtain from (8-13) the following equations for 4’s and c’s 


(Ky Ebi V2 VKyce + [Ke ( Wise Vie VES O: 
Qk, Pea V Kbit + | Ke V2 o¢ds=0, 


—_ ee Site. ry) 38! yo 
(S—E)6,° — Vv 1 V Ruse ikea’ 1 b!= mae . | Koa (— y ) eo ds > 
: (8-13) 
(ge S=£) of WAV Kip lg 4 Keo 2 ef VO) 
St —~* soa7 
ay) | Ka Vv 4 teed a3}, 

Z a / 54 es oS 3 as i — r 5 
(S4S'— By eg ® == ae [Kool V1 — Vek + KV 1 Vay. 
Now if we want to relate our method to Tamm-Dancoff’s, we expect that it will be 
necessary to take one step forward from our approximation I and go over to the following 
approximation, because meson numbers up to two are taken into account in the Tamm- 
Dancoff approximation. We thus introduce 

Approximation ['. We neglect the possibility of the presence of more than two 
mesons in the unbound configurations. 
This. means to put 
DP (n* n-) 
Q=) OB (nt n- (8-16) 
@* (n* n7) 
instead of (1-11). Here @ 5"(nt n~) means the probability amplitude for that 7* 
positive and 7” negative mesons are present in the configuration ~,(f) while there are one 
meson in the v.(f) and another meson in the ¢./(f) configuration ; the possibility that 
negative mesons are present in the unbound configurations is neglected because in (8-12) 
no such possibility is taken into account. 


Using the expression (1-8) for the Hamiltonian, we obtain the following equation 
for 2°, @® and @?*, 


(Ky 2-2) D4. Kis A* ??¢3=0, 


| (An 2+S—E) 0+ Kz, AM = — V2 | Kg, A* OF? g8!, (8-17) 


(Ky 2+ S+S!—E) 93% = oF [AA O* + KAP). 


Ws ae ee 
‘ 
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In (8-17) @, @* and 0 >" are functions of * and n~, but, as (8-17) contains no 
operator which changes the number of negative mesons, we can discard 77 altogether. 
Now, in the Tamm-Dancoff approximation the maximum number of mesens is limited 
to two without making a distinction between bound and unbound configurations. So it is 
expected that in this approximation (i) the number of mesons in the bound configuration 
is limited to two when there is no meson in the unbound configurations, (ii) the number 
of mesons in the bound configuration is limited to one when there is already one meson 
somewhere in the unbound configurations, and (iii) no meson is considered in the bound 
configuration when there are already two mesons somewhere in the unbound configurations. 
From this fact it follows that (8-17) will be reduced into (8-15) when we neglect 
there 
(i) (xt) with x* larger than 2, 
(ii) @?(x*) with »* larger than 1, and 
(iii) * 2"(n*) with 2~ larger than 0. 
It is now quite easy to show that this expectation is actually fulfilled: if we put 
al Gi Wet oa DT) = oe, O (x*> 2) =0 
07 (0)=3,7,. P(1)=c%, 0? (u*>1)=0 (8-19) 
3 3'(0) =c,3*, 0?’ (n* > 0) =0 
and insert them into (8-17), we immediately get (8-15). 
(iv) Comparison with strong coupling approximation 
The strong coupling approximation which was first developed by Wentzel, can also be 
formulated by our method. We can show that, when |” is very large, the same result as 
Wentzel’s can be obtained. But in this case some complication arises, because our appro- 
ximation I does not suffice in this case. However, one can show that if one first carry 
through a suitable canonical transformation, the resulting theory is as simple as the present 
one. As the present article has become already too long, we shall treat this problem in 


a separate paper. 


§ 9. Discussions 


From our solution (3-12) we can calculate the scattering cross-section as the absolute 


square of the scattering amplitude. The latter is given from (3-12) by 


4 F’(E5) (Po) * 
R =o — (9-1) 
oe 1+ F(Z) §0,(K—4y) o£) at 
If the real part of the denominator of (9-1) vanishes at some value of ,, this /5 
is a resonance energy. Because /“(Z,) is given by (3-12) and 0,(AK—E,) by (3°12'9), 


the resonance energy is given as a root of 


(je;°—1) 4) + (2—|4|?) Ko=— (20 at : (9-2) 
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This value of Z, also makes the amplitude of the resonating level maximum, because ,° 
of (5-6) has the same denominator. 

It:is to be noticed that this resonance energy does not coincide with the isobar energy 
Koy 219: Such a coincidence occurs only when || is very small. Thus there is a shift 


of resonance energy from the isobar energy. 


When Z&, satisfies /(/,) =0 or 
(Ja)? —1) £,+ (2,,—|4|*) Ku= 0, RE, 


the numerator of (9-1) vanishes. This means that at this energy no scattering occurs. 
If the root of (9-3) is larger than z, such an effect should be observable, but if this is 
not the case no such effect can be observed. Further, if there are other collision modes 
than the elastic, e.g., inelastic or charge exchange collisons, such a point of zero scattering 
will not exist at all. 

For a very low energy of the incident meson, we can expand (9-1) in a power series 


of p,. Taking only the first term we get 


F(x) ee (9-4) 
Tt F(x) F(a) Ae 


[(x) being the value of T(B,) at /,=x (or p,=0), where /(/,) is defined by 
(B) =\0.(K-E, olt)2at 


= | 2a dt i( 27)" pul Po)* Zo Pl: (9-5) 


R(Po) = 


In the region of small p, the imaginary part of (9-5) is so small that comparing it with 
the real part it can be neglected. This means that the damping effect is negligibly small 
for low energy collisions. Explicitly written down /(x) in (9-4) is 


F(x) =——[(Ja[?—1) 2+ (Quy — Jal) Kea] - (9-6) 


lap 


If we use here for |u| and 2,, the values of (8-9) and (8-11), we get the Sawada 
approximation : 
(i—*) oe 
4 4 


Fi) a a ae ener (9-7) 


Using this /,(x) in (9-4) and expanding it in a power of I’, we get 


R(p)=— VV? rare (9-8) 
which coincides with the result of the perturbation theory. 
In any case, the scattering amplitude is proportional to p, for small ),. But the 
proportionality constant depends very much on the method of calculation. Writing 


Scattering Problem in the Intermediate-coupling Theory, I 629 


2 


IR (po) |= DP (9-9) 


with a dimensionless constant 1), we give in Tab. 2 the values of D calculated by assum- 
ing /°=1. In the table also /’s for the process = + P-—+7~ +P are given. Mareover, 
tthe results depend on the cut-off momentum; the .calculation,was carried out for two 
values of the cut-off momentum: ,,,,=6.65 x and &,,,,=4 x. The factor 6.65 was taken 
so that the cut-off corresponds to the rest mass of the nucleon, while the factor 4 was 
taken quite arbitrarily. 


| 

Vie} | kmax=6.65 x Rmax=4 x 
= Ky =4.77 x Kio sehlne 
Intermediate coupling | D, 0,119 0.516 
approximation IDs | 0.706 0431 
fa TD ASE, ; Z faethe BES E 

2 D, | 4.48 2.126 
Sawada approximation D 0.026 0.185 

| 
: D) ‘ 1.000 
Perturbation theory of ; aon 1.000 
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In Table 2 it is seen that D, for Amax= 6-65 % is very small in our intermediate 
coupling approximation. This is due to the fact that in this case the root of (9-3) lies 
nearly at x (but a little less than ie 

In Fig. 2 curves showing the energy dependence of scattering cross-section are plotted. 
They correspond to &y,,.= 6.65 % and /,,,.=4% respectively and are calculated also assum- 
ing V/?=1. In this figure also curves for the process a-4P-+2-+P are added. 

One sees that the curve for the cut-off %,,.,.=4% shows a sharp maximum at = 
1.95 x. This is due to the resonance with the isobar state, the isobar energy being in- 
dicated by an arrow. The curve for the cut-off #,,,,-=6.65 * does not have such a sharp 
maximum. This depends on the fact that in this case (9-2) has no real root: no true 
resonance occurs in this case. The isobar energy is also here indicated by an arrow. 

In the curve for the cut-off Ay,,,=4% there is a small bump in ihe neighborhood of 
E,=2.8 x. This corresponds to the fact that the “ potential’ scattering ¥, (f) has itself 
a point where a resonance-like phenomenon occuts. This is the point for which 

{£60 70 (9-10) 
K—E£, 
is satisfied. From (4-7) we see that here the real part of the denominator of the scattering 
amplitude of y.(f) vanishes. 

Moreover we see that the curves for the process 7 +?» =~ +/ rise very slowly 
with increasing energy, the cross-sections remaining always very small without showing any 
resonance. The smallness of the cross-section for this process was already anticipated in 
$4. Besides we can show that no resonance at all can be obtained by the Sawada 


approximation for V?=1 and for the cut-off momenta assumed above. 


Appendix I 


‘We shall prove that other eigenfunctions of (4-2) except %,(f) belong to a con- 
tinuous spectrum whose domain is the same as the domain of A. The fact that the number 
of the eigenfunctions is of the Machtigkeit which is equal to that of the number of the 


points in the f-space can be shown at the same time. 


| We first consider that the system is put in a large box and then let the box be 
infinitely large. Put in the box, (4-2) is replaced by 


(A—S) 9 (£) =F) D gy (f)A¢(E), | (A:1) 


where 5! means the summation over the values of f at the lattice points in the f-space. 


f 
From (A-1) we get ; 


olf aia 
o() = 2S el) KeO. (A-2) 


Then multiplying both sides by ¢,(f) A and summing over the lattice points, we get 


' a pe Late K(f)? D 
SHAKE O=3 AOS o(t) Ke (t). (A-3) 


es 
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Now this relation must be satisfied with non-vanishing y(f). In order that this may be 
possible S must satisfy 


y) Kel" gy(t)2+ sy f= 
t t t A-—S 
of, noticing that >} g(t) =1, 
t 


yes (A) 


This is the equation which determines the eigenvalues of (A-1). 

Now, considered as a function of S, the left-hand side of (A-4) becomes infinity 
each time when S approaches the value of A’ at a lattice point, and changes its sign 
when S passes this point. From this fact it follows that, if we arrange the values of K 
at the lattice points according to their magnitude, we shall find that the values of .S which 
satisfy (A-4) lie one by one between two neighbouring values of KX. This means that 
the eigenvalue S has the same spectrum as the spectrum of A when the box becomes 
infinitely large, and the number of the eigenfunctions has the Machtigkeit which 1s equal 


to the number of points in the f-space. 


Appendix II 


Here we shall derive the relations (5-3) and (5-5’). As in (4-8) we have 


g,(f) =9(f—-3) +05 (> 5b) Kuss (A-5) 
the conjugate complex of which is 
g,* (f) =9(f—8) — 0, (S—K)(£) Keo. (A-6) 
Multiplying both sides of (A-6) by K,g and integrating over 8, we get 
[Ko 95* (£)23= Kur— Po (D §0.(S—K) Kos Kav - (A-7) 


But, by help of the closure property of ¥,(f) and ¢,(f), we can derive from the definition 
of Kos 

{Kos Ps" (f)¢d3= (K— Kw) f)- 
Then we get from (A-7) 


K 
(3, (S—K) Keg Kad = (Koy K) + (A:8) 
cS Y) (f) 


If we put here f=}, this gives the required relation (5-5’). 


We now proceed to the derivation of (5-3). After putting f=), in (A-6) swe 
multiply both sides by 0,(K—S) Kog and integrate over 3. ' Then we get 


fo. (AK—S) Kos g." (po) @s 
eas 6. Ch E,) Kop. — ¢0( Po) fo. Ck S)0,(S— Ly) Kos Kyo@8 - (A: 9) 


ri 
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We have, on the other hand, 

Fe. (t) 94% (py )a8=o4* (Po) + PoE) [9 (A—S) Kos Pe * (p28 (A-10) 
which is obtained by multiplying (A-5) by ¢.(p,) and integrating over S. If ph: use 
here the closure property of y,(f) and g.(f), the left-hand side of (A-10) will be 
O£—py) —% (£) Popo), while g,*(p,) on the right-hand side is given by (A-6) by 
putting there f=p, and s=f. We get thus 

— ¥,(£) %o(Po) = — 0, (K—Ey) $9 ( Po) Kto 
+ 99(£)§0. (AS) Kos ¥5* (Po) a8 5 
which yields 

§0, (A S) Kos G.* (Po) &8 


Ko ; 
i +0,(K—E£, f = . (A-11) 
Po (Po) + O4.( o) Lo 28) 
We now use this expression for the left-hand side of (A-9), then we get 
st vats Ko 
—9,(p) +0, (K—E,)¢, ())—= 
Yo (f) 


=, (K—E)) Ky, —9 (to) $9. (K—S)0.(S—&,) bog Kon8, — (A+12) 


which gives immediately the required relation (5-3). 


References 


1) S. Tomonaga, Sci. Pap. Inst. Phys. Chem. Résearch (Tokyo) 59 (1941), 247. 
T. Miyazima and S. Tomonaga, Sci. Pap. Inst. Phys. Chem. Research 40 (1942), 21. 
These papers will be cited as I and II respectively. 
S. Tomonaga, Prog. Theor. Phys. 2 (1947), 2. This paper will be cited as I’. Readers are not 
required to read I and II for the understanding of the present paper; the main contents of I are 
recapiturated in I’ and the necessary part of II will be given in the present paper. 
K. M. Watson and E. W. Hart, Phys. Rev. 79 (1950), 918. 
P. T. Matthews and A. Salam, Phys. Rev. 86 (1952), 715. 
2) Proceeding of the Third Annual Rochester Conference, 1952. 
3) T. D. Lee, F. E. Low and D. Pines, Phys Rev. in press. 
4) S. Tomonaga, Sc. Pap. Inst. Phys. Chem. Research (Tokyo) 40 (1942), 73. 
I. Tamm, J. Phys. (U.S.S.R) 9 (1945), 449. 
S. M. Dancoff, Phys. Rev. 78 (1950), 382. 
G. F. Chew, Phys. Rev. 89 (1953), 591. 
T. D. Lee and R. Christian, to be published. 
5) Proceeding of the Third Annual Rochester Conference, 1952. 
6) Y. Yamaguchi, Prog. Theor. Phys. 6 (1951), 772. 
K. A. Brueckner, Phys. Rev. 86 (1952), 106. 
K. A. Brueckner and K. M. Watson, Phys. Rev. 86 (1952), 923. 
Y. Fujimoto and H. Miyazawa, Prog. Theor. Phys. 5 (1950), 1052. 
H. Miyazawa and S. Matsuyama, Prog. Theor. Phys. 8. (1952), 573. 
J. Iwadare, Prog. Theor. Phys. 9 (1953), 94. 
7) P. T. Matthews and A. Salam, reference 1). 
8) R. Jost, Phys. Rev. 72 (1947), 815. 
9) T. D. Lee, F. E. Low and D. Pines, reference 3). 
10) K. M. Watson and E. W. Hart, reference 1). 
11) K. Sawada, Prog. Theor. Phys. 9 (1953), 455, 


— —-.s. 


633 


Progress of Theoretical Physics, Vol. 9, No. 6, June 1953 


On the Quantum Theory of Fields 


Dominique RIVIER* 


Division of Physics, National Research Council 
Ottawa, Canada 


(Received March 30, 1953) 


Pour obtenir la théorie quantique correspondant a une théorie des champs classique donnée, on 
propose ici une méthode indépendante du formalisme canonique. Au principe de correspondance entre 
crochets de Poisson et commutateurs, elle substitue le suivant: les opérateurs de la théorie quantique 
qui correspondent aux constantes de mouvement de la théorie classique forment, dans l’espace de Hilbert, 
une représentation des opérateurs infinitesimaux définissant les groupes continus de transformations laissant 
invariantes les Equations de mouvement de la théorie classique. La méthode est appliquée au cas ou 
les Equations de mouvement sont supposées invariantes par rapport a une transformation continue de 
Lorentz et une transformation continue de jauge. Dans ce cas, et si Yon se réduit aux champs d’ondes 
libres, on démontreé l’équivalence de la méthode propesée avec celle qui s’appuie sur le formalisme canonique. 
La nouvelle méthode présente entre autres les avantages suivants: un traitement unique pour les 
champs suivant la statistique de Bose et pour ceux suivant celle de Dirac; une démonstration du fait que 
la connexion entre le spin d'une particule élémentaire et la statistique qui en regit les ensembles est 
une consequence de Pinvariance de la théorie par rapport a une transformation continue de Lorentz. 
Enfin, la méthode proposée semble axiomatiquement plus simple, et plus générale d’application que la 


méthode de quantification qui se fonde sur la formalisme canonique. 


§ 1. Introductioa 


The following work is an attempt to give a quantum theory of fields without any 
explicit or implicit reference to the canonical (Hamiltonian) formalism. Besides the 


requirement of invatiance under infinitesimal Lorentz transformations and under infinitesimal 


gauge transformations”, another requirement is introduced into the theory: at each step 
dent of the particular set of space-like surfaces chosen in space- 


the theory must be indepen 
time for observing the evolution of the physical systems described by the field variables. 


Although it may not be necessary, such a requirement 
exclusive use of flat three-dimensional surfaces for all practical purposes. 

Quantum field theories, for the most part,. start from a so-called c-number theory” 
in which the field quantities are taken to be commutable and in which the equations of 
motion for the fields are deduced from a variation principle under a form which is Lorentz 
A set of space-like surfaces is mecessary for defining important 


is reasonable, since it allows the 


and gauge invariant”. 
zing the system as a whole : 
1 angular momentum and the total charge of the system. 


quantities characteri the constants of motion, such as the total 


energy and momentum, the tota 
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But these quantities do not depend on the set of space-like surfaces, as a consequena: of 
the equations of motion — it is precisely this property which makes them Sear ee: of motion. 
Thus, the c-number theory satisfies the surface-independence requirement (surface-independent 
will be used from now on in the sense explained: above). 

It is the ‘“ quantization ” or transition from the c-number theory to the so-called g- 
number theoty” (in which the fields become non-commutative linear operators in the 
Hilbert space) which is usually surface dependent. For in most cases” it is only by 
introducing surface-dependent quantities, such as generalized canonical variables conjugate to . 
the fields, that quantization is possible”. 

But when the equations of motion for the fields 7,(x) are of the wave type, Le. 


when it follows from them that 
(LJ-#) 7, (%) =0 | (1) 


(one speaks in that case also of wave fields) it is possible to write down the commutation 
relations in a form which involves only the fields, without any surface dependent term. 
Therefore, in this case, quantum field theories may be put in a surface independent form. 

This fact may lead one to think that there must be a way of quantization which 
uses only surface independent concepts, at least in the special case mentioned above ; this 
case, although of minor physical interest since interacting fields are left out, is still essential 
since it already gives the main properties of the field operators corresponding to a given 
type of field functions. 

In the c-number theory, one sees that a one-to-one correspondence exists between the 
generators (or infinitesimal operators) of the infinitesimal Lorentz and gauge groups on 
the one hand, and the constants of motion on the other, the constants of motion’ being 
well-defined functionals of the fields when the action density or Lagrange function is given. 
This correspondence is invariant under Lorentz and gauge transformations and is surface 
independent. Now, in the g-number theory, the constants of motion become well-defined 
functionals G|[y]=G , of the field operators y,(2%) up to the ordering of these 


operators. The operators Gi,,) are in one-to-one correspondence with the generators 2%; 


¥' => 
Go Sw: (2) 
This correspondence, together with the analysis of quantum dynamics’), suggests the 
following principle” for the quantization of fields: De comsuittation rules for the field 
operators must be such that the correspondence between the generators gy and the 
operators Gi ts an isomorphism, t.e. the Gia’s are a representation of the gencrators 


in Hilbert space. That means that between the field operators y,(1) and the G,,.’s the 
following commutation relations hold 


<-[Galz) Warez Leoxre) (3) 


(the factor 1/hc is necessary for dimensional reasons). 


Two questions arise immediately. First, are these equations compatible ? Secondly, 
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do they determine the commutation rules between the field operators ? Concerning the 


first question, one has to remember that the generators 2, satisfy the Lie equations of 
structure 


Leo. SmlL=usZo (4) 


where the constavts cj, ate the structure constants of the groups”. Consequently, if the 
G’s are to give a representation of the generators, one must have also 

1 i 
Re [Gees Gel-=c.Gw.- (5) 


2C 


That is to be interpreted as conditions for the structure of the Lagrange function in 
¢number theories which can be quantized. It may well be that these consistency condi- 
tions are too stringent, i.e. they lead to a class of Lagrange functions which cannot describe 
the variety of systems occurring in nature, in which case the principle stated above should 
be generalized. But it will be shown that the consistency conditions (5) are satisfied for 
the particular class of Lagrangians which correspond to wave fields. 

Concerning the second question,—do the general rules (3) determine the commutation 
rules (in short c.r.) between the fields themselves—it is one of the purposes of this paper 
to show that the fundamental c.r. for the fields, i.e. the values of 


[yp 2), oH) ho =p AoW) Hope V) Us)... ot! (6) 


are determined by (3) in the case of wave fields, and that they are identical with the usual 


c.t. obtained from the canonical formalism” :*. 


That shows the equivalence of the method 
of quantization proposed above with the canonical formalism in the particular case of 
wave fields. Furthermore, in that case also it is possible to deduce from (3) the rule for 
ordering the field operators in the functionals Ga [y| and, at the same time, the connexion 
between “‘ the spin and the statistics” of the field y,(%), ie. the relation between the 
value of w in (6) and the representation of the Lorentz group according to which the 
fields y,() transform”. 

One sees that the method of quantization proposed here satisfies the requirement of 
invariance under Lorentz and gauge transformations and, furthermore, that it is surface 
independent. For, if one works in the Heisenberg picture”, by definition the state vector 
W(S}) describing the system is surface independent, and then the invariance of the theory 
with. respect to infinitesimal and gauge transformations requires the operators Gi, to be 
also constants of motion in the g-number theory, i.e. they do not depend on the set of 
surfaces. Consequently, the general c.r. (3) are surface independent, and so is also the 
method of quantization. 

This method is general and is not restricted to the case of wave fields, although it 
is so far only in ‘these cases that consistency is proved and that explicit c.r. between the 
fields ‘operators can be given. But that is also the case with the canonical quantization’ 
as well, and the situation is due to the fact that the c-number theory for wave fields is 
very .simple :, the lincar equations of motion can be solved exactly and it is possible to 


build for them a complete set of orthogonal solutions. 
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The systematic use of the infinitesimal gauge group in addition to the Lorentz group 
does not lead to new results for wave fields when the gauge is independent of space-time 
co-ordinates. But the fact that the generator g corresponding to the total charge U is the 


simplest of the generators £7) also makes it simplest to choose 
= [2, 4.) |-=9 4%) (7) 
bc 


as the basic c.r., among the relations (3). When there is an external electromagnetic 
field, however, the total charge is in general the only constant of motion ; thus only 
(7) and not the other c.r. (3) must be taken if one wishes to have a priori surface- 
independent c.r. for the fields. This case of an external field must be treated with care, 
since, except Q, the Gj) are in general no longer constants of motion and_ therefore 
cannot form a representation of the generators of the Lorentz group. 

The main features of the method can be stated briefly as follows: (a) It is explicitly 
surface-independent at each step, in contrast to the canonical formalism ; (b) It is based 
on the principle that in the g-number theory the constants of motion are a representation 
in Hilbert space of the infinitesimal operators of the groups of transformations under which 
the theory is to be invariant; (c) It gives the connexion between spin and statistics as 
a consequence of the invariance under continuous Lorentz transformations; (d) It is 


equivalent to the canonical formalism in the case of wave fields. 


§2. The infinitesimal groups of transformations : 


The Lorentz group and the gauge (or Weyl) group"” 


Throughout the work, the following notations are used: % is Planck’s constant divided 
by 27, c is the velocity of light, c the magnitude of the elementary charge, and 7 the 


mass of the particle associated with the fields; moreover, the following abbreviations are 
used 


oe al phe Ate. c 2 : = 
If a#=(4', x°, 2°, x'=ct) are the co-ordinates of an event in space-time, an in- 
homogeneous Lorentz transformation is a linear transformation 


eto at a (8) 
of the co-ordinates +” into new co-ordinates +*”, which leave invariant the metric tensor 
guag™agB=— p= 1, g/=0 for pu. (9) 
I the following the properties of the infinitesimal inhomogeneous transformation 
ZY a= gh Oa agg oar. Ob" = — 0b (10) 


which leaves g*” invariant will only be used. (The @a’s and 0¢’s are ten independent 


7 O Vay 5 Pale Mee \L aye eee a . s S 
infinitesimal constants; +,=¢,,21", +"=g"%1, and the usual summation convention is 


employed. ) 


ye, 


- 
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As a result of the infinitesimal Lorentz transformation (10), a general field function 
¥,(x) is transformed into a new function 7,*(4*) according to 


te*(4*) =x) (11) 
where &% is the linear operator 
an SAME Wk ( eee? a a 
Y=1+da We ad (1 Me tthe (12) 


which may be written in the form of a unitary operator 
: apt Sis 
got Paste ts Oo Meat: (13) 


In this expression, the Hermitian operators 


ppt 


ham =1dy » Myy=t( aya, — Xap +h yy) Hl + Say = My s (14) 


with s5,,=2/,,, represent the infinitesimal operators or the generators of the infinitesimal 


group / of Lorentz transformations. They satisfy the Lie equations of structure 
t[ Pus Pr|-=0, | 
tip. Melo 2 tof ot Sinpif vis (15) 


t [My Myol|-=S wp Mvo—E vp MoE uo Mp +E vo Mp » 


or 
[SoS wl-=%S om 4, #, ¢==1->:10, (16) 


with 2a)» § 6) £0) = La Pav Mag" Mes: The c’s are the structure constants of the 


infinitesimal Lorentz group. 


In equations (12) and (14), the operator 7,, describes the change of a constant 
field (i.e. independent of x) under the infinitesimal transformation (10). Its representa- 
tion depends on the transformation properties of the field y,(): e.g., for a scalar p(7), 


a vector /*(x#), and a spinor (),(%), one has the following representations 


Viv? (+) Fo 0, 

Tybalt) =u pl? (*), Pons =ErS vp — 2 Sup » (17) 
i 

Muy Pi, (4) 7 Puy ab dy, (x) b) Vay ab =~ ee oa Mh ab» 


and in general | , 
Hus Lp (4) =K ur po Lo (7). 
7,'(%) denotes the Hermitian conjugate function of ¥ (4); i.e. the result of chang- 
ing ij into —é and taking the transpose of 7, (x). This means that if 1(x), is taken 


as a.one-column matrix, then 7,'(7) is a one-row matrix. As a consequence, expressions 


like 7," (4) 7 (x) are teal numbers. - As an_ illustration of the connexion between the y’s 
> LP pP ‘as 


and the y*’s, one may. define “hy p0 by 
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(Fa re) *=Yo ae C (17a) 
In (17) the four Dirac matrices 7° = Gi, 7. 7) are given by 
i= ass ERE OEP =f, (18) 


with” 


ral a (1) sO 
nl 0 ). p=( 0 ay) 


and satisfy the identities 
gare eae) ote ee Tar R SS 6 erie (19) 


A Lorentz invariant: quantity /, ie. a quantity which is left unchanged by a con- 


tinuous inhomogeneous Lorentz transformation, satisfies the equations 


pwi=0, My, 1=0, 


“‘ rotations ”’ in space-time. 


expressing the invariance under the four translations and the six 
Furthermore, scalar fields of a general type can be constructed with the field functions. 


They are quantities invariant under the operation 7,,, like 


FuyP(#) =0, ae eS A) (+)) =0, Pay (hq (x) (x) ) =0, (21) 
where 
Palr) =$s (4) Boa (22) 


is the spinor function adjoint to ¢,(%). 


« 


Turning now one’s attention to gauge transformations, one considers a “‘ matter field ” 


‘ 


%p(+) (by this it is meant essentially that a “zero mass” field, e.g. the electromagnetic 
field, is excluded). In order to emphasize its gauge dependence, it is written for the time 
being as ¥,(7%,C). C is a real constant (independent of x). A gauge transformation 


is defined by 


= Goren (23) 
As for Lorentz transformations, only the infinitesimal transformation 
C*=C+0f (24) 


is used here, Of being an infinitesimal constant. 


The dependence of the matter fields with respect to the gauge is defined by the 


transformation 


Xe* (&, C*) = Wy, (4, C) =U —ie df) Xe (4; C) (25) 
which cotresponds to (24). One defines also 
Ye Ce, C*) = Wy G6) = eae as (26) 


Then 7," (x, C)y,(x, C) is invariant under a gauge transformation, since 


W (xe OC) 10% C)) =e (% C) rex, C). (27) 
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Now, as in the case of Lorentz transformations, it is convenient to write (25) as 
a wae 
BW (1 C)=(144 Sxl ©), (28) 
aC 


thereby introducing the linear operator W=14 df a which can be written in the form 


of a unitary operator 
W=1—1of¢g (29) 


with the Hermitian operator 
emg (30) 


g is the generator of the infinitesimal group I” of gauge transformations. A gauge 


es eae cept PBS 
invariant quantity <7 satisfies the equation 
gd =0. (31) 
Comparison of (25) and (29) shows that 


TXe (4, C) =£Yp (4,0), He ag) = aes (7, C). (32) 
According to Pauli, quantities like y,(%,C) and 7," (x, C) are called gauge-dependent of 
the first kind™. 
If the gauge C is independent of x, it is consistent to write 
i[g,Pul-=0; 214 Muv}-=09, (33) 


and one can consider the direct product [’x A of the infinitesimal Lorentz group A and 
of the infinitesimal gauge [’ group. The Lie equations of structure of this product group 
[’x A are given by the union of (16) and (32), which can be written as 


[eer SwolLHuUs wow ij atu On Laren, (34) 
with Loy=q and Con=0.- 


However, the introduction of gauge which depends on + leads to 
; : oe DeDY, 
Pute(& C(4)) =" Lo (4, C4) = (13, +4, Ct a) yas )y; (35) 
C 


where 0,,7)(%, C(*) ) denotes the derivative of 7,(%, C(x)) with respect to 7® when 
C(x) is kept constant. Consequently the values of the commutators 7[9,/,]-, which can 


be written also as 


Aga Sy 
bfxr0 OF (4) 


are no longer defined. All the same, by introducing an external field A, (7, C(%)), it 
is possible to define the operators 


pi=p. ta C(x) )g=id, + Ay C(+))9 (36) 
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which commute with @: 


ite Aitl-=0, ax 
provided the external vector field A,(7,C(%)) is a gauge dependent quantity of the 
kind™, ie. satisfying 


mE (ay (ae Clery) + a,C(x) ) =—© 


A, (a, C* (2) =A, eC) — 4 IC a) — Ce) 7. (38) 


The electromagnetic 4-vector potential is an example of such a field. 

This final remark is made mainly to emphasize the particular situation of the electro- 
magnetic field and so to justify the restriction imposed on the fields 7,(1). 

From now on, and if not stated otherwise, 7,(1) stands for a gauge-dependent field 


of the first kind 7,(4,C) where C is independent of +r. 


§ 3. The variation principle aad the constants of motion 
in the c-number theory 


A. General Theory 


The equations of motion for the field functions 7;(4) can be derived from a variation 


™. For this purpose one sets up first a functional of the field functions = 
purp Pp 


principle 
L[y(4)], the action density or Lagrangian, a scalar having the dimension of an energy 


density, and invariant under gauge transformations. That means that 
gL= 05 Fp lee: (39) 


In the following, y,,(4) stands for the two sets of independent functions 7,(%), v,° (x), 

and 7,,/,,[7] for x," /.[v']+z,/%, [yz], the summation convention being understood. 
One then chooses two arditrary space-like surfaces, S1, and S', where S}) is earlier 

than Sj. One considers also the surface S%\, of a cylinder y with time-like axis and a 


space-like radius large enough so that surface integrals like 
| tad a"(2)dr'y, (2) =[ do(2) fyu(e)], 1m m0, 1, 2 
ae) uy 


vanish. This means that the system described by the fields is “‘closed’’. Then one can 
use the equality”? 


[dre 4. [tee | do, (2) hy $l te(4)), (40) 


where {,; means that the integral is taken over the portion of >) inside the cylinder y. 
In (40), do, (x) denotes My (x)a(x) where v(x) is a unit time-like vector normal to 
>i and with positive 7, and do(x) is the differential surface element on a 


Finally, one forms the four-dimensional action integral 
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T= TYe(2)s Se S=) 4)'E fe @)] (41) 
extended over the four-dimensional volume |” bounded by 37, >) and S},. J has the 
dimension of fic, i.e. of energy times length. The equations of motion for the fields 

OL OL 
ee = E[y,, (4) |=0 42) 
OY or (*) Vn %o( 4) ) a 
follow from the variation principle 
of—0, (43) 


where 0 means that the /fc/i/s are given an arbitrary variation Oy,, (x) at each point in- 
side |” but are kept constant on the boundary surface of I’. In (42) it is assumed that 
only the field functions and their first derivatives appear in 7. This assumption, although 
not essential here, is made from now on for the sake of brevity. — 

Assuming that the fields satisfy the equations of motion (42), one can obtain the 
constants of motion in the following way. Considering the action integral / as a functional 
of the coordinates and of the gauge, one performs an infinitesimal Lorentz transformation 
and an infinitesimal gauge transformation (i.e. a transformation of the eleven parameter 
infinitesimal group /’x A) and obtains the change a undergone by /. Using the equations 


of motion, one gets 


I ol Les Or: 
fee df dat 2 gir, 44 
, dC es dae Gato d(ahx) (44) 
with 
Ot. Dire: OL ee Ea st Ee GENT ESG SS) 7, 
ne O(>)) OCs Ore pa) na 6 (d" x”) wea) ny A oom 


where the quantities Oise ety e.and M,,(S}) are given by 


oceyafdaP teal, PASM fete 
P,(3) =| a0, (Tyo), Teiast£0d—-He li eeter (45) 


Min y= \ do (DZilyw@)l, 4hldatet ayaa Th Lae La) re Lor > 


with 
OL : 
fA (46) 
pote 3 (9% (*)) 
It is an immediate consequence of the invariance properties of LZ and of the four- 


under Lorentz and gauge transformation that / itself 


% \ ye Pea | 
dimensional volume element (dx) 
is gauge and Lorentz invariant. Consequently 


Ql): (47) 
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hence 


OCS) 200), > Pi OD =P. Opler — A D ie) a e 


which shows that the total charge of the system Q(>'), the total energy-momentum 
vector P,(>}) and the total angular momentum tensor M,,(S}) of the system do not 
depend on the particular space-like surface >} on which one observes them. Therefore 


they are constants of motion. There is an obvious one-to-one correspondence 
— —> 
ge O;, Pu Py Mav < Wy, (49) 


~ 


between the generators of the infinitesimal transformation in /’x A and the corresponding 


constants of motion, which can be written as 
Ee) we Gw =| ao, (x) $2 [Yor (ean > 1=0; 1---10, (50) 


with Go, Gua: Gw, Gw@Gayn =, Fhe M9: >> Moy. 
When the fields functions and their derivatives satisfy certain differentiality conditions, 
which are assumed here, it follows from (42) and (47) that the density tensors a 


Rese, 7. w, and 7,% satisfy the conservation equations 


ay Gade, te d,7*=0, Dy Sees OxZA=0 (51) 


in the differential form. 


B. The particular case of bilinear Lagrangians 


Here the Lagrangian is assumed to be bilinear in the fields and their (first) deriva- 


tives, so that it can be written as 
Lily (a)=xe {0X RO + 0% K+ N+ US y,, (52) 
where 9,’ stands for the differentiation operator 0, acting only on the functions ,* to its 


left. If there are no external fields, RX, A, /V, and U are constant (independent of 7). 
_ The equations of motions are 


Xe {(0x R+N,)0"*—aF K*—U} =0, 

{0, (Ko*+ A*)—N,0*— OU} y,=0. Se 
Introducing the operators 17** and |7* by 

iT Pylesys {a R+ iV" — oe pes it} ral {Ro + Ky z= Vis ; (54) 

one has for the three fundamental density tensors 

oa [y]=iey,* { Vr Vy, ; 

Ti lal=se L(y] 0i V4 V9) 9, , (55) 
Lay id=" iy Dale Lyi panies py GOS pe dn 


Introducing further the important operator 


_tion, and in order to prepare for later considerations, 


Se ee ee Ni Pt vee A Ee 
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R= 6 (2e> 7), (56) 
the current density can be written as 
FP (yl=ep* [1l=en Cx - (57) 
The density vector | 
PAG A Ie Ooty (58) 
has the dimension of the inverse of a volume, so that the integral \go, 7°) is 
dimensionless. zs 
After some calculations involving the use of the relation (40), of the equations of 
motion (53) and of the invariance properties of (52), the constants of motion are found 
to be, in case of no external field 


da, (a) -y0 ()q" OO) to), 


x 
a4 


Q=he| dos(x) 46 OU) =— fc| 
x J 


Ps =iie\ ao, Ge) a) C* Se) Pet (= ie| dn, (2) yt (2) pi C* (a) 1,4) 
My = he \ do, (4)ye (4) CO (4) tt te) = oy | a, (x) oat mi, C* (A) 14) 
i.e. 


Geom tel dos a) 46 (2) OMA oly 2) = Mel dos) 1 HCL 
with 
| prsidf, mb =i dh a,—de 2.) + 540» 
and where in general the operator g’ is defined by 
Cpe = ey es (60) 
In expressions like (52), it is understood that 7, 4y,=C2 stands for Vo Heed 


where Alon is a matrix operator giving to Ch its correct transformation properties with 


respect to Lorentz and gauge transformations. For instance, one has 
Se Ne rd Ae vate AN ecg ee EAT 
Vga 1 =& Viste» V 5=Vopat V% po Oz, (61) 


the v’s being invariant matrices if there is no external field. 

The wave fields belong to the class described by bilinear Lagrangians. ’ As an illustra- 
the cases of spin 0, 1/2, and 1. 
(Use is made here of the restriction to matter fields (x70), 


are briefly sketched here 
the matter field functions g(x), ¢a(%), B°(#) 


so that by proper factorization of x in L, 


‘are dimensionless.) 


Spin zero: scalar field g(x). The Lagrangian is 
| Llp) JH he# g* 10, 10° + 8) ¢ 
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Hence 
Vr=— Tok aio aan V>—=—ihcxrd’, C= —ix(9"4— 9"). (62) 
The equations of motion are 
g* (L)’-#)=0,. (LJ-#)¢=0, [ ]=20*20), . 
One verifies easily that 7), is positive definite, but 7, is not. 
Spin 1/2: spinor field (4). Here the Lagrangian may be taken as 
L a(x) |= hex p* al Goof 770) + +} f, af =a Fue 
Hence 


Vor oe hic 8 By, Va fice Bz, C887. (63) 


The equations of motion are 
* BGA" 7 +x) =0, (yid—x) =0. 


Here 7, is positive definite and 7’, is not; furthermore, it follows from the equations 


of motion that 
i* (LJ—#) =0, (_J—2’) f=0. (63b) 
Spin 1: vector field B*(x). One can choose for the Lagrangian 


L[B ()] Shen | = FF, +2 BB, FM =a Ba BA, 
2 


or, in a form closer to (52) 


L[B*(4) Sher Bt? Go rif 10. 4+ ef} Bye (64) 


In this case 


BAK: pi 2ALT S ; 
Veh Phew Oo ries Vel hex re "02, CS ie Ora re ees 


and equations of motion are 
BOA Or ri P+ ee) =0, (176.0°05,4-4 26) B,=0, 
or 
Bre (li x") = 0,0 (BGP 0, (A]—7) 2,=0,". 0 B= 0. 
Here, as in the case of spin 0, 7), is positive definite and 7, is not. 


For later use, an important property of the linear systems (i.e. described by a bilinear 


Lagrangian) is proved. If one defines 0/da(x) by" (f(x) is assumed to be differenti- 
able) 


“aotay |alee 2/0) Him Freay Wale £00)—f dev) 1) =a AC), (65) 


(where S} and SY coincide. except near the point x and are the boundary of the volume 


— =.” 


et ee eee 
* x be > 7 


which can be referred to as 
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2 
V’) any of the constants of motion G,, satisfies the equation 


AN 


0 Z 
dala) ~ 9a (a ey en)’ te I) (4-9) =0 8) 
for 0/0a(x1)-G.,=0 expresses precisely the surface-independence of G, (see 51). In 
particular 


da (4 we \= aE | alex (WA C*(7) x,( 7) =9%., (66a) 


~ AA }) . . . . . 
If now y,/’ and 7,’ are two different solutions of the /iveai equations of motion (53), 
Seam a" : : Jal BIRT 
then y,=«a7,"+/77,' is also a solution for arbitrary v, 8. Substituting in (66), one 
gets the important relation 


2 | doy) 78" DDL) =0- (67) 
0a (4) 
In particular 
of dasa) 22 CNN) =0. (67a) 
0a (x) 


§ 4. Covariant generalizations of Dirac’s function 


solutions of the wave equation 


A solution of the wave equation can be developed as a superposition” of plane waves 


of the two types 
(aly +)= ban) He, g(2/hy —) = Fn) Her, (68) 


ce 


positive” and “negative” frequency waves. In (68) the 


customary notation 
a 
L282, BB) A(R), Bet (Seer) (69) 
1 


is used. Ata given time %, each set of solution, the o(x/Kk, +)’s and the o(+/k, —)’s 


satisfy the orthogonality relation 
2, Cay" (Ke =/t 6) 9 h/t =) =9( I), 
t=+1, tlh, c/y)= 9(9/h, 7) \', (70) 
and the completeness relation 
2\ (diye a", 1,/K, ct) 9* (K, t/a, t) =3 (ae —20"'), (71) 


where 0(@) =0 (a’)d (@’) O(a") is the three-dimensional generalization of Dirac’s 0-function 


(henceforth called distribution”) which satisfies the identity 
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Ap(H, ty) =| Oa, (Y, f)- (72) 


In a covariant theory, the relations (70), (71), (72) are not suitable since they 
ate not explicitly covariant. The purpose of this section is to give a covariant form to 
these relations. This form depends on the transformation properties of the fields. 

In order to give a covariant form to the orthogonality relation and to the complete- 
ness relation, it is necessary first to define covariant generalizations of the volume elements 
(dy)? and (dk)*. They are do,(y/) and dV (kh) = (dk)*/2 , the integration in the 
k-space being over the hypersurface (69) (denoted //,) and the scalar d V(k) being 
invariant and dimensionless. In space-time, the domain which generalizes the plane -=/, 
is one of the space-like surfaces >}. But at this stage, the swrface-independence require- 
ment of the theory must be remembered. If one writes the left-hand side of the orthogonality 


relation for two field functions y,/"(«) and 7,’ (+) 


| do(nai"(9) EP), 


it must be required also that (see 65) 


O ; 

—! _| do, (9) xi" (9) 4 (9) =0- 

0a (x) 23 

The remark at the end of the preceding section shows that the simplest expression to 
satisfy this condition is 


| oI) te" (NOI) te WN) 


provided the functions y,/’(~) and y,/(4) are solutions of the equations of motion (53), 
of which the wave equation is in general only a consequence (see 62, 63, 64). This 
shows that the orthogonality relation and the completeness relation are, in their covariant . 
form, intimately linked to the equations of motion and therefore will depend on the 
transformation properties of the field y, (1). 

Consequently, given a wave field y,(7) satisfying the equation of motion (53), 
derived from the Lagrangian (52), one looks for two sets of solutions 


Vee) We, so) VY te 6 aa, ia T= +1 (73) 


corresponding, in the case of a scalar field (1), to the positive and negative frequency 
plane waves (68), and satisfying the relations” 


fe) ah 0, 19) Otel a/R, nt ot) = ACE, wl", S/R wl, ©!) (7A) 


and 


ak) sf a (k) Xp (2"/k, n,t) 75 (Ke, n, 7/2") = F6(2", CAF (75) 


T=+1, 


which will be referred to still as orthogonality relation and completeness relation. In (73), 


ee ue a te, & rh See ai ee 
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m denotes the independent polarizations of plane waves having the same %,t. The con- 
struction of these solutions y,(%/K, 7,7) in each particular case (spin 0, 1/2, 1,---) is 
straightforward, since the solutions for spin 0, namely the plane waves (68), are known. 
And once the y,(%/K, 7, 7)’s are known, it is easy to evaluate the right-hand side of 
(74) and (75), which are defined up to a normalization factor. Here, the normalization 
factor is such that 


AK nH, jailer n', t’) S=u(e ole", n", ot he ', alle, (74a) 
where 0(K!’, 72!’, 7’ /ke’, n', c') is defined by 


s \ dV (Kk) 8( kl, nl, c!/Ke, n, 0) f(t, 0 0) =f (Bl, n!, 7). (74b) 
nit Hy 


In (74a) and (75) »(c) is defined as follows: for spin 0 and 1, v(r)=7; for spin 1/2, 
v(t) =+1. This spin dependence of »(z) is directly connected with the definite or in- 


definite character of 7, (see 58). "When there are no external fields, the distribution — 


F,o(#", x’) is invariant under a translation and can be written as 


F(x", #!) =Fi(ax"—#) = 3) TFS" —2'), (75b) 


t=+1,-1 


where 743? (2!’—.x’) contains only positive frequency waves, and /\5) (2!’— 2") only negative 
frequency waves. 
The covariant generalization of (72) is found simply by developing a general solution 


7,(x) of the equations of motion (53) in terms of the plane waves (73) $ 


42) =) »(<){ dV (Kk) y,(«/k, n, t)a(K, x, 7), 
n,T Ht, 
(76) 
wi(Q=3 »(c)| dV (Ie) a* (Ik, 0,7) 73 (He, 0, 7/2), 
n,T Hy 


and by computing the “ Fourier coefficients” a(K, /,7) and a* (hk, 1, t) by means of 


the orthogonality relations. One then finds 
a(k, n, 7) =| do,(y) -¢é (Ke, 1, t/V)C*(I)Lo9)» 
y 
(77) 
a° (ym 2)=| dons) “28 OMI LoL I/ Fm). 


Now one replaces in the developments (76) the coefficients a(K, ”, t), a (kh, n, 7). by 


their values in (77). One gets, using the completeness relation 

toa) =| on) -Fool@ OMI) 406) 
‘ (78) 
ti @)=|\doi(9) NCO) For(I—4), 


which is the desired generalization of (72)~. It is important to notice here that (71) 
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is not only a generalization of (72) in the sense of covariance, but also in the fact that 
whereas in (72) y,(#,¢,) and 7,(Y,%) on both sides are evaluated at the same time /, 
(on the same space-like surface), in (78) the two points + and y are not necessarily on 
the same space-like surface, but may define a time-like vector as well. Consequently, (78) 
gives the value y,(v) of the field function in terms of its value on an arbitrary space- 
like surface S", which may be earlier or later than x. When multiplied by GC*(4); the 
distribution /“,,(%) may be considered as a covariant generalization of Dirac’s distribution 
O(0). It is different from zero only on and inside the light cone; it satisfies the equa- 


tions of motion, and the following identities 
PGy=Fie(—*), gh oo(#) =0, “Wty Fae(*)=0, - Patol t—y) =, (79) 


so that /),,(a—y) is invariant in the group (/’x J) in case of no external fields. 
The relations (74), (75) and (78) in the particular cases of spin 0, 1/2, and 1 


are given below. 
Spin 0 
[eton(9) -@* (Re 2/9) C8 (g) oC y/Be 1) =e" (Me <7 RI 2"), 
33 “| dV CR) p(x" /, 2) 9* (It, 2/2") =F (22!) = Sr FO ("a w), 
e(2)=| do) FUNC). 
with”? (80) 
Die BSS ae) = DG = (2x)| (ah )" ice) 
ete Page : 
(2 F(x) =D(x) = > (D* (x) —D-(x)), 
so that one can write, using (62) 
: e(x)= =| foky) DM a—y) (8 — 8") o(y). 
Spin 1/2 
Rae “DECK an", cy) COMP) Ci y[R, 0!) = Ok", ws cde a gee y2 
Sar be Gr ks, De tT) by (Kk, Hu, ee si (4 — #) a, rap Lo at 
Ya(r) = | ao, Ce Fan Ca ata (1) Os (7), 


with (81) 
22° Fs (4) Pa= San (t) == (Fide) yD), 


car 2x° Ki Gs (~) Boa= Sas (x) Sap (720 3 x) ab By (7) ? 
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so that one has 


(a) =i do, Shr)? Ho 9). 
S. ‘pin 1 


e 


| aa) BO Cie wrliG PG tye Ca / hep cl) = COM ne Tee one), 


aa <j av) BAGH Pls eC) Bg CH CLE ) SE pl 0 — te’) a CE (eh ey 


Bs (r) am \ das (7) . Fs(v—J) CF (7) i (y) > 
with (82) 
Pag GaSe (4) = 4e3(4) = (4770295 + £03) Dos(*) > 


1x Fas (4) = A's (4) = (470,93 +£ up) Dey (2), 
which gives 


Biss = | aes (y) +d", (x—y) (87% —*) By). 


Like the fields themselves, the distributions /,,(1) are dimensionless. 


§5. The transition to the g-number theory 


Both the c-number theory and the g-number theory define the state of the system 
described by the fields on a space-like surface >), e.g. at a given time”. But whereas 
the number theory defines the state of the system by the values on >} of the fields ~ 
functions y,(17) and of the maximum number of their derivatives compatible with the 
equations of motion, the g-number theory defines the state of the system by a probability 
amplitude function Y(>}), a vector in Hilbert space and in general surface-dependent, i.e. 
the state Y(S}) evolves with the “ time 

With each observable quantity, and in particular with each constant of motion Gy, 
the g-number theory associates a Hermitian operator G(S}) in Hilbert space. The 


wag) ede! 


number 

Go) =CC)GoaCQ)¥C)) (83) 
is the expectation value, i.e. the probable result of the measurement of the quantity Gi. 
on the surface 4} when the system is supposed to be in the state Y(S)}). i 


As in the c-number theory, the g-number theory is assumed to be invariant under 
infinitesimal Lorentz and ‘gauge transformations. That is to say, the expectation values of 


the constants of motion are surface independent 


a oe 
ee eT ey) Og 84) 
0a (x) oC) ee 


as the constants of motion themselves are in the c-number theory, as a consequence of 


the invariance (see S 3). 
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The problem of quantization is that of building the g-number theory corresponding 
to a given cnumber theory. This problem is twofold: first, one must know how to con- 
struct the operators G',(>}) which correspond to the quantities Gj ; secondly, one must 
find the equations of motion for the state vector Y(>}) and for the operators G «a ()) 
in such a way that the relations (84) are satisfied. That must be done with the idea 
of exploiting the c-number theory to the limit. It is therefore natural to work in the 
Heisenberg picture of the equations of motion”, in which, by definition, the state vector 


W(S}) is assumed to follow the very simple equation of motion 


ESL fest (85) 
Oa (4) C 


i.e. it is assumed to be surface eee so that. the relation (84) can be written as 


ew MEE AN GOSS 86) 
ha r) 2 o> es \ 


which is identical with (66) in the «number theory, except that the operator Gi; replaces 
the function G,,). 
In order to define the correspondence G,;, —> G,,, this identity between (66) and 


(86) suggests the introduction of a more general correspondence 


Lor (4) Yor (*) (87) 
between the field functions y,,(1) of the c-number theory on the one hand and the linear 


field operators y,,(1) in Hilbert space of the g-number theory on the other. The essentially 
new feature of the field operators is that in general 


Lo (2) Lor (I) A Yor (I) Lu (2) - (88) 
It is worthwhile to notice here that one assumes that the operators y,,(1), as the func- 
tions 7¥,,(%), do not depend on the surface >}. 

As soon as the correspondence (87) is fixed, to each functional of the field functions, 
in particular to each constant of motion G,, [7], corresponds in the Hilbert space 
the functional operator G, [y] of the field operators y,,(7). But from (88) this cor- 
respondence is defined only up to an arbitrary order of the field operators which, incidentally, 
has to assure the Hermiticity of the operator G,)[y]. The same is true also for the 
density operator ?, [yz] corresponding to G.,[y]. That allows us to write the relation 
-(86) in the differential form (see 50, 51, and 65) 

; 3. to [y]=0 (89) 

up to the ordering of the y’s, which is exactly similar to equation (51) in the c-number 
theory. In (89) it is assumed that the operators pi ( 4) satisfy. the necessary conditions 
of differentiability as the functions Y.{«) do in the c-number theo It must be noted 
that the transition from (86) to (89) also makes explicit use of the swrface-independence 
of the field operators Vert) 

On the other hand, it also follows from the correspondence (87) that, to the left- 
hand side of the equations of motions (42) 


ee ee A ies 
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OL AL 
——— di, - 
OX (4) 0(0u%pr (4) 
for the field functions, there corresponds the same functional Z[y,,(1)] in the g-number 


theory, up to the order of the field operators. Therefore, in the Heisenberg picture the 
equations of motion for the field operators are 


Ely,(+)]=0 | (91) 


== Ff; [Yor (+) ] (90) 


up to the ordering of the y’s. 

The three relations (85), (86), and (87) form the first part of the foundations on 
which it is proposed here to build the g-number theory.. (85) gives the framework (the 
Heisenberg picture), (86) expresses the condition of invariance under Lorentz and gauge 
transformations in this framework, and (87) expresses the link between the g-numbet theory 
to be built and the cnumber theory to which it must correspond. 

But so far these relations do not define completely the g-number theory ; in general 
even their consistency, i.e. the consistency between’ their consequences (89) and (91), can- 
not be checked: for the algebra of the linear operators y,,(1) is not completely defined 
(see 88). To fill the gap should be the task of a principle of quantization, the second 
part of the foundations on which the g-number theory is to be built. From this principle 
it should be possible to deduce first the complete algebra of the operators and secondly a 


rule for ordering the operators y,,(1) so that the correspondence between the c-number 


- functionals G,) [y] and the g-number operators G,, [y] is uniquely defined. Then only 


can the consistency of the theory be checked in general. By the algebra of the field 


operators is meant essentially relations of the type 


[yer 2Ys Yar) do FY > Lovey, 27s (92) 


necessary for working with these non-commutative g-numbers. 

For reasons given in the introduction, the following principle of quantization is used 
here: The operators Gy, corresponding to the constants of motion Gu) are a repre- 
sentation in Hilbert space of the infinitesimal operators gi corresponding to the con- 
stants of motion Gq. With the notation of section 3, that means that™” 


[Gc Ly yvole l=? ate: (93) 
G 


where the factor 1/4c is introduced for obvious dimensional reasons since / has the 


dimension of fic (see equation 44). Furthermore, since the infinitesimal operators '(,) are 


Hermitian, that is 
E@=S > (94) 


. - 96) 
and since the structural equations of Lie 


Extn 

[SoS wl-=uk (95) 

hold. it is also a necessaty consequence of the principle stated above that the operators 
? 


G must satisfy the corresponding relations 
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CLE Gig, (96a) 


: [Go Gw | =i: (96b) 
Le 


These relations may be considered consequences of (93). For, from (93) 
[G6—-Gw, Lor ct) a0, (97a) 
[eo"] Y G..] ay pl sf ‘ . ait 97b) 
| 5 |G (i)> A(x) |—-— “ik A> Yo (4 ) | =v, ( 
£ C aan 
and if operators y,,(7) are assumed to form a complete set of variables for the system, 


ie. if it is assumed that for an operator O the relations 


[O. %(*)J-=L9, ¥(a) |= [O, 40° (x) |- =0 
are equivalent to the statement that O is a cnumber function, then (96) follows from 
(97) and from the fact that the G's are independent of x. 

Conversely, if the relations (96) are satisfied, the G'’s can be taken as a representation 
of the generators g’s, and the relations (93) are consistent. But the G’s. are already 
defined by the cnumber theory, up to the ordering of the field operators, and it is not 
known a priori whether the relations (96) can be satisfied by a suitable ordering of the 
operators. The relations (96) appear therefore as necessary conditions for the comséistency 
of the g-number theory. 

Consider a c-number theory leading to functionals G.[y] which, by the correspondence 
(87), do not lead to operators G,[¥] satisfying the consistency conditions (96), for any 
ordering of the field operators 7,(%). Such a cnumber theory would not be “ quantiz- 
able” according to the principle given above. 

Suppose now that for a given c-number theory the consistency conditions are shown 
to be satisfied. Then, from equations (93) it is possible to deduce general commutation 
tules for the field operators of the form 


| do LG [Yor (7) |, Xer (4))-=z0 Nor (4) (98) 


which are surface independent because of (89). These are the relations which must lead 
in general both to the fundamental commutation rules (92) for the field operators (in 
short f.c.t.) and to the rule for ordering the operators in the densities ob [vy]. In the 
next section it will be shown how the f.c.r. and the rule of ordering can in fact be deduced 
from (98) in the case,of the wave fields. But at this stage it may be pointed out that 
the f.c.r, and the rule of ordering are intimately related through the relations (98) from 


which they both follow. — 
§ 6. The g-number theory for the wave fields 


As an illustration of the general theory given in the preceding section, the case of 
wave fields is treated here. 
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In the c-number theory for linear systems (see § 3b), the Lagrangian and the constants 
of motion are functionals, bilinear in the field functions and their (first) derivatives. When 


there are no external fields, the constants of motion themselves are given by 


Go =) eas) ORNL, t=0, 1, ---10, CE 


_ with the correspondences 


Golz] ae in (y) — Te CM PE (7) = —heg is (7) CC) : (100) 


It was shown also in § 4 that in the cnumber theory of wave fields, to each particular 
kind of the field y,(2), correspond first a complete set of orthogonal solutions of the 


equations of motion 
Te a= a I. Ri mylar 


satisfying the orthogonality relation and the completeness relation (75), and secondly an 


invariant distribution /,,(1*—y) such that 
Le) =| ao, (9) Foley) CC) (Y)- (102) 


These two important features enable one to give a proof of the consistency of the 
quantization of wave fields, in the sense explained in the last section. For this purpose, 


to each constant of motion G,,) one associates a generalized matrix 
("1G ufty=| do) OU" A DUO), (103) 


which is surface indenpent according to equation (67). The multiplication of (2'’/Gu/w') 
by (w!"/Go/u’) is denoted by (see 75) 


("Gy Gw/@) =| Vu) (ul /G w/a) (UG w/e); 


with jars v(c) S| 2 V(k). (104) 


t=+1,—1 


Using (75), one gets 


60 Fw /!) =| do.(9) | deux) ot ll CRD) Fol I=) EB) Lo 410). 
(105) 


One ‘defines now K(4)=4,o(4— y) as the kernel of the matrix 
(ul! / A/u') =| da,(9)| do,(x) yi (ul /y)C* () Apo ¥—*) CE ACAI ia 
. u y 


. 5 / / . 
Using (102), one sees that the kernel of the matrix (7"/G )/2’) can also be written as 


K(Gw) a me {Sw (7) Fo eas 4) fies ieee LYE iH (+) ee (108) 
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Moreover, one has for any of the operators 2 , 7=0, 1, ---10 


K(0)= “ semen Lips he et) tek be (y—+)g6()} - (109) 

Finally 
K((G@; Gwl-)=— (4c) SH(”) Fig I-X)EM (4) —Sy (I) Fool I HSH (*)}- 
(110) 


In the preceding formulae, note that in (y)Fic(y—*) the operator 2%, (7) 
operates only on the variable y and on the left index ¢ of /,,( y—-x) ; similarly, in 
Fj(y—x)eh(4), gd (£) operates only on the variable x and on the right index o of 
F.o(7—+x). Now, as a consequence of the invariance of the distribution Fol V—*) 
(see 79 or 109), one has 


£0) Pool I—*2) = =F ea (4): (111) 
Consequently, the kernel of (2”/[Gw, Gu ]_/u’) can be written as 
K([G@; Gw)-) = (4) eo (NS wm) Feel I-47) Foo I-DSOY)SAH}, 


ot, using (111) once mote, 


K([Gw, Gw|-) = Gor (Zo), Zo) |-7.(y—*) 


—Fyoly—*)[ee), eo) Lt. 


But the generators g( satisfy the structure equations of Lie 


- P5 Aase Oh 
[g@> Swl-=Cik S@: 


Therefore one has 


re hc): 
K([G@> Gw]-) = cn 2 (Sa DF pol 2) = Fool GW — Del ees (112) 


which shows that the kernel of the matrix (2’/[G a, Gg) |/2') is equal to that of the 
matrix he-c,¢(2!"/G@/u'). Therefore one has 


1 
(wf 2 [Gus Gu left) = ck ("/Co/!) 5 &: 13b) 


Furthermore, one sees easily from (59) that the matrices (2/’ /G@/u') are Hermitian 
since 


(2"/G j/t!) = (a /G@/u'). (113a) 
Consequently, the structure of the constants of motion Gwly] is such that the 
matrices (2'"/G¢)/u') deduced. from them by (103) form a representation of the 
infinitesimal group /"x / in the linear space spanned by the vectors ¥,(4/2'), y,(+/z!’) +. 
It is very important to note that this representation is invariant with respect to the Lorentz 


group and gauge group, and is also surface-independent. 


\ 
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Returning to the quantization of the cnumber theory for wave fields, one has, 
according to the principle given in the preceding section, to set up the correspondence 
(87) in such a way that the resulting correspondence 


Geli) GolyJ=H= Cw (114) 


defines operators Gi; which are constants of motion and which satisfy the consistency 
conditions 


GAj=Ew, (115a) 
1 ; ; 
Glo Gwl-=crGe: (115b) 


Yet, it was just shown that the structure of the functionals G,)[y], together with the 
existence of the complete set (101) of solutions of the equations of motion, allows one 
to set up a matrix representation (2! /Gi/ul) of the operators G@, and that this 
representation satisfies the relations (1 13) identical to (115). This fact shows that the 
consistency equations (115) for the operators G'(,, are themselves consequences of the particular 
structure of the constants of motion (99) and of the equations of motion of the wave 
fields. But this structure itself is completely determined by the structure of the Lagrangian. 
Therefore, in the case of wave fields, the consistency conditions (115) are satisfied as a 
consequence of the structure of the Lagrangian. 

One can note also that, in the case of wave fields, the existence of the matrix re- 
presentation (103), which is a feature of the c-number theory only, leads directly to the 
principle of quantization stated in the preceding section. 

In order to complete the g-number theory for wave fields, it is now possible to write 


down consistently the general c.t.’s. 


ane lye (7) PAN z(D)) or» Ao (4) =f Lor(4)> (116) 


from which one must deduce both the f.c.r.’s for the field operators (92) and the rule 
of ordering. In (116) ( ),, means that the field operators Yq/(’) are ordered according © 
to the rule to be found below. With the help of (102), the relations (116) can be 


written as 


(fd) Lee, Ce Sh) O°) 420) ol - 


=f do(9) 80 OF oD CI)» 
= (17) 


[ton o) Las EM NH 9) Xe (2) em HE COL 


=| da,(J) fa (IE (9) Foal Sb) 


‘Since, as a consequence of the equations of motion, 2,(7/)C (y)%o(7) may be given 
arbitrarily on the space-like surface 5}, (117) is equivalent to 
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[x(2), HE NEAN OO) Lo) o]-=F 9 (4) Poole) COD) Lo). 
The second identity is not considered further, since it is the Hermitian conjugate of the 
first (see 79). Finally, the use of (111) gives the general c.r. (116) in the form 


[x-(), re Eh MON Lo (I)) orl =P NEG (INCH) fo) (118) 


The commutator of the left-hand side involves an expression bilinear in the field 


operators, which is a property of linear systems. The identity 
[4, BC]_=[4A, B],,C-—-oB[A, C]., wo= +1 (1i9} 
shows that in order to satisfy the identity (118), one must have 


14,44), ¥o CI) lo = Spo (4 7) =e number, 
(120) 
[4.(4), oI) ]u= Cho (4 7) =enumber, 
whatever may be the rule of ordering. This result shows that the ordered expression 


(73 (1)AoC.7)) >» can always be written as 
+ 1 + ra 
(X6 (1) %0I)) om =H (w) 2 ba ToL) eae (w) Sins Cy, I), (121) 


where 4(w) and €(w) are numbers. For, if one puts [A, B],,=c, then from the 
identity 


AB=~ (4, B].+2[4, 555 |e (122) 


and the symmetry of the c-number AZ with respect to the two factors A and F& one 
must have 


(AB),,=7(w) 74, Bl. +£(o)< (123) 


with y(+1)=+1 and 7(—1)=1. 
In (121), 9(w)-1/2-[yz(y), Yo(7) J-. will be called the principal part of 


(yt (V)¥oC))ore The relation (121) gives the rule of ordering” up to the factors n(w) 
and ((w). 


In order to get the actual value of the commutators (120), one replaces (yi (1) V3 Pe 
in (118) by its principal part given by (121), the cnumber €(w) -c/2 being irrelevant 
here. With the help of (1 19), one gets 


WW) (te). 06 (1) ne BN) OW) to”) — oy? Wea NCO) [ry @), xo(7) Ia} 
=—Filt—j) eb (9) C (7) 109). aoa 


Since this identity must be valid for any £aHC*(y)¥o(9), it follows from the inde- 
pendence of the y’s and the y'’s that 


Wolly), 12 (9) w= — Fi (x—9), 


[%.(*), to() w= [xi (2), x2 Cy) ],=0. (125) 
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These are the f.c.r.’s. 
Using the particular definitions given in (4) for the distribution /,.(7—y) in the 
particular cases of spin 0, 1/2, and 1, one gets 
7(w) [y(+) 7 (7) Jo= — F(4#-y) =ix" D(x—y), (125a) 
9(@) [Pu(2)s Ps (7) lo= — Fan (4-7) = 12 ( (719 +2) B) an (ey), (1256) 
9(o)[Ba(x), Be (9) a= — Fos (4-9) =i2' (0e9n + San) (xy). (125¢) 
The last step consists now in showing that the values of w and 7(w) in these re- 
lations are determined in each particular case by the distribution /,,(7—y) of the right: 
hand side. The proof will be given in the cases of spin 0, 1 /2, and 1, but its extension 


to higher spin value is straightforward. 


Taking first the case of spin 0, following Pauli”, one forms the expression 


[o(2), 9* (9) lo FL), ot (2) b=9 (ot (D(x) + (2) ) 0 (126) 


which vanishes as a consequence of the property of the distribution D'(1—y). One sees 
that in general the left-hand side of (126) vanishes only if o=—1; for with w= +1, 
it is essentially positive, unless the ¢’s vanish identically. Consequently, in the case of 
spin 0, one must have w=—1, and therefore 7=7(—1)=1. The f.c.r.’s are™? 


(e(2), 9? (y) | =82?° D(x) Le), 9) |-=l9* @), 9" (y)]-=90. (127a) 


_ The same argument is valid in the case of spin 1, since only D’(x—y) and its 
second-order derivatives occur in the right-hand side of (125c), so that the fic.r.’s in this 


case are 


|B. (x), BE(y) | =127 d2+ # Bus) (4-9); 
[B.(2), B.(y)]-=[Bi (©), BG) |-=- (127c) 
Turning now to the case of spin 1/2, one computes the trace of each side of the © 


expression 
(eo) (Pal) > Pi (7) lo + 1Pa(I)s Pd (2) Je) = 227" B) app DD (4—J)s 


and integrates over the particular space-like surface +’—y'=0. One gets 


(0) | (de)? (Pal) 92 (2) be [a9 82) b) av 


=8x" 


"if the following properties of the distribution D’(+) are used 


34 D(x) |pano=0, 1 ”(#) [rao 9 (2) 


One sees here that, whereas the right-hand side is positive definite (the mass of the 


particle is positive), the left-hand side is in general not definite for w= —1j since P,(%) 
can be given arbitrarily on the space-like surface 1,—=)/;- For instance, if %,(«) is chosen 


to be real, the sum of commutators [b.(7), Pals) and [¢,( I), Pal) |- vanishes. — 
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Therefore, the only possible value for w is +1, with y=7(+1)=+1, since the right-hand 
side is positive. The f.c.r.’s in the case of spin 1/2 are consequently 


[Y. (4), $s (7) |, =— 7 FC (72d +2) 9) pl” (4-9), 
[Pur Po(9) ]-=[Pa (4), Po (7) ]4=0- (127b) 


Comparing the relations (127) among themselves, one sees that for integral on 
they involve the commutator, whereas for half integral spins they involve the anticom- 
mutator. That is the connexion between spin and statistics as it was given first by Pauli”. 
Furthermore, (127) are exactly the c.r.’s which are obtained with the canonical quantiza- 
tion. The equivalence between the two methods is therefore established. 

Finally, a word is necessary on the rule of ordering as given by (121). From (120) 
and (127), ¢so(9,3/) vanishes in the cases ef spin 0 and 1.; in the case of spin 1/2, 
however, it is not defined; the factor ,,(J’, 7) must be defined in such a way that the 
operators Gi,[y] are well defined. One can therefore write in every case 


(iO) e=— (1. ye Cee (128) 


1 
2 
where the right-hand side is to be understood as a fyincipal value in the sense given 
above. That is the rule of ordering in its complete form.” 


$7. Discussion 


It must be emphasized first that only the case of matter field has been treated here, 
ie, the case of fields which are gauge dependent of the first kind, as characterized by 


Gto(*=ex (4), gxp (x) =—eyx$ (2). (129) 


Neither the electromagnetic field nor more generally real fields can be treated by the 
preceding method without further specifications concerning their gauge dependence. For 
instance, for a gauge independent field ¢(1), one has 


gé(x) =0. (129a) 


Or the field can be gauge dependent of the second kind, as the electromagnetic field 
A*(x), with (see § 2) 


g AY (4) = —gd* C(x). (129b) 
But there are other cases. For instance, it is possible to describe the matter fields 
%(*), x5 (4) by two real fields 1) (4), 48 (x) characterized by the gauge dependence 


(1) 


to (2) S224, QNe (4) =—tezx (4) (129c) 


instead of (129). The general theory can be developed similarly and is equivalent to 


the theory with the components y,(+),7/(4). For instance, in the case of wave fields, 
the Lagrangian and the constants of motion are of the form® 
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1 : a (a he = ( aw . 
oi 2 Sit le te); Cw> £31 da PN CM Ne 01)» 
(130) 
with 
OL 


C= a eae Ay ONG r= os ) Wer, 


8A, (O(a r)) 


and the f.c.r.’s for the g-number theory are 


note? (2), £2? I) lo — OP Poa); (131) 


as can be derived from the general relation (93). 

A second remark deals with the case of the presence of an external field. When 
this external field is arbitrarily given, the equations of motion are no longer invariant under 
a Lorentz transformation. But it is possible to introduce the external field in such a way 
that they are still gauge invariant; then, in general, only the total charge of the system 
is a constant of motion. That is precisely what happens in the theory of wave fields 
when the gauge is assumed to be a function of x. If the fields 7? (x) are gauge 
dependent of the first kind, one has (see S 2) 


A . eee VA 
sty f° (x) =(1,4 de Ci 7 ut), (132) 


and the Lagrangian (52) is no longer gauge invariant. In order to have it still gauge 


invariant, one makes in Z the substitution 

id, > id, +e Ay (4) = dj idk > ide A, (4) = ids", (133) 
fee 

beret AlDo=th, po p+ Aa)= ii (13a) 


where A”(2) is an external field which is gauge dependent of the second kind. Using 
the modified action principle”, one obtains the equations of motion for the fields 


E* (4m (x) ]=0, (134) 


where the index 4 in E% expresses in general the fact that the substitution (133) has 


been carried out in Z. From (134) the wave equation 
Maia 775, for spin 0, 1, 
[i= (7id*) (vid), for spin 1/2 
follows. The only constant of motion is in general the total charge 
Q=e| das (a)is* (CMI: (136) 
“The method of quantization gives the general c.r. 
(2. x60 )-= ani, (137) 


which leads consistently to the f.c.r.’s for the field operators” 


Ct #4 (4) = (135) 
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(2) tH) 00D o= Kia I)» (138) 


4A), 14) = Le" @). x0* Go) 10. 
The distribution /7,4(4,) is defined by 


[arte el) 18" (u/9) =F AMD)» (139) 
Hy 
where the functions y/4(+/z!), 7 (4/u"’), --- form a complete set of orthonormal solutions 


of (134). They are defined such that they coincide on a given space-like surface 2 with 
the complete set of solutions 7, (1/w’), 7,(+/u'’), «++ of the equations of motion / | 7, (x) | 


=0. The tule of ordering is still given by 
be + y a f 
(73* (y) 18) Dor = : [Yes Po Va hI) 4eg (140) 


but it must be borne in mind that the right-hand side of (140) has the meaning of a 
principal value, so that the operator Q, for instance, is a well-defined operator. 

Turning now one’s attention to the comparison between the method of quantization 
given in the preceding sections with that based on the canonical formalism, one sees that 
in the case of wave fields, with or without an external field, both methods lead to the 
same g-number theory corresponding to a given c-number theory. But from the point of 
view of self-consistency and economy in postulates, the method given here presents some 
advantages. First, it does not require that the equations of motion of the c-number 
theory shall be expressible in the canonical form. The only requirements are that the 
equations of motion of the cnumber theory shall be invariant under a certain group Y of 
infinitesimal transformations representable in a Hilbert space we , and that the structure of 
the constants of motion (which is already restricted by the first requirement) considered 
as functionals of the fields permits one to build with them a representation of the 
infinitesimal group “Y in JC. Consequently, the problem of the quantization of a given 
e-number theory can be reduced to that of finding a Lagrangian with an adequate structure. 

A second advantage of the method of quantization proposed here is the fact that it 
brings out the connexion between spin and statistics as a straightforward consequence of 
the requirement of invariance under continuous Lorentz transformations. Moreover, fields. 
belonging to both kinds of statistics are treated on the same footing, no hypothesis being 
necessary about the fields as physical quantities. Only the constants of motion are assumed 
to be observable quantities, and the fields themselves appear only as auxiliary mathematical 
quantities. 

Finally, there are difficulties linked to the canonical formalism, as, for instance, those 
connected with the existence of identities, i.e. equations of motion which do not involve 
time-derivatives of the fields*”. From the points of view adopted here, one sees that these 
difficulties disappear with the canonical formalism. itself. 

However, a much severer test for the preceding method of quantization will lie in 
its ability to throw some light on the quantum theory of interacting systems, especially on 
Quantum Electrodynamics. For a consistent foundation of a theory of interacting wave 


RP Ss eae 


ae eee 
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fields which would provide a rigorous explanation of the successes of the so-called renorma- 


lization techniques is still to be given. 
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The anisotropy energy of CuCl,-2H,O having an orthorhombic symmetry can be expressed by 
XK B-+ Ao7*, where 8 and y are the direction cosines of the magnetic moment with respect to the 0- 
axis and the c-axis. The calculated value of Ay arising from the magnetic dipole interaction nearly 
accords with the experimental value, but that of A becomes much smaller. Since the magnitude of 
the spin of CuCl,-2H.O is equal to 1/2, the crystalline field can not produce any anisotropy energy, 
so that we must consider that the other part of the anisotropy energy than that from the magnetic 
dipole interaction arises from the anisotropic exchange interaction which has originally been proposed by 
Van Vleck. Therefore, we derive the anisotropic exchange interaction on the basis of the perturbation 
method and estimate the anisotropy constants Ay and A, due to this interaction by use of the ex- 
perimental g-values which are relating to the energy differences between the ground state and the excited 
states of Cu?* ions: Thus it is shown that the sum of theoretical anisotropy constants due to both 
origins gives the values of the same order with that of the experimental values. 


S 1. Introduction 

The anisotropy energy in an antiferromagnetic substance may be considered to consist 
of three parts: the first part arises from interactions of individual magnetic ions with. their 
surrounding anisotropic crystalline field, the second part from magnetic dipole interactions 
between paits of ions and the third part from the anisotropic exchange interactions between 
them. Magnetic dipole interactions do not produce any anisotropy in the first order ap- 
proximation for crystals of cubic symmetry and the anisotropy arising from the crystalline 
field vanishes for crystals whose magnetic ions have a spin of 1/2. 

According to the calculation by Keffer,” the anisotropy energy of MnF, having a 
crystal structure of rutile type arises mainly from the magnetic dipole interaction which 
makes spins point in the c-axis and those parts from the anisotropy of the crystalline field 
and the anisotropic exchange interaction amount only to ten percents of the experimental 
value. In the case of MnO,, however, which is similar to MnF, in the crystal structure 
but different from it in the superstructure due to the antiferromagnetic spin orientation, 
‘the magnetic dipole interaction keeps the direction of spins in the plane perpendicular to 
the c-axis, but this interaction does not contribute to the anisotropy in this plane which 
may be considered to be arising from the crystalline field.” Therefore, both anisotropy 
from the magnetic dipole interaction and that from the anisotropy of the crystalline field 
are dominant in this substance. Thus, which is predominant among above mentioned 
three parts of anisotropy depends not only upon the crystal structure, but also upon the 
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superstructure due to the spin orientation, and so the mechanism of anisotropy in antiferro- 
magnetic substances might distinctively be different from one substance to Sg2 

Experimental determination of anisotropy constants in an antiferromagnetic se 
is not so easy as ferromagnetic cases. One method for it consists of applying a sufficient 
field in the direction of the preferred axis and measuring the critical field strength under 
which spins rotate from the preferred axis to the direction perpendicular to it. Another 
method is by means of antiferromagnetic resonance experiments. Unfortunately, the critical 
field as well as the antiferromagnetic resonance absorption can not be observed by use of 
a magnetic field whose strength is less than 10° oersteds for ordinary antiferromagnetic 
substances having a high Néel temperature such as MoF,, MnO, and MnO. Therefore, 
there is no other way to know the anisotropy constants for such substances below the Neel 
temperature than to estimate them by measuring the anisotropy of the susceptibility above 
the Neel temperature. . 

CuCl,-2H,O is only one substance for which the anisotropy constants below the 
Néel temperature are experimentally known. This substance has a very low Neel tempera- 
ture and so the critical field and the antiferromagnetic resonance field can be observed under 
an ordinary field strength. These experiments have been made by Gorter and his col- 
laborators” from whose experimental data we can deduce the anisotropy constants and so 
it would be interesting to calculate the anisotropy constants theoretically and to compare 
them with the experimental values for this substance. 

The purpose of this paper is to calculate each part of the anisotropy energy separately 
from the view point of the molecular theory and to discuss its origin. Since a magnetic 
Cu** ion has a spin of 1/2, the anisotropy energy arising from the crystalline field does 
not exist and so we shall begin with calculation of the anisotropy arising from the magnetic 


dipole interaction, and then turn to the consideration for the anisotropic exchange interac- 
tion. 


§2. Anisetropy arising from magnetic dipole interactions 


CuCl, - 2,0 has an orthorhombic symmetry and its lattice parameters are a= 7.38 A, 
6=8.04 A. and c=3.72 A, and each copper ion has a spin orientation shown by Fig, 1 
which has been determined from the nuclear resonance experiments by Poulis and Hardeman.” 

We shall divide the lattice consisting of copper ions into four sublattices such that 
all the spins of each sublattice are parallel, and we shall denote the total magnetizations 
per unit volume of these four sublattices by M,, W., JM, and WM, as assigned in Fig. 1. 
Then 1~, y— and s-components of the magnetic dipole field FY, produced at a lattice 
point of sublattice 1 by the magnetic ions on the other lattice points can be expressed by 

Fy,= Pq, Mi, + Py, Mo, + Pa, Ma + O4M,, , 
y= DP, My,+ Pye Mo, + Py; Mey + Poa Mi, > (2. 1) 
£,,= Oe, My, + Dy Mog + Do, Mo + Oe, Me , 


and H,, HT, and H, are respectively derived from HH, by an appropriate permutation © 


bh el Ba ee tel 


—a ee Ae 
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Fig. 1. A spin orientation in CuCl,-2H,O 


among MW, M,, WM, and M,. In (2-1) &,;, %,; and @,; are the following dipole 


sums: 


4 i 2 ‘|yr3 
0 _=—- =< a3 hd —3cos(x, W145) |Vig ’ 
4 : ae f PSs 
Pye=——— 1 [13 c0s*(y, 15) ri Ge) 
i) Bae? 4 Ss [1 3 et ae y—3 
ct N Joy REISS (3, ry) rig 


where >)‘ is taken over all the distances 7,; between one lattice point of sublattice 1 
nap lattice points 7 surrounding it situated on the 7-th sublattice. 

The anisotropy energy arising from the magnetic dipole interaction can easily be 
derived as the magnetic energy possessed by W/,’s subjected to the magnetic dipole field 
FT, 


Fa SM, Hey + My Hy + Mi Hg (2-3) 


According to the proton resonance absorption experiment by Poulis and Hardeman,” 


the magnetic moments ‘MW, and .W,, which are parallel to each other, point in the opposite 
direction to the magnetic moments .W, and /M, which are also parallel and so if we put 
M,= M,= (4M, BM, 7M) and M,= My=(-el, — BM, —rM), where u, 8 and 7 
are the direction cosines of the magnetic moment MM, or .W, and use (2-1) and the rela- 
tions similar to it for 7; in (2-3), we obtain 
f= — 2M | (Pai =O a,+ O— Oyu + (PD, — Dy, + Pyo— Py) [F 
+ ( D,, as Pos eta Po rae P.1)7"| (2 . 4) 
or apart from a term independent of the direction cosines, 
I —2M"| { (P,, ines P.:) a (Pr2— P42) “oF (P3— Ps) a (P4— P41) } & 
+ {(O— PD) oF (P.— @ 2) any (®3— Pas) 7 ( Do oe P41) } 7] : (2 ; 4’) 


Therefore, if we write the anisotropy energy as 
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FH=K P +R 7 HN(4P +477); (2-5) 


where JV is the total number of ions included in unit volume, the anisotropy constants 


per ion x, and ~, arising from the magnetic dipole interaction become 


S Ga See {( P,i— P.1) ae (P2— P.2) =i DP, Daz) =n Pys— @,3) } ? 


(2 -6a) 


K, =e ae {(P,, ness P 1) ae (P.>— DP >) coe (D,,— P45) c= ( P4,— P.:) . (2 5 6b) 


The dipole sums of %,;,, %,; and @,, can be calculated by Ewald-Kornfeld’s method.” 


The results of numerical calculations for them are as follows : 


?,,— O j= —1.61 5 P,—P, =— 0.16 

Di. — DP 5=2. DP .— D..= — 10.99 

oar «4 Ps 2 52 ? Cz = (2-7) 

0, 0..= — 1.20, - -@,,— 0,,= 48.03 

@,,=— O5=1.56, P,,— P 4=0.13. 

Inserting (2:7) into (2-6a,b), we obtain 

= =%,=—1.10 pa : (2-8a) 
NV NN 
Ky =x,=118.6 nds ‘ (2- 8b) 
INV A\ 


If we denote the saturation magnetization of one sublattice per unit volume at the absolute 
zero of temperature by J, which is equal to WV3/4, being the Bohr magneton, (2-8 
a, b) ate expressed by 


2/0310 (oe) aa Xp ZIV 10-*(- Sy ene (2-9 a,b) 
M, M, 
Here (1/i/,)” may be considered to be nearly equal to unity in a sufficiently low 
temperature region, and so in its region (2-9 a,b) taken (J//JV/,)” as 1, become the 
anisotropy constants pet ion arising from the magnetic dipole interaction. On the other 
hand, the values of x, and z, deduced from the experimental results of antiferromagnetic 
resonance absorption by Ubbink, Poulis, Gerritsen, and Gorter are 


hoe. ei. Skee eo kd 0 Cee (2-10 a, b) 


-at the lowest temperature at which these experiments were made. Comparing (2-9 a,b) 
with (2-10a,b), it would be seen that the theoretical value of the anisotropy constant 
in the ac-plane x, arising from the magnetic dipole interaction is of the same order of 
magnitude with the experimental value, but that in the ab-plane z, is not only too small 
to explain the experimental one, but also has an opposite sign. Therefore, the anisotropy 
coming from the other origin, i.e., the anisotropic exchange interaction must be considered 
to be important, especially for z,, in the case of CuCl,-2H,O. 


—a eT ee ea 
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Since the anisotropic exchange interaction is dependent upon the excited states as well 
as the ground state of a magnetic ion, we shall consider the energy states of a Cu’' iof 


under the influence of the sutrounding crystalline field before turning to the discussion on 
the anisotropic exchange interaction. 


§ 3. Energy levels and the HIN SRY Og of the g-factor of a Cu’* ion 


A Cu** ion of CuCl.,-2H,O is subjected to the crystalline field from the surrounding 
ions. One of the principal axes of this field having a nearly orthorhombic symmetry the 
%—-axis coincides with the -axis and the other two, i.e., the €-axis and the ¢-axis lie in 
the ac—plane and make an angle « for an ion on the corner site and —u for one on the 
face center site with the a-axis and the c—axis, respectively. 

The precise calculation of the energy levels and the anisotropy of the ¢-—factor of 
Cu™* ion under such a crystalline field has been made by Itoh and Fujimoto.” However, 
on account of simplicity, we shall here adopt a simpler assumption that the crystalline 


field can be represented by 
VIS ty Gl ke yl) AS Ey 2) Ce), (a) 


referring to the principal axes of the- crystalline field, where the first term represents a 
cubic part and the second and the third terms are tetragonal and orthorhombic parts. 

The lowest state of a free Cu’* ion is “state, corresponding to a closed 3a shell 
minus one electron. Ignoring the spin, the / state is fivefold degenerate in the free state, 
and these five normalized wave functions with L=2 may, as usual, be denoted by %,, ¢,, 
Qos Y-1, Y-» corresponding to m=2,1, 0, —1, —2, m representing the component of L 
with respect to the (—axis. This fivefold degenerate state is splitted into five non-degenerate 
states by the orthorhombic ctystalline field of (3-1). These splitted five wave functions 
and their energy levels can be calculated as follows : 


wave function energy level 
$y = Cox Gt6-2) +O), By==-D-—— BC +94)", 
= Cl oe (b+ 60) + Cy» B= rope = (3024942), 
f= a (hs 5 is L,= D+ : Ae (3:2) 
$= 7 +6), Bia p= = A-— a 
b= fe (—$-), B= p-2_A+ 6, 


‘where D, A and C represent eD(1")ar. CA(1) ar, and eC(7") gw, respectively, and C, Gy 


and C,! are the constants determined by the following esau : 
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and the normalization conditions, 
[GP HO Pals Ce P +e P12 (3-4 a,b) 


From (3-3.a,b) and (3-4a,b), we can obtain the real solutions of C., C,, C.’ and Cy’, 
and so we can select the wave functions as real. 

Polder” has shown that for the case of Cu-Tutton salt where a Cu’’ ion may be 
approximated to be subjected to the tetragonal ctystalline field, corresponding to the case 
of vanishing C or A= -+£(1/3)C in our case, the lowest state is corresponding to gba a 
(J, Therefore, we shall assume that the lowest state of a Cu** jon* of - CuCl 2HOes 
also #, in this case. 

If we now introduce spin functions « and / corresponding to the components OL S35 
+ (1/2) and —(1/2) with respect to the €-axis, the ground state ¥, is still doubly 
degenerate, and these two wave functions ¢,-u and ¢,-/3 including spin functions are 


modified by the Z—S coupling in the first order as the following forms : 


a C; ¢ xe % N7 — 1 = } 3 
To = {Fy (Pet 9-2) + Coe} Ban 2 ( 3 Cy C2) VS 2 (9,+¢_ yy 


07) Oe. (G.—_2)4u+é a ( v3 Gy Cy) a (g,—9_1) 8 > (3 : 5a) 


I= (Se. (6.+¢_2) ar G; Oy} 3+ ee (C.— ee Cy) Me (4, +¢_,) “a 


: Ib rat ee = ee il \ 
+274Ce Wh ($.-9..)B+i (Go v3 5) V2 ry (¢,-d_)e > (3 -5b) 


where 


A = 
LE, ; 


C= (3-6) 
The degenetacy of these two states is not still lifted until the external field is introduced. 

The paramagnetic susceptibility 7% sufficiently above the Neel temperature is given by 
the following formula : 


Y F ,. he s 3 = 
his Ms Ne {> | (Lit 285) mt ie ae > 2|\ (LZ; +255 )mn| | : 


i A (3-7) 
H, mm! (OF hk Lt mr mn (ia ae. =) 


where 7 means ¢, 7 and €. In our case, 7 and #2! represent two degenerate ground 
states and 7 represents the higher states, and the number of degeneracy of the ground 
state /,, must be taken as 2. The matrix elements of the first term of (3-7) expressing 
the temperature dependent part of the susceptibility become, using (3-5a,b) for the 
wave functions of the ground states, 
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Co tte P25e) I, p= 47 Ce, 

(Ff. |Z. 4+25.| 7,7) =0, (3-8a) 
Getlet 25 i = — (47, Ge); 

Gie pepe ly) =, 

ee roel faba Ce 3 C3)? (3+ 8b) 


UE a2 Sel fon) a= 0. ; 

GRE AAS i) 0 

oe) See Zn Te) SSI 7 e— vB Co) hs (3 -8c) 
Cie lag lS, ) =O: 


If we use (3-8a,b,c) in the first term of (3-7), we obtain, as the temperature de- 
pendent part of three principal susceptibilities, the following relations : 


1.=Ae (1— 47,02)", (3-9a) 
=A epee ys Gye, (3-9b) 
NB She , 
gy TAG VBE Vee (3-9c) 
From these telations, the principal values of the /-tensor become 
Ge=2(1—47,Ce), (3-10a) 
G= 21 =75(GEY3O)4, (3-10b) 
Gq=2 {1 —72( Co— /3C,)*, (3-10c) 


which are related to the principal g-values y., 7, and YJ, with respect to the crystal axes 


z, x and y, by the following relations : 


CAO tery dada", (3-11) 
I,= (9-7 cos” o+ Ge sin?) ?/?, (3 ; 11b) 
Yy= I> (3-11c) 


where « is an angle between the €-axis and the x-axis. 

According to the experiments of the paramagnetic resonance absorption at toom 
temperature by Itoh, Fujimoto and Ibamoto,” g,=2-260, /,=2.195 and g,=2.075 and, 
on the other hand, according to the measurements of the susceptibilities above the Neel 
temperature by Van den Handel, Gijsman and Poulis,'” g,=2.24, J,=2.20 and y,=2.03. 
Since the anisotropy of the /-values obtained from the susceptibility measurements possibly 
includes also the anisotropy from the other origins than the proper anisotropy of g-factor, 

we shall here adopt the values from the magnetic resonance absorption, and assume that 


the -axis coincides with the axis Joining a Cu2* ion and its nearest neighboring Cl ion. 
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Then, using cos*u= 0.6425, we obtain from (3-1la,b,c), %,=2.339, 9,=2.111 and 
j= 2.075 and from these g-values and (3-10 a, b,c) 


bye Cae TATAX 107 (3-12a) 
4 AO ee o ? 
2 Gs 
: 3.056107” 

2 nee aE : (3-12b) 
[5 (Cy+ B Gi) (Ged V3 Che 

pig eI SCANS 406 5610n7 ; 
vo (Co V 3 G3 =-— (3 126) 


a= v3 Co y 
The values of 7; estimated in such a way will later be used for the estimation of the 


anisotropy constants from the anisotropic exchange interaction. 


$4. Formutation of the anisotropic exchange interaction 


As has been pointed out by Van Vleck,’ ™ the anisotropic exchange interaction 
appears between two magnetic ions through their excited states. Van Vleck’ has derived 
this interaction by the second order perturbation calculation. In this section, however, we 
shall give a little more general formulation of this interaction. 

We shall now consider a pair of two Cu ions, take five states represented by (3-2) 
as the zeroth order eigenfunctions of each Cu ion and calculate the energy of the lowest 


state of two ion system by a perturbation method, considering the following energy : 
V=A4(L,:S,) +A(L9: Sy) + Veoh. (4-1) 


as a perturbation, where the first and the second terms are respectively representing the 
L£—S coupling of Cu ion 1 and Cu ion 2, and the last term represents the exchange 
operator between these two ions. In this case, the perturbation energy of the first order 
becomes the ordinary exchange energy for the case where both ions are in their ground 
states. 


- 
ps 


The second order perturbation energy can be expressed by 
4,V=—> (a r|i 


r\ Vit, s)@, s| V9, 7) : 
a, 8 (7,77) 


where z and g denote the excited states and the ground state of two ion system respec- 


, (4-2) 


tively and ~ and s denote the spin states which are degenerate in the zeroth approximation. 
We shall hereafter take out only the diagonal terms and omit the off-diagonal terms of 
Vexen, with respect to the orbital functions. Then, since the diagonal elements of Cla 
with respect to the orbital parts are zero for the real orbital wave functions, any linear 
term with respect to the exchange integral does not appear from (4-2). For the term 
which does not include the exchange integral, we may consider, as the excited states for 
two ion system, only the cases where the one of two ions is excited and the other remains 
in the ground state, as the A(LS) is relating to only one ion. Since each element of 


the matrix of (Z,5S,) inclusive of the part of spin states is equal to that of (/,.S,), 
(4-2) becomes 


Ta ne ae 
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ee (4:3) 


=) (Gor \24(L, : S;)| 219» 5) Gi Joy S |2a(L, S;) | Di Io r) 


where 7, represents the excited states of ion 1 and s represents the spin states of two spin 
system and /,; and /, are respectively the energies of the excited states and that of the 
ground state expressed by (3-2). If we remain S as an operator, we can express (4-3) 
in the spin variables as follows : 


47 aie Rick PEEses 
ak a te (93, a) Sig + Li Gis i) Siyt LAG 2) Siz} 
uy E,—, 
x Way, Ogee La, (6G g) Sayre (143 Fi) Sieh > (4-4) 


where /.(,,7,), etc., are the matrix elements of Z with respect to the orbital wave 
functions of one ion. For the case of S=1/2, (4-4) becomes a constant value independent 
of spin variables. Therefore, the perturbation of the second order does not produce a 
spin dependent energy term. 

The perturbation energy of the third order can be expressed by 


Ae GG ILA OG VG 
| nea (H.-H) H,-F,) 
yy Gr V1 9) @ SIV OG | Valgst)s. (4-5) 
au (eH 5) 


where 7 and 7 again represent the orbital excited states of two ion system and s and ¢ 
represent their spin states. Also in this case we shall intend to express this energy in 
spin variables. The second term of (4-5) has a diagonal element with respect to the 
orbital state only in the third factor and so for this factor the part from Vxcne Of the 
perturbation energy remains but the part from A(Z.S) disappears, and the latter part remains 
but the former disappears for the other two factors so far as the off-diagonal elements of 
I”..cy, with respect to the orbital wave functions are omitted. Hence, confining to the 
linear parts with respect to the exchange integral, the second term of (4-5) can be ex- 


pressed by 
“yy War MS) +4 La S05) (| ¥(L Ss) +2 ES) | oOo Voc 29 
oe (Heath) 


(4-6) 
fact that the matrix elements of (Z,S,) are equal to 


If we take into consideration the 
with respect to the orbital 


those of (/,.S,) and that the diagonal elements OF 12 otant 
states can be expressed by — (1/2) Jot +4 (5; Ss)}, where p92 is an exchange integral 
between two ions which are both in each ground state, (4-6) can be written, in spin 


variables, as 
Ie As ( , , Sy 
Si ae {Liz(G 2 Sie +L, (915 21) Si + Li(9» 71). 12} 
> ees 1 tae y y . 
x {Lia (21 90) Stat Ly (es, 9) Sty + Lie (i, 91) Sie} + 4S; ; Ss) 


4 
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ee. Sone Fe Sila : {| Las 


| = ~\.9 P+ | Lay)? + [Ziel7} (1+4S,-S,), (4-7) 
2 “a (4,—£,)° 


° 


°, etc. Thus, from the second term 


where Z1.(912;) Liz (Zi, G1)» ete., ate written as |Z,, 
of (4:5) appears only an isotropic exchange coupling. 


The first term of (4-5) can be written as 


sy (97116 9G SIVIG9OGAVIGY) 
ware (4,—H,)* 
sy (or lFl6 GIAO GUIA GD | (4-8) 
4; OLN Cit sag C= 177) 


We can, here, leave out of consideration the second term, so far as we omit the off- 
diagonal elements of /”..,,, and pick out only the linear part with respect to the exchange 
integral. Replacing the middle factor in the first term of (4-8) with —(1/2)/;,,.(1+ 
4.S,S,) where /;,,. is an exchange integral between two ions, one being in an excited 
state 7, and the other in the ground state y., and remaining the spin as an operator, we 


obtain 


= ee ane {Lye (Gas 24) Siz + Ly (Gis 41) Styt Lie (Gs 21) Sieh 


X (1445) + So) (Liz (215 1) Ste + Lay Gis 1) Sty + Lie his G1) Sich. (4-9) 


For S=1/2, this can be rewritten as 


Tn Seid tila 4 | 1 8 
%°2(L,—E,)° L 4 oe 


9 


as |Zay 


9 a 1 2 
"4+ |Ly. *)—- 3 F (| Zi,[°+ |Z 


mate |Z,.|°) (S;+Ss) 


+ ee Hila Lgl) (Sa Su ya lee lee Le) Coe ae 


AL oY ~ oD. o 92 9 °o ° 
a (Ly, L—Ly, Li) (S;,—S3,)} aS a {(|Lu.|?+ |Z, ar Wa *_ 3|Z,, 2 Sass yy 
+ (Lisl? + |Zay[?+ |Ziel?—3|Liyl?) Siy Soy 
Ui hie =o |Liy 4 aes °—3|L,. ey pt PST ah ees (Si, Sop Se, Sa) 


2 
3 ee s: 3 ‘ 
a3 oe (Ly Lit Le Liy) (S:. Sx Im S\y 5) be. 5 ALi + 11,145) (Sin D8 ai Si Sz) | ? 


(4-10) 
where we have written L(G) t;) simply as Z and LG 9) aS ae (4-10), the 
first term gives only a constant term independent of spin. variables, the second term gives 
an isotropic coupling and the third term vanishes for the real orbital wave functions. 
The anisotropic coupling between two spins arises from the last part of (4-10). This 
part would coincide with the expression given by Van Vleck" when the states of two 
ions are invariant under the rotation around the axis joining two ions. 
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$5. Estimation of the anisotropy constants arising from the anisotropic 


exchange interaction 


It is seen from (4-10) that the following anisotropic exchange interaction exists 
between two ions: 


ee as eck ; 

ae AE ne 

z > (Z,—E,)? {C| 1 
ae (\Z,,)?+ ornt-| =f |Z42|°—3|LZyy|?) Si Soy + Chl i, 74 Log 74 inoett 7 3 | Lie |?) Spe3 dee 

Be (SOS 4 Sa) 3Ly, LESS FO Sul SLA EAS Si HSE 
(5-1) 

This form of the anisotropic exchange interaction would also be valid for the superexchange 

interaction, so far as l’..o,. can be expressed by — (1/2)/(1+ 45S, S2). 

In order to obtain the anisotropy constants arising from the interaction of (5-1), 
we shall denote the components of the spins on +sublattice by «S,, f.S) and 7So and 
those on —sublattice by —uS,, —/S, and —7S,; where v, 8 and 7 are the direction 
cosines of .W*. Then from (5-1) the anisotropy energy per ion can be obtained, apart 


from the constant term independent of vu, and 7, as 
9 Ve 9 oN 69 
fa= So Son DS onl eye eel Pal DE 


4 Loe? [Lael 72-2 Lae LE 0B — 2Lay LE Py —2L Lier}, 3-2) 


°—3|Li, 


*) Sas Sop 


*+ |Liy|°+ | Lie 


where 5! is taken over the ions with the spin of the same direction and >} is taken 


over those with the spin of the opposite direction. To estimate the coefficients of aes 
vB, By and yu, we shall first consider 7,,, Z,, and Zi. There are the following relations 
between Z,, L,, L, and Ly, Ty, Le: 
L,=L. cosa ¥ L, sina, 
Lye l. (5-3) 
L=+2L, sina+L, cosa, . 
where the upper sign is taken for an ion on the corner site and the lower sign is taken 
for that on the face-center site. Using the wave functions of (3-2), the matrix elements 
of Ly, Lin, Lig can be calculated as follows : 
(g|Li|2) =0, (g|Lie|4) =, (g\Lix|5) =7(C,+ Vv 5G)3 
(9|Liy|2) = 7Gee NEMO (9|Linl4) =0, (9| Lin|5) =O. 5 
(g|Lix|2) =9: (9|La<|4) =—2C,i, (g\Lx|5)=0- (5-4) 
From (5-4) and (5-3) we obtain 
L,,Lis= + (Lis 
LyLiz=0 
L,Li=0 (-3) 


ee 
*) sind cos@ , 


ghee: 
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LP | Lj) |Lelt costae PLA siaha Lael 
|Zae | Lye |?= (J Lie PP —|Zi<|?) (cos’a— sin’). (5-6) 
If we put (5-5) and (5-6) into (5-2) and take an average over two kinds of ions 


ui i i rm like (2-5), where 
corresponding to +, the anisotropy energy can be written in the fo ( a 


eeaandax, ate 


Ke Sp Sire LS tape — A aa A| Leg? cos e+ | Lye Psi o— |Z} AS ap 
iy +4 fee : 

m= 5) Sf (San — aml Ula — Lie) (costa sm dys am 
ay Gs ie 


Tig 18 very much difficult to be estimated and so we shall replace it with /,,,, which is 
of TE . 

the exchange integral between two ions being in their ground states, and take it out before 
the summation and use (5-4) for Z,., Ly and Z,.. Then (5-7a,b) become 


5 6 d Y Kee BO SA Bina ee) a ‘ae 2 
m= Sy 1D am — 2 ah ue Cy+ M3 Lg) COS Up Ana Bik a Fe (Cs v3 Cy) fo 
++ + — 
(5-8a) 
4 ge ey ees Pal Gee (Co+ v3 Ga) 7 ay eet (cos “—sin’ a) Ad (5 = 8b) 
+4 = 


The values of the coefficients of sin’u and cos’u in (5-8a,b) can be estimated by 
(3-12 a,b,c) but C, and C, remain still undeterminate. Therefore, we assume that the 
denominators in the right hand side of (3-12) are of the order of unity. Then (5-8 
a,b) become 


HS o> I neal x 3.127 LOS (5 9a) 
++ ips 
Ma OA Gis ee ae Ls LTO RAO TS (5-9b) 
lets + — 


Estimating SV/ing—>)Jno as 247, where Ty is 4.3°K and putting S,—1/2,. the 
+4 


anisotropy constants per ion x, and x, are obtained as 


%y S24 SLX 10S emer) 6%, SI OX10 em .(5-10 a, b) 


z, obtained in such a way is of the same order with the experimental value and on the 
other hand x, is much smaller than an experimental one which is of the same order with 
that from the magnetic dipole interaction. 


§ 6. Concluding remarks 


The anisotropy energy in CuCl,-2H,O is arising from the magnetic dipole interaction 


and the anisotropic exchange interaction. The anisotropy constants per ions x, and a 


from these two origins estimated above are shown in the following table : 


| Anisotropic exchange interaction Experimental value 


| Magnetic dipole interaction 


x =2°7 < 105 Sem=! 4.51 X 10-3 cm-1 8X 10-5 cm~! 


Xo 2.91 X 10-2 cm-1 | —1.70 X 10-3 cm-1 26X10-3 cm-! 


See EN 
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It may be concluded from this table that the magnetic dipole interaction contributes 
mainly to x, and the anisotropic exchange interaction contributes mainly to x. 

It is, however, noted that in estimating the anisotropy constants x, and x, arising 
from the anisotropic exchange interaction we have made the several rather crude assump- 
tions. The main ones are the followings : 

(1) ‘The off-diagonal elements of the exchange operator with respect to the orbital 
wave functions have been omitted in deriving the anisotropic exchange interaction. 

(2) The exchange integrals between one ion in its excited state and the other in 
its ground state have been replaced with that between ions both being in their ground 
states. 

(3) We have assumed that the denominators of the right hand side of (3-12) 
are of the order of unity, on account of the difficulty in estimating them. 

(4) The §-axis has been assumed to coincide with the axis joining a Cu ion and 
its nearest neighboring Cl ion. 

It is hoped that these assumptions are got rid of by richer experimental data or more 
precise calculations and a more rigorous estimation is made for the anisotropy energy 
arising from the anisotropic exchange interaction. 

In conclusion, the authors are indebted to Mr. Kanamori and Miss Motizuki for 


checking the numerical calculation in § 2. 
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On the Evaluation of the Operator 
Function log(e”’e*) 


Izuru Fujiwara 


Department of Physics, Naniwa University, 
Osaka Prefecture 


May 5, 1953 


Hitherto we have met a great difficulty in obtain- 
ing an explicit expression of the operator function 
log(e¥e*) of two arbitrary non-commuting operators 
y and z. Intending to work out this problem the 
author was previously!) led to rather a disappointing 
result of introducing the so-called expansional operator. 
However some half a century ago, the same problem 
had already been attacked by Hausdorff,2) who had 
attained a correct result after lengthy and rather 
clumsy procedures. Suggested by his work the author 
has recently arrived at the following simple solution 
which is based exclusively on the commutator opera- 
tion, Although the present one is nothing but a 
reformulation of Hausdorff’s result, the author wishes 
to make up the preceding paper by touching afresh 
upon the problem in which quantum-physicists have 
in general been so much interested. 

The key to the present solution consists in assum- 
ing that log(e¥e*) is simply given by the following 
transformation of y in terms of an auxiliary operator 
us 


log (e¥ e7) =e-u yeu= {y, ex}, C1) 


where use is made of the abbreviation that 
{y, et=[{Ly, unm}, 2] 


with {y, 1}=y and [y, x] =yu—uy. By exponen- 
tiation we get from eq. (1) 


eY e@=e-u eY eu fey, eu}, ( 2) 


on the basis of which we are then only to determine 
the generating operator «. There is no need however 
to find out the z itself that should not appear in the 
final result and we are solely interested in its com- 
mutators with 7 and z which are the only ones 
essentially operative in eq. (1). Although eq. (2) 
apparently implies that the ~ should fulfil an infinite 
number of simultaneous equations 


eY gn= fe¥ wm} Ge=1, 2, ---)5 
these’ are readily seen to reduce to only the two 
conditions 

[e¥, uj =e¥2 

and {z; 2] =0% GED) 
The former equation can further be transcribed as 

2=eY[e¥, u] ={u, (1—e¥)} 

={[y, 4], (e%—1)/y}, . 
from which we have at once 
Ly, 4] ={2,9/(eY—D)}=2— (4/2) [591 
—S(-1)" Safer" Qn)!, (4) 


where Z,, is the 7-th Bernoullian number. In quite 
the same way the alternative assumption 


log (e¥ e%) =e7” zev = {z, ev} 
leads to the commutators 
Ly v} =0 and [z, v ==) be 2/(1—e-7)} c 


So far as we are concerned with an abstract 
scheme as the above, the generating operator 7 remains 
completely undetermined playing no more than a 
subsidiary part to effectuate a consistently operational 
treatment of the present problem. It is important 
however to observe that, provided that the « is a 
well-defined one, eq. (2) offers -an essentially new 
type of relationship that is expected to be helpful in 
the calculations of the quantized field theory. In 
order that eqs. (3) and (4) may further be soluble 
with respect to #, it is necessary not only to define 
the operators y and z but also to investigate the 
whole gamut of operators related to them. In this 
connection it may be useful to notice that in terms 
of an operator x’ satisfying the relation 


Ly w= (4) 
the « can be expressed as 
u={u’, y/(e¥—1)}. (5) 


Finally the author wishes to express his sincere 
thanks to Mr. S. Tani for having presented Hausdorff’s 
paper to him. ; 


1) I. Fujiwara, Prog. Theor. Phys. 7 (1952), 433. 
2) Hausdorff, Leipziger Berichte 58 (1906), 19. - 
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On the Electronic Polaron State 


Yutaka Toyozawa 
Department of Applied Physics, Tokyo University 


May 12, 1953 


__ A conduction electron in insulating or semi- 
conducting crystal accompanies electronic polarization 
around itself, so that the true (or observed) bottom 
of the conduction band must be lower than the 
fictitious position which should be obtained without 
interaction. 
caused, according to the band picture of crystal 
electrons, by the virtual excitation of filled band. 
electrons to the conduction band, the above self- 


As the electronic polarization is to be 


energy is analogous to that of the Dirac electrorr due 
to the vacuum polarization. On the other hand, the 
electronic polarization induced by the conduction 
electron cannot perfectly follow the motion of the 
latter, especially for high velocities. 

Abstracting the most essential aspects of these 
situations we can simplify the problem by assuming 


the Hamiltonian of the total system (an additive . 


electron+crystal electrons) in the form: 


a Ss © eee 
a. 2m Pp aw Ww Ww VY 73 =w 


w 
x {a, exp(2w-7r) —a,,* exp(— 7w-7r)} (Cis) 


where p is the momentum of the conduction electron, 
e and a@,,, @,* mean the energy (assumed not to 
depend on w) and the operators of second quantiza- 
tion for the production of an exciton with wave 
number Ww, @,,*@,, taking values 7,,=1 or 0 accord- 
ing as the exciton exists or not. The interaction 
constant 7 is to be related with high-frequency dielectric 


constant xo as follows: 


TT =-47E Xo . 


Taking advantage of the commutativity of total 
momentum with (1),-the characteristic wave function 
W(K\ 13 +) mys +) and energy £(4k) of (1) 
have been calculated (#K being the value of the 
total momentum) both to the second order of pertur- 
bation, starting from the non-perturbed state in which 
the electron has momentum #K and no exciton exists. 
For instance the energy becomes 

E (4k) =—ae+ Tk +0(44), (oD) 


2m* 


9 


where a and m* are given by 


a ag | 1 a. 
me om Gun 


The first term means the self-energy of the conduction 
electron due to the interaction with electronic polari-, 
zation. ‘Though the above treatment is mathematically 
quite parallel to the case of the interaction of a 
conduction electron with lattice vibrations!) (known 
as a dolaron), the production of phonons in the 
latter is to be replaced by that of excitons in the 
former. The stationary state of (1) will be called 
“electronic polaron state” in the following. 

When there is a perturbing potential in the 
crystal due to an impurity ion or a vacancy, or ap- 
plied electric field, we must solve the Schrédinger 
equation 

, 3 en) 
$SHAV (H+ SECT 3 mys 3 esa Tier Ue 
(3) 
where (1) and J”, are the interactions of the 
potential with the conduction electron (which may be ‘ 
trapped or not) and the crystal electrons, respectively, 
their relation being given by 


z 3 : 
V.= var Dao {a j exp(?w-r) dV ar 


—ayy* { exp(—7W-7) arar| ee (4) 


We first transform (3) into £-space by the expansion 


¥(| T5y Myy "5 = 3, fk; t) VK Pr; Miys:->) 
(5) 
and then come back to “space again by the Fourier 


transformation 
Jp f(k; tye pik) =9 (05 £5. C69) 


thus obtaining the equation 


E(—2& grad) +3 D401 VV c) +h h 
1 4 ‘9 
xexp(h-r)/(k’; *) A Tr Oe) ae 
C72) 


where Z is an operator which is obtained by replacing 
4k with —7% grad in the band structure function 
E(%k) of the electronic polaron given by (2). 
(V+V.)x+n,h, the matrix elements in regard to 
the basic system YK | 9° 5 ---% 2) ***), can be calculat- 
ed explicitly if we expand the various integrands in 
terms of (Kz) and ‘take into account to the second 
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power of them, on the assumption that only the 
terms of relatively small 4 appear in the expansion 
(5). Making use of the correspondence theorem : 


ki x —>— id grad, 
in the transformation (6), we finally get to the 
equation 


1 1 # 
= a (iy pte) ya Vir 
{22¢ 24 grad) + 0" V(r) +ypa lay AV (7) 


XPrs e+ : a(a a ) pee 


Xo € 2m 


x {grad V (7) «grad b (7; 4) + V'(1") Ab (1; 4) } 


it 2 prs 2), (8) 


hd es Cae 1 

xo* xo 4 a(1— ae 

1 MES GO 1 

eee +( Toten 6 JG ae 
The second term of (8) shows that the potential 
V() is shielded, not by the macroscopic dielectric 
constant x9, but by the effective dielectric constant 
xo* which is characteristic of the particle considered 
(an electron in the present case) as well as of the 
crystal. The last two terms on the left hand side of 
(8) represents the retardation effects of the electronic 


polarization behind the motion of the additive electron, 


which may be important for the large velocities of 
the latter. 


where 


In order that the solutions of (8) satisfy the 
equation of continuity : 


< (¢*¢) +divJ=0, 
one must define the current vector J as follows: 
ak af 1\ m* V(r) 
 Wmn*i {= 8 a(a A) m € i 
X (¢* grad $—¢ grad y*), (9) 


The probability distribution of the additive electron 
is. given by 


2 SMa | ECL P 3 May 3 4) |? 
CA les ra 
= Pr; ¢)|(2?4-——._ — ___ - 2 
ors OP aoa seni 
(10) 


thus being different from that of the electronic polaron : 
[e(@r; 2)|2. 


As the interaction constant a approaches to zero, 
the equation (8) tends to the form 


{—— VP GS et 
2m xo J or 

which is the intuitive classical equation generally 
used in treating such problems. As we have shown 
previously,2) (11) can be derived on the continuum 
model of dielectrics if we apply the adiabatic approxi- 
mation between the additive and crystai electrons on 
the ground that the former moves much more slowly 
than the latter. In fact, the condition a@->0 is attain- 
ed when e¢ tends to infinity, that is, when the 
electronic polarization can follow any rapid motion 
of the additive electron, the time required to polarize 
the crystal being of the order of Z/e. 

In place of the simplified model formulated in 
the equation (1), one can take more elaborate one 
in which the excitation consists of the ionization of 
filled band electrons with wave numbers 1 to the 
levels of conduction band with wave number 4, the 
energy required thereby depending on @# and wi’. 
Such treatment, mathematically more complicated but 
physically more comprehensive, is expected to lead 
to essentially the same results as have been derived 
above. The author wishes to express his sincere 
gratitude to Prof. T. Inui for his kind encourage- 
ments and to Mr. Y. Uemura, Mr. T. Yokota, Mr. 
F. Takano and Mr. T. Okabayashi for their valuable 


discussions. 


1) H. Fréhtich, H. Pelzer and S. Zienau, Phil 
Mag. 41 (1950), 221. 


2) Y. Toyozawa, T. Inui and Y. Uemura, Prog. 
Theor. Phys. 9 (1953), 563. 


A Note on the Elastic Frequency 
Distribution Function of Crystal 


Shigeru Huzinaga 
Department of Physics, Kyushu University 


May 15, 1953 


In this note, we attempt to predict the location 
of the peaks in the elastic frequency distribution 
function of a simple cubic lattice, together with some 
remarks on the validity of the Houston approxima- 
tion,)) 

Our conjectures are based on the examination of 
the topological nature of the equi-frequency surfaces 
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in Brillouin zone. We quote our results directly here, 
without describing the details of the analysis. 

It is convenient to use the quantities f—y/v,, 
(vz, is the largest frequency) and r=[2-+ (a/2y)]-1 
(a is a force constant derived from the interaction 
of nearest neighbors, and 7 is that derived from the 
interaction of next nearest neighbors). Note ‘that 
o<7r<1/2. 

When the lattice parameters are such as to make 
t=1/3, the frequency distribution has a remarkable 
correspondence to the one of a square lattice studied 
by Montroll.22 There are three branches in the 
distribution function and the total distribution function 
is given by their sum. The first branch is extended 
over the frequency range £?—0~2/3, and has one 
peak at /°=1/3. The second branch is extended 
over the frequency range (7 =0~2/3. The frequencies 
are heaped in the region between /2=1/3 and 
J?=2/3. Tt was impossible for the author to decide 
the location of the peaks definitely. It is supposed 
that the dominant peak would be located at f?=1/3. 
The third branch is extended over the frequency range 
f*=0~1. The frequencies are heaped in the region 
between /?=2/3 and /2=3/4, and its peak will be 
found at /?=3/4. 

Starting from the analysis for the case of r=1/3, 
we can draw some predictions for the case of general 
values of t. The first dominant peak would be 
located at /2=t, and the second peak at /?=(1—t) 
for >< 1/5, of at f2=(14+3r)2/6c for +< 1/5. 
Moreover, in the case of r > 1/(22 ), there would 
be a steep rise in the frequency spectrum at /°=1/8r. 

Generally, the use of the Houston formula”) should 
be confined to the low frequency region below the 
first peak of the frequency spectrum.) For example, 
the smaller one between 1/8t and t decides the limit 
of validity of the Houston formula in the case of a 
simple cubic lattice. There are some numerical errors 
in the original form of the Houston formula and we 
present here the corrected formula suitable for practical 


purposes : 
gn(fvr) = (42/105 7) (104+164,4+9%) (A) 
with V=87°, for a simple cubic lattice, 


or V=4rn7%, for a face centered cubic lattice. 


The definitions of 4, /%, and 7 are found in the 
reference (1). 

The above formula’ (A) proves to be an excellent 
_approximation for the actual distribution function of 
the low frequency region below the first’ peak. It 
is cotrectly normalized in the meaning that, if ¢(/vz,) 


(V"e(foryay=1) is an exact distribution function, 
&u(fyz) coincides closely with g(/v7,) in the low 
frequency region below the first peak. 

Confining ourselves in the low frequency region, 
we can obtain approximate formulas of practical 
convenience as follows : 


yp gu(fvr) =S a) f+ P(r) f4; 
for a simple cubic lattice, (B) 
fH OA) =F (xX) +A (x) dM, - 


for a face centered cubic lattice (x=y/a). (©) 


The notations used in the second formula are in 
accord with the ones in the Leighton’s paper.) The 
coefficients S(t), P(r), (x) and A7(x) are certain 
expressions in terms of +t or x- These are easily 
obtained, but not listed here. It may be of interest 
to compare the formula (C) with the result obtained 
from the laborious numerical calculation.») . The func- 
tion G(A) of the Leighton’s paper corresponds to 
3gq (A): 


G(A) =0.99 72-+-0.35 A+, (x=0) 
304 (A) =1.015 22+0.488 A+ ---.  (x=0) 


Full account, together with other calculations on the 
related subjects, will be presented in a future publi- 
cation. 


1) W. V. Houston, Rev. Mod. Phys. 20 (1948), 
161. 

2) E. Montroll, J. Chem. Phys. 15 (1947), 575. 

3) The formula (11) of the reference (1). 

4) See, however, T. Nakamura, Prog. Theor. Phys. 
5 (1950), 213. 

5) R. B. Leighton, Rev. Mod. Phys. 20 (1948), 
165. 


Numerical Work on the Fluctuation 
Problem of Electron Cascades 
a 
Alladi Ramakrishnan and P. M. Mathews 


Department of Physics, Oniversity of Madras 
Lndia 


May 15, 1953 


The problem of obtaining the probability distribu- 
tion function for the number of electrons or photons 
above a certain energy in a cosmic-ray shower initiated 
by a primary electron or photon after passage through 
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a given thickness of matter has received much atten- 
tion since the fitst development of the cascade theory 
by Carlson and Oppenheimer and independently by 
Bhabha and Heitler in 1937. Though the formal 
mathematical treatment of the problem is now com- 
plete reliable numerical work has been done only in 
relation to the first moments of the distribution. 
Numerical results relating to the second moments 
were first obtained by Scott and Uhlenbeck and later 
by Janossy and Messel. 

Explicit analytical formulae for the second moments 
based upon the same assumptions as those made in 
the original cascade theory were obtained by Janossy 
and Messel and independently by Bhabha and 
Remakrishnan by different methods. But numerical 
computations were made only by Janossy and Messel 
and the results obtained by them were neither confirm- 
ed nor contradicted by subsequent calculations. One 
of us (72) however felt that those numerical results 
were open to doubt, but criticism at that stage was 
not possible since alternative numerical data were not 
available. The authors have now completed numerical 
calculations on the second moments of the electron 
distribution based on the analytical formulae of 
Bhabha and Ramakrishnan and they find that their 
~results: are at variance with those of Janossy and 
Messel and the earlier calculations of Scott and 
Uhlenbeck. 

If M(Z, 7) and V2(Z, ¢) represent the mean 
and mean square number of electrons above the 
energy “, the simple Furry Model required that 
N2- (V)2=NM(N-1) while the Poisson distribution 
predicted by Bhabha and Heitler in 1937 required 
that V2—(V)2= WM. Janossy and Messel predicted 
a Poisson deviation in the neighbourhood of the 
cascade maximum and a greater deviation before and 
after the cascade maximum. We contend that there 
seems to be no logical justification from the point 
of view of stochastic theory why the particles should 
be distributed in the energy range according to the 
Poisson law as if they were statistically @ncorrelated 
with one another. This seems to have originated 
probably from the idea that in a stationary state, 
correlation tends to zero. /¢ does not seem to be 
logically tenable to extend this idea to the cascade 
maximum, since a maximum of the first moment is 
not a stationary state in the stochastic sense. 

We have now computed the second moments and 
the results obtained by us show that the fluctuation 
is of the same order as the Furry fluctuation—evey 
in the neighbourhood of the cascade maximum. The 


calculations” are based upon the explicit Mellin’s 
Transform solution obtained by Bhabha and Ramak- 
rishnan (Equations 41 of their paper). The assump- 
tions made are those of the original cascade theory 
i.e, we neglect ionisation loss and the lateral spread 


We assumed the exact Bethe-Heitler 


cross-sections for radiation and pair creation processes. 


of showers. 


The integral equations for the second moments 
of Janossy and Messel are mathematically equivalent 
to those of Bhabha and Ramakrishnan. But those 
equations are in such a form that an explicit Mellin’s 
transform solution is not possible. In fact, equation 
22 of Janossy and Heitler is not an explicit Mellin’s 
transform solution. On the contrary the equations 
of Bhabha and Remaktishnan have yielded exact 
Mellin’s transform solutions. (Equations 41 of their 
paper). 

We give here a brief summary of the numerical 
results. A detailed account of the numerical calcula- 
tions in support of these results and a critical, 
comparative study of the various attempts to solve 
the fluctuation problem will be given in a later paper 
in this journal. The mathematical theory on which 
the equations of Bhabha and Ramakrishnan are based 
was formulated earlier by Ramakrishnan as the theory 
of product-densities. 

The mean number of electrons above the energy 
£ is given for all except small ¢ (¢ is the thickness 


O7%0 
e(s—1)¥ 


1 
f matter traversed) by V(y, ¢) = 
of matter traversed) by V(y, 7) 27 \ (s—1) 


O-iwo 


(D>); 2 £E 
Cae 2 "As4 ds, where y=log a and £5 


is the energy of the initial electron. The functions 
DP, As, es, are defined in the paper of Bhabha and 
Chakrabarthy who have computed V(¥y, ¢) for various 
thicknesses and different-values of y. 

The mean square number of particles with energy 
above / is given for all but small ¢ by (for details 
and notation, see the paper of Bhabha and Ramak- 
rishnan) 


N2(4,4)=M(y, 4) 


O+%0 O+ic 


ait oie E | | 


—to o—to 


ey(s+7r—2) 
(s—1) (7-1) 
X [(D=A,) (D=Ag)A(% 8s) e7 Art as)e 
+ Fy (7, 8)e—Arts-17] drds , 


where /\(7, 5) is the first element in the matrix 
(7, 5) given by equation (35) of Bhabha and 
Ramakrishnan, and /(7,5) is the first. element of 
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the matrix 7, (7, 5) given by (37) of the same paper.* 
We computed V?(y, 7) by the saddle-point method 
and obtained the following results. 


Mean and mean square number of electrons 


tn cosmic ray showers 


c— 
y N (v)?2 | NN 
3.881 | Shure 33.6 60.2 
4.356 VMS 57.8 133.0 


7.188 96.1 9.24 K 10% 1.71 X 104 
8.249 247.0 6.10 x 104 1.30 x 10° 
9.500 672.0 4.52 x 10° 1.13 X 10° 
11.065 2050.0 4.19 x 10° 1.22% 107 
i oS ol alae ae Ge 
£=8 
y N (WV)? N? 

8.859 436 1.90 x 10° 3.62 x 10° 
' " 

10.213 _ 1560 2.43 x 10° 5.14 x 10° 
11.826 6010 3.62 < 107 8.81 < 107 
13.840 | 26900 | 7.24x10% | 2.05 x10? 


 —— 


We find according to the above calculation that 
the mean square deviation is of the order of the 
square of the mean. The full details of our calcu- 


lations and a comparison with previous results will 


* In that paper, there is a misprint. (36) and 
(37) denote the same expression, and there is no 
necessity for two. numbers. 


be given in a later paper. In the above tabulation 
NV was obtained by simple interpolation from the 
cascade tables. In the later paper we propose to give 
more detailed results and study the behaviour of the 
fluctuation for a given y with increasing ¢. 


1) J. F. Carlson and J. R. Oppenheimer, Phys. Rev. 
61 (1937), 220. 

2) H. J. Bhabha and W. Heitler, Proc. Roy. Soc. 
A. 159 (1937), 432. 

3) H. Furry, Phys. Rev. 62 (1937), 569: 

4) W. T. Scott and G. E. Uhlenbeck, Phys. Rev. 
62 (1942), 497. 

5) L. Janossy and H. Messel, Proc. Phys. Soc. 63 
(1950), 1101. 

6) H. J. Bhabha and S. K. Chakrabarthy, Proc. 
Roy. Soc. A. 181 (1942), 267. 

7) H. J}. Bhabha and Alladi Ramakrishnan, Proc. 
Ind. Acad. Sci. 32 (1950), 141. 

8) Alladi Ramakrishnan, Proc. Camb. Phil. Soc. 
46 (1950), 595. : 


On the Separability of Dirac 
Equation 


Takehiko Takabayasi 
Physical Institute, Nagoya University 


May 18, 1953 


In a previous paper!) where we have investigated 
the formulation?) of quantum mechanics | which 
describes a quantum-mechanical motion of a system 
by an ensemble of its corresponding classical motions 
modified by certain ‘quantum force’, we have 
especially clarified the following point: For the 
applicability of this formulation, first, the Hamiltonian 
of the system must be such as is expressible as a 
differential operator (not a general integral operator), 
and second, if the original Schrodinger equation is 
simultaneous equations for several component wave 
functions as is the case for a particle with spin, it 
is required to transform beforehand the original equa- 
tion into a set of separate equations, in so far as we 
should be free from resorting to the picture of two 
or more mutually transmuting trajectory ensembles 
+ ‘fluids’. Beating these considerations in mind, 


we shall now treat a Dirac particle.®) 
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The separation of free Dirac equation, 


2 


(= 2 +11) ¢=0 ) = ep 728 > Gl) 


may be attained by the diagonalization of the 
Hamiltonian with respect spinor indices by means of 


a unitary transformation such that 
o=Uy, UI HU=W =diag. ED 


The problem is then clearly equivalent to obtaining 
the simultaneous energy eigen-states ¢(p)) —%(p) 
6(p—p’) for a specified value of momentum 9) to 
be determined from 


Ht=Wr, @D 


whose four independent spinor solutions, Z‘?)’s (p= 
1, 2, 3, 4), construct the unitary matrix U of (2) 
according to 


Uop=%q"?). (4) 
Here %‘?)’s correspond to the energy eigen-values 
Wp=+fy (fo==(P2 +m?) "?) (>) 
each of which is doubly degenerate. 
Though we considered above in the /-representa- 
tion, we may now regard the argument 2) in (4) or 


(5) as an abstract operator, and by this unitary 
transformation, (1) turns into separate equations 


4 9 ; 
— —+ Wp) p/=0. 6 
( ; ad I 7) os 0) ( ) 


On account of the degeneracy of //», we may 
take, for UV, any set of normalized solutions %(?)’s 
under the orthogonality condition between %@) and 
~@), and between x) and 4“. If we specifically 
pick up the customary solutions,") the corresponding 
unitary operator just agrees with the one due to 
Foldy”) and others : 


Cis oe pe eer 
2fo Lotm 
in the usual representation for Dirac matrices making 
8 diagonal. However, corresponding to the general 
set of solutions we obtain the more general unitary 
Operator : 


U=U 7 -U,,, ae a (:») 


where 7 and 1’ are any unitary matrices of two rows 
and columns. 


As a simple example, taking U,—f, we get a 
Hermitian operator 


U=U-1= {2fo( fotm)}—1l2 (H+ Bfo). 


Next example is the unitary transformation, which 


diagonalizes op as well-as //. It is to be determin- 
ed by 


GO, opU,=diag., (9) 


because the Foldy transfermation Uj is the one which 


diagonalizes // leaving @p invariant. From (9) 
we get 
FY OP ar, Weel A ioe 
Ma 9/9p |oiels, Dee ae 


Vitf; Vp-p; 
which satishes o pw—frg3. 

In any case, as the result of transformations the 
original wave equation separates into the form (6), 
where the new Hamiltonian //”, becomes, in return, 
an inécyval operator in the ordinary space represen- 
tation, and we find again that our previous formula- 
tion of quantum mechanics is inapplicable to this 
case as was remarked in a previous note.) 

Next we shall investigate another procedure for 
the separation of the Dirac equation, which is feasible 
also for the case of a particle in a constant electro- 
magnetic field. Generally the Dirac equation in an 
external potential 14,,, 


(ip Putx)g=0, (DO, = 0, —ieé-1 Ay) GLE) 


is transformed’) by introducing a ‘ fofential’ spinor 
¥ such as 


>= (1n Du—x) Z, (12) 
into 
(Dy2—x2-+e4-1 2) V=0, (13) 
2=—- (7/2) Dry fv=6¢ H-ie kk. (14) 
ey 


In this form we could thus separate yp’s from Dy’s 
in the operator operating on the wave function. Then 
for the separation of (13), it is required only to 
diagonalize the momentum-independent term e4-1,Q, 
provided the field strength Fu, be constant. That 
is, by the transformation Y=UW%’, which makes 
2/=U-! QU diagonal, the transformed equation will 
become four separate Jocal wave equations : 


(Du #) Vy +e8-1 Oe! Wy=0. (15) 


For our problem it is convenient to exploit the 
“spinor representation’. that makes 75 diagonal, for 
we have then the ‘ Stufenmatrix’ 


(cB 0 
a =( (@) sc) z (16) 
where B=H—iE and C=H+/E are self-dual 


tensors. Now the problem to diagonalize 2 becomes 
formally analogous with (9), but the essential dif. 
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ference lies in the fact that the operator 2 is not 
Hermitian due to the imaginary property of the 
Space-time components of /,, and hence that its 
‘eigenvalues’ are complex and the transformation 
matrix is no longer unitary. The secular equation 
for 2U—=UL’ gives the ‘ eigenyalues’ of @ to be 


DPS ALE Ul 6: (17) 


where B==(3B")1/? and C==(C?)1/? can be expressed 
with a scalar =H 2— 2° and a pseudoscalar G©= 
2HE, as 


B=(F—@)'/*, C=(F42G)1/2. 


These eigenvalues may also be obtainable from the 
relation,’) 2?=%-+2;75,©. The transformation matrix 
is obtained to be 


= (4p 0° As B+ Bs —B+B, 
(18) 
where B+=—2\+7B,=H+—iE+, etc. By such 


transformation we get (15), each of which is of the 
wave equation for Klein-Gordon field coupled with 
an extra complex scalar field, Qp’. 
At this point, putting further 
Y,/=R>, eSp/t ; Qp/=a4p+ bp ; 
(Rp, Sp, @p, bp: real) 
each of (15) turns into 
(Op S—eAp) 2+ mi? — A*[|Rp/Rp—et ap=0 ? 
Op{ Rp? Op Sp—eAy)}=—ebp Rp’, 
with 
Pa ae 2-VW24 (2+ G2) 1/27 + ah}? : 
bp = 2 /?f (F2+ G2) 1/2—{y/2, 
Though this form corresponds to the picture of a set 
of four mutually independent trajectory ensembles,") 
we must there regard that the electromagnetic field 
acts upon particle nct only in a directly classical 
manner but also through an extra scalar field,®) and 
moreover that each ensemble has source unless FT H—0. 
Further it is to be noted that this correspondence is 


more indirect in so far as it is to be intermediated 


through the relations (12) and (18). 
Details and further considerations will soon be 


published. 


1) T. Takabayasi, Prog. Theor. Phys. 8 (1952), 


. 143. ; 
2) Also see, T. Takabayasi, Prog. Theor. Phys. 9 


(1953), 187. 


3) As for another treatment, cf., D. Bohm, Prog, 
Theor. Phys. 9 (1953), 273; Reference 2), Ap- 
pendix F. 

4) See e.g., W. Heitler, The Quantum Theory of 
Radiation (1936), p. 86. 

5) L.I. Foldy and S. A. Wouthuysen, Phys. Rev. 
78 (1950), 29; S. Tani, Prog. Theor. Phys. 6 
(1951), 267; also see Reference 6). 

6) T. Takabayasi, Prog. Theor. Phys, 9 (1953), 557. 

7) \V. Fock, Phys. ZS. Sowjetunion 12 (1937), 404. 

8) See, J. Schwinger, Phys Rev. 82 (1951), 664. 

9) See, Reference 2). 


On the D State Probabiiity of 


Deuteron 


Sigeru Machida* 
Yukawa Hall, Kyoto University 


May 19, 1953 


From the experimental values of the magnetic 
moments of proton, neutron and deuteron, we can 
only say, about the / state probability of deuteron 
(hereafter denoted as Pp), that 


0% < Pp 10%. (1) 


This large uncertainty comes from the possible existence 
of about 62 uncertain corrections to the non-rela- 
tivistically calculated value (4%), 222 being due to 
the relativistic corrections') and 474 to the dependence 
of the magnetic moment of one nucleon on the 
proximity of another.) 

It is the object of this note to show that we can 
obtain more knowledge about /, utilizing the ex- 
perimental ratio of the hyperfine structure separations 
of the ground states of deuterium and hydrogen 
besides the experimental values of the magnetic 
moments. The discrepancy between the experimental 
ratio of the hyperfine. structure in deuterium and 
hydrogen and that obtained from Fermi’s formula is 
expressed by 

(vp/vinexp 
a he eee (2) 
(Yp/Ya) 


(vplvm) r= (3/4) (replen)* (eplae), (3) 


41 


* On leave from Department of Physics, Univer- 


sity of Hiroshima. 
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Fig. 1. Aineor calculated assuming a point nucleon. 
—e— and ~-~- represent theoretical values and its 
uncertainties, and — -— - — represents experimental 


value respectively. 


mp and my being reduced masses of deuterium and 
hydrogen atoms, yp and pp being the magnetic 
moments of deuteron and proton respectively. From 


the experimental values for yp/vi, “n/p, and 
mp|nty, we obtain 


A=(1.703 + 0.008) x 10-". (4) 


Although the major part of this discrepancy has been 
explained by A. Bohr”) and more in detail by Low" 
as the effect of the structure of deuteron, the experi- 
mental-value, taking into account the relativistic effects 
for nucleons and the radiative corrections,” 


Atneor= (2.30 = 0.40) x 10-4 . 8) (53) 


is well outside the range of experimental uncertainties. 

The value (5) obtained for 4 was based on the 
assumption that (a) each nucleon behaves as a point 
particle with both its electric charge and magnetic 
moment concentrated in a point and (b) Pp is just 
4%. Since it is meaningless to adhere to the value 
4% for Pp, it seems to be the most reasonable ap- 
proach to derive a reliable restriction to Pp from the 
. experimental value (4) for 4, taking into account 
the probable effect of the structure of nucleons. 

We have calculated Aineor varying Lp and 
assuming point nucleons. From the results given in 
Fig. 1., we obtain a restriction to Pp, i.e. 7% < Pp 
< 15%. 
nucleon is assumed to be spread uniformly over a 
certain finite volume, the radius of which being of 


the order of the z meson Compton wave length, this 


If the anomalous magnetic moment of a 


restriction becomes to 52% — Py 13%. So we 


obtain, from the experimental value (4), a restriction 
(toy D> 


5% < Pp~15% - (6) 


Combining this value with (1), obtained from 
the magnetic moments, we artive at the most reliable 


value of Pp, 
5% < Pp 10% - CAS) 


It seems worth while to note that the adiabatic 
nuclear forces derived from the pseudoscalar meson 
theory with pseudovector coupling up to fourth order 
in coupling constant are able to reproduce the all low 
energy data for neutron-proton system including the 
above obtained value for Pp.” 

The author wishes to express his sincere thanks 
to Professor M. Taketani for his stimulating discus- 
sions, and to the Yukawa Hall and Professor M. 
Kobayasi for the hospitality. 


1) G. Breit and R. M. Thaler, Phys. Rev. 89 
(1953), 1177, and earlier works cited there. 
2) H. Miyazawa, Prog. Theor. Phys. 7 (1952), 207. 


3) A. G. Prodell and P. Kusch, Phys. Rev. 88 
(1952), 184. 
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Phys. Rev. 81 (1951), 896. 
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On the Families of Spinor Fields* 


Sadao Oneda and Hiroomi Umezawa 


_ Institute of Theoretical Physics, Kanazawa Universizy 
and 
Lustitute of Theoretical Physics, Nagoya University 


Received May 20, 1953 


Usually, anti-symmetrical commutation relations 
are adopted for the different kinds of spinor fields. 
In the case of commutation relations of (+)-type 
between two different Fermi fields they are not 
regarded as kinematically independent, but as the 
different states of the identical field obeying the Fermi 
statistics. In this sense, we may say that the as- 
sembly of the spinor fields which obey anti-commu- 
tation relations among them constitutes a “ family ” 
and the fields of different “family” are independent 
and commutable with eaeh other.!) In this paper 
the word “ family” is used in the above sense. We 
should like to classify the spinor fields into several 
families from the formal requirement of quantized 
field theory?) and the recently accumulated, rather 
temporary knowledges on elementary particles. 

We summarize our requirement of quantized field 
theory as follows: “The present quantum field 
theory is written in the canonical formalism which 
has the interaction representation as its special one ”’,”) 
Therefore there exists an unitary transformation ‘(¢) 
which combines between the interaction- and the 
‘ Heisenberg-representations. The interaction Hamil- 


‘tonian /7(x) is defined by 


. O6S(a) 
RAE 


Foley CIS): (1) 


In general //(x) is the sum of various interactions : 
AH («)=3 5 A;(*) (C1253 ie €2)) 


(x) (a=1, 2,--:) describing ath spinor field 
satisfies the well-known anti-commutation relation in 
the interaction representation”) 


[p= (x), O*(x/)]4=2R2(0) A(x—2’). (3) 


_ From the above requirement, (x) and. the interac- 
tion A7;(x) must satisfy the following remarkable 


relations”) 


* Read at ‘the Kyoto Meeting of the Physical 
‘Society of Japan, May 3, 1953. 


[be (%), Ay (07) J-=—7R* (0) A(.. — 3) f(a’); 
Ji*=—0H;/09*, (i, a=1, 2, 3, ---). (4) 


From eq. (4) the following important theorems can 
be derived : 
Theorem (1) 

“Tf we take any spinor** field %%, every interac- 
tion //;(?=1, 2,-:-) should involve even number 
(0, 2, ---) of spinor** fields which have anti-commuta- 
tion félations with ~% ”. 

Since all real or virtual processes are realized by 
the repetition of interactions 7; (¢=1, 2, 3,---), we get 
Theorem (LT) 

“In any transmutation process (real or virtual) 
A\+ 4,4----28,4+ B,+:-- there should appear even 
number (0, 2, ---) of spinor fields which satisfy (+-) 
type commutation relations with any spinor field 
ge”. 

Theorem (LIT) 
“Tf there is the following transmutation reaction 


(virtual or real) involving only two spinor fields 4 
and B: 


A? BAC,+AC+::: (Cj, Co, +++ are some bosons). 
(5) 
then 4 must be anti-commutable with Z. That is, 
A and B belong to the same family ”. 
Theorem (LV) 

“For the transmutation process (5) (real or 
virtual) any spinor field ¢% which is anti-commutable 
with A must be also anti-commutable with 6”. 

According to these theorems and realized processes, 
we will classify the spinor fields into various families. 
The nucleon-2-meson interaction and V°-deécay 


P-N+nt and V°>P+r7 (6) 


indicate from theorem (III) and (IV) that, (4, ?, 
V) constitutes a “family” which may be called as 
“nucleon family”. From -decay interaction (V— 
P-+e-+y) and (6), we get the process 


nt—et+y, (7) 


which proves that electron and neutrino belong to a 


group named “lepton family” tentatively. Inthe 
same manner the x-decay or ~-capture by nuclei 


nt—pt+p? (or w-+P>N+py) (8) 
shows the existence of the family (v=, »°). If »° 


**, When we take into account the families includ- 
ing integer spin fields, it is unnecessary to confine to 
the’ spinor fields from only the requirement of the 


condition (4). 
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is identified with neutrino, ~t-meson belong to the 
“lepton family” by theorem (IV). If y,° is turned 
out to be neutrino in the s-decay process 


pt ett p+ 1", 8) 


(n*, pp) belong to the same family and if, more- 
over, #9 is also neutrino, +-meson belongs to the 
“lepton family”. Further, for the recently observed 
x-decay,®) several possibilities can be considered : 

xt > p+ xy? + x0". (10) 
If both x9 and x9 are identified with neutrino, x- 
meson is also a member of the “lepton family ”. 
These arguments will be improved by the accumula- 
tion of the precise data (especially of the decay 
processes) and we expect to obtain accurate knowledges 
about the families of spinor fields in future. At 
present, it might be possible that “lepton family” 
includes # or x-meson. There are, however, no 
definite experimental suggestions that leptons are 
included in “nucleon family”. It must be noted 
that from our theorems we can not directly assert the 
conservation of the number of particles of each family 
in any reaction, but only point out the change of the 
members of each family by even number. Summariz- 
ing above results, we have the following several 
possibilities for the families of spinor fields. 
Case (A) 

“Spinor fields are divided into only “ nucleon ” 
and “lepton families ”. 

In order to obtain the stability of matter, one 
of the authors”) defined a sort of charge (which may 
be called as nucleonic charge) and postulated the 
conservation of this charge in any reaction. He also 
defined nucleon family as those fields (VV, P, V°) 
which have unit nucleonic charge and electron family 
as those spinor fields (¢, y, “, x,---) with zero 
nucleonic charge. If bosons with unit nucleonic 
charge (such as V°->P+a-+y or V+—>N+p+)8) 
do not exist, the conservation of nucleonic charge 
means that the number of the members of “ nucleon 
family” appearing in any process is always “even” 
and thus case (A) is consistent with our criterion. 
On the other hand, if we admit the case (A), there 
will never occur the transition process such as /79—> 
P+n-+v or 1°» P+ p- which implies that (2, y) 
or (/, 4) belongs to the same family." 

In this standpoint (A), it is interesting to search 
for the intrinsic property which characterizes each 
family. For example, each family might have different 
Properties of the time, space-inversion or charge 
conjugation. But also in such prescriptions it 
can be only concluded that in any reaction the number 


of spinor particles of each family changes by eves 
number. It is interesting to inquire what corresponds 
to nucleonic charge. 

Case (B) 

“All fermions belong to the same family ”. 

This possibility suggests that all fermions may 
correspond to the different internal states of the same 
particle. However, it seems still necessary to find 
the another reason which explain the experimental 
essential difference between the properties of heavy 
particles and leptons. In this case (B), the existence 
of heavy bosons with unit nucleonic charge is allowed 
contrary to the case (A). 

Case (C) 

“Except nucleon family (VV, 7, ¥°), fermions 
constitute the set of families by pairs (charged and 
neutral fermions) ”. 

For instance, if z=—>yp=4+-p", p-+P>NV+p', 
ptop+et+yv, and xt--x°+yt+y" are realized, 
such set of fameills as (e+, v), (ut, x”) and (x+, x°) 
may exist. At present, this possibility cannot always 
be denied, but is essentially dependent on the identifi- 
cation of neutral particles. The exception of the 
nucleon family (JV, P, ) is the weak point of the 
case (C). 

While we cannot a priori deny the other com- 
plicated structures of the families of spinor fields, the 
case (A) seems to be favoured by the present 
phenomenological informations of the elementary 


particles. It is hoped that these approach will give 
some insight into the future concept of elementary 
particles. 


1) From only intuitive considerations, there seems 
to be no physical distinctions whether we regard 
two spinor fields as the different particles of 
Bose statistics or as the different states of particles 
obeying Fermi statistics. However, this intuitive 
picture is based on the existence of the assembly 
of free particles with canonica! formalism. On 
the other hand, it is shown that the possibility 
of canonical formalism restricts the commutation 
relations between different spinor particles. For 
example, if spinor particles belonging to the same 
family correspond to the various isobar states of 


one particle, it is necessary to, require Fermi 
Statistics among them. 


2) From the integrability conditions of Tomonaga- 
Schwinger equations, Nishijima discussed on the 
possible restrictions upon the commutation rela- 
tions between different spinor fields. K. Nishi- 
jima, Prog. Theor. Phys. 5 (1950), 187. His 
arguments, however, ate based on the promise 


3) 


4) 


5) 
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of the existence of interaction Hamiltonian and, 
as we shall show, further restriction involving 
Nishijima’s conditions are derived from the 
requirement of the existence of interaction Hamil- 
tonian. 

This corresponds to the demand that the descrip- 
tion of the state of field as the assembly of free 
particles is possible. 

In this paper we call fields with “ half-odd” 
integer spin as spinor particles. When ¢% has 
Spin 2a OO) Alcea) =e tee 

The detailed explanations of eq. (4) are given 
in H. Umezawa and Y. Takahashi, Prog. Theor. 
Phys. in press and Y. Takahashi and H. Ume- 
zawa, Prog. Theor. Phys. 9 (1953), 14. Eq. 
(4) expresses the 


intimate relations between 


6) 


7) 
8) 


9) 
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commutation relations and Green functions of 
the fields and is the complete condition that 
unitary transformation .S(¢) connects the eq. of 
motion in the interaction representation with 
that in'the Heisenberg representation. 

We assume that the processes (9) and (10) 
occur in the four fermion fields. 

Sy Oneda, Prog. Theor. Phys. 9 (1953), 327. 
If the coplanarity is not certain in /”-decay, 
the possible decay schemes /°—->P-+z2--+y will 
be proposed. In this case neutral boson field 
V° must be complex field from the requirement 
of the conservation of heavy particles. See 
reference (7). : 
Besides V9>P+2-, V9°-~P+yp-(e7) +v will 
be allowed in this standpoint (A). 
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